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PREFACE 


THE present book is devoted to the study of the stability of elastic 
systems under the action of non-conservative forces. It is wellknown 
that for such systems the usual. methods of the theory of elastic 
stability, which are based on an examination of forms of equilibrium 
close to the undisturbed form, are in general no longer applicable. 
Here we need to use more general methods and more involved means 
of investigation. 

The book contains an introduction and four chapters. The first 
chapter covers general problems, their formulation and methods of 
solution. It is based on a paper read by the author at the Third All-Soviet 
Mathematical Conference in Moscow in 1956. The remaining chapters 
are devoted to applications. The second chapter considers the stability 
of elastic systems under the action of non-conservative forces which 
during the process of loss of stability behave according to some 
pre-determined law (so called ‘‘follower’’ forces). The third chapter 
considers the stability of high-speed rotating elastic rotors under 
the action of various disturbing forces, for example, forces of internal 
friction, hydrodynamic and electric forces, etc. The fourth chapter 
deals with problems of stability of elastic systems in a high-speed’ 
gas flow; particular attention is paid to the problem of supersonic 
flutter of elastic plates and shells. A number of problems are con- 
sidered in non-linear form, which enables the behavior of the system 
to be studied after loss of stability. It will be seen that all these 
problems are of considerable interest in present day mechanical, 
aeronautical and rocket engineering. 

A considerable part of the book is devoted to results obtained by 
the author. Wherever results of other authors have been used the 
appropriate references are given in a footnote. The author would 
like to thank E. L. Pozniax, L. V. EpisHev, B. P. MAKAROV, 
lu. Iu. SHVEIKO, G. V. MISHENKOV and Iu. V. GavriLov for their 
help in carrying out or checking some of the calculations and for 
providing a number of previously unpublished experimental results. 
He would also like to express his gratitude to A. I. Lur’e for his 
‘very valuable advice on the planning of the book. 
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PREFACE TO THE ENGLISH EDITION 


PRESENTING to the reader an English edition of the book, the author 
would like to indicate certain corrections and additions. First, the 
introduction has been revised, and is developed now along somewhat 
different methodological principles. Secondly, certain formulations 
have been made more rigorous and all noted misprints in the Russian 
edition have been corrected. Thirdly, there were added references to 
publications which appeared after the writing of the book or were 
published earlier, but remained unknown to the author. 

The author would like to express his deep appreciation to the 
following persons: Dr. George Herrmann, who edited the trans- 
lation of the book; to Professors L. J. Balabukh, A. S. Vol’mir, 
G. Iu. Dzhanelidze and V.I. Feodos’ev, who communicated their 
comments to the author; to M.F. Dimentberg, B. P. Makarov, 
V. N. Moskalenko, Iu. N. Novichkov and Iu. Iu. Shveiko, who re-read 
the Russian edition of the book and indicated misprints and in- 
accuracies. 

. V. V. BoLoTIN 
Moscow 
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TRANSLATION EDITOR’S PREFACE 
TO ENGLISH EDITION 


As a result of recent technological advances, the importance of stability 
investigations of elastic systems subjected to non-conservative forces 
has increased considerably during the last decade. Our knowledge 
of instability phenomena associated with static “follower’” forces, 
with aerodynamic forces, and with inertia and friction forces acting 
on such systems has been widened significantly. Due to the scatter of 
research results in many publications and in many languages, it was 
hardly possible, however, to assess the level of advance made and to 
make use of the numerous common features in different technological 
applications, which, in turn, could facilitate further progress. It is in 
recognition of this need that it was decided to prepare an English 
translation of a recent book in Russian by Professor V. V. Bolotin, 
in which non-conservative problems of the theory of elastic stability 
are treated for the first time in a unified and comprehensive manner. 

It is a pleasure to acknowledge in this undertaking the cooperation 
of Professor V. V. Bolotin, who took it upon himself to bring the 
contents up to date, as described in greater detail in his own preface 
to the English edition; of Mr. J. K. Lusher, London, England, who 
prepared a very competent translation manuscript; of Mr. R. W. Bun- 
gay, graduate student at Northwestern University, who read the 
edited manuscript and made several valuable comments regarding 
the translation; and finally, of several editors of Pergamon Press, who 
made a number of useful suggestions regarding the preparation of 
the translated edition. | 

GEORGE HERRMANN 

Northwestern University 


March 1963 
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INTRODUCTION 


1. EVOLUTION OF THE PROBLEM OF ELASTIC STABILITY 


The theory of elastic stability, which originated in the works of 
Euler, is now a very well-developed branch of applied mechanics 
employing many effective techniques and possessing a large number 
of problems already solved, as well as a very large body of literature. 
One of the major factors-which contributed to the rapid accumulation 
of material in the field of elastic stability was undoubtedly the extre- 
mely successful concept of stability and critical force. In the theory 
of elastic stability it is assumed that for sufficiently small loads the 
equilibrium of an elastic system is stable, and that it remains so up 
to the first point of bifurcation of equilibrium forms; thereafter, the 
initial form of equilibrium becomes unstable. The critical force (or, in 
general, a parameter of the force group) is then defined as the smallest 
value of the force at which, in addition to the initial form of equi- 
librium, there can exist others which are very close to the initial form. 
This concept is to be found as far back as the works of Euler, who 
defined the critical force as “‘the force required to cause the smallest 
inclination of a column”’!, This approach, or, as we shall refer to it 
in the future, the Euler method, has enabled us to reduce the problem 
of the stability of a form of equilibrium to the simpler problem of 
finding the minimum characteristic value of certain boundary-value 
problems. 

The usefulness of the Euler method in the theory of elastic stability 
cannot be disputed. It has also been extended to problems of non- 
elastic stability, expressed in the concept of a “reduced modulus”. 
However, the Euler method is not universal; its range of application 
can be clearly defined and a number of mistakes and misunderstand- 


1. Euter, L. Method of finding Curves Possessing the Properties either of a 
Maximum or of a Minimum, or the Solution of the Isoperimetric Problem in its 
Widest Sense (Metod nakhozhdeniia krivykh linii, obladaiushchikh svoistvami 
libo maksimuma, libo minimumia, ili reshenie izoperimetricheskoi zadachi vziatoi 
Vv samom shirokom smysle), p. 491, Gostekhizdat, 1934. 


if 
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ings have occurred in the past as a result of attempts to apply the 
theory outside this range. Three factors should be remembered in 
connection with the Euler method in the theory of stability. 


One of these is associated primarily with the development of the 
non-linear theory of thin elastic shells. As far back as the thirties it 
was established that in the case of shells a systematic and very signi- 
ficant divergence existed in the values of critical loads given by the 
classical theory and by experimental results. It was found that for 
thin shells initial inaccuracies and non-linear effects assume con- 
siderable importance, and that the critical forces corresponding to 
the points of bifurcation of equilibrium are in fact the “‘upper”’ 
critical forces, which are difficult to realize even under the most 
ideal experimental conditions.* 


The second factor is associated with the development of the theory 
of plastic stability. In 1946 Shanley? pointed out that the concept 
of a “reduced modulus” corresponds only to a particular assumption 
concerning the behavior of the load, and that in the plastic range the 
critical load should be determined by a different method from that 
used in the elastic range. Recent investigations have clearly established 
the important part played by the behavior of the load during the 
process of loss of stability and, in general, the part played by the 
time factor, which in the classical theory is not taken into account 
at all. 


The third factor, which imposes serious limitations on the range 
of application of the Euler method, consists in the following. As far 
back as 1928-1929 Nikolai?, while investigating one of the problems 
of elastic stability of a bar in torsion, discovered that the Euler method 
led to a paradoxical result. In the problem he was investigating 
there were, in general, no forms of equilibrium close to the un- 
disturbed (rectilinear) form, and it appeared that the rectilinear form 
of the bar would remain stable for all values of the torque. This 


1. Vov’mi, A.S. Thin Plates and Shells (Tonkie plastinki i obolochki) Gostek- 
hizdat, 1956. 

2. SHANLEY, F. R. Inelastic column theory. J. Aeronaut. Sci. 14, 261 (1947). 

3. Niko.al, E. L. On the stability of the rectilinear form of equilibrium of a 
bar in compression and torsion. Izv. Leningr. politekhn. in-ta 31 (1928); On the 
problem of the stability of a bar in torsion. Vestn. prikl. matem. mekh. 1 (1929). 
See also NIKOLAI, E. L. Studies in Mechanics (Trudy po Mekhanike) Gostekhizdat, 
1955. 
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result was, however, interpreted correctly as an indication that the 
Euler method was inapplicable to that particular problem, and that 
jt should be replaced by the more general method of investigating 
stability—the ‘‘method of small oscillations”. It was later discovered 
that an important part is played here by the existence of a potential 
of the external forces.1 The Euler method is applicable if the external 
forces have a potential (i.e. if they are conservative forces), and in 
general is not applicable if they do not. 


The basic method.of investigating non-conservative problems~-in 
the theory of elastic stability is the dynamic method, which is based 
on the investigation of the oscillations of the system close to its posi- 
tion of equilibrium. This draws the theory of elastic stability closer 
to the general theory of stability of motion and its applications in 
the theory of automatic control, in the hydromechanics of a viscous 
liquid and in other fields of mechanics and engineering. The Euler 
method, which reduces the problem to an analysis of the bifurcation 
of the forms of equilibrium of the system, can be looked upon as 
a particular case of the dynamic method. 


The present book is devoted entirely to the study of non-con- 
servative problems of the theory of elastic stability. Aerodynamic 
and hydrodynamic loads, the forces acting on parts of turbines and 
electric machines, and_the loads induced in parts and linkages of 
automatic control systems are in most cases non-conservative forces. 
The classical theory of elastic stability developed primarily as a result 
of the requirements of industrial, transportation and civil engineering 
construction. The traditional loads of the classical theory of elastic 
stability are forces which have a potential, usually caused by 
gravitational effects (i.e. “dead” loads). As regards the non- 
conservative problems of elastic stability, their main interest lies in 
the development of present-day mechanical, aeronautical and rocket 
engineering. 

The general questions of the stability ofelasticsystems under theaction 
of non-conservative forces have been discussed in works by Ziegler 


, 1. Of recent works on this subject those by Ziegler should be mentioned: 
ZiEGLER, H. Die Stabilitatskriterien der Elastomechanik, Ing.-Arch. 20, No. 1 
(1952); ZrEGLER, H. On the concept of Elastic Stability. Vol. IV, pp. 351—403, 
Academic Press, New York 1956. 


and the author. The discussions published in the earlier papers 
by Reut and B. L. Nikolai? are of some interest. Of the works 
devoted to particular problems, apart from those of E. L. Nikolai? 
indicated above, we would indicate those by Dzhanelidze, Shashkov, 
Deineko and Leonov, Morris, Ziegler, Troesch, Beck and Pfliiger.* 
There is also a very wide range of literature on the stability of rapidly 
rotating shafts.» A considerable amount of work has also been 
published on the important problems of the stability of elastic ele- 
ments in a flow of gas®, in which more and more attention is now 
being devoted. to the problem of stability. of plates and shells in 


1. BoLotin, V. V. Questions of the general theory of elastic stability. PMM, 
20, No. 4 (1956); Some problems of the theory of elastic stability. Trans. Third 
All-Soviet Math. Conf. Vol. 1, Akad. Nauk USSR, 1956; Dynamic Stability of 
Elastic Systems (Dinamicheskaia ustoichivost’ uprugikh sistem), Gostekhizdat, 
1956; On the vibrations and stability of bars under the action of non-conservative 
forces Sb. ‘‘ Kolebaniia v turbomashinakh”, Akad. Nauk USSR (1959). 

2. Reut, V.I. On the theory of elastic stability. Trans. Odessk. in-ta inzh. 
grazhd. i komm. str-va, No. 1, 1939; Nrkovat, B. L. On the criterion of stability 
of elastic systems (ibid.). The ideas of B. L. Nikolai are close to the modern 
theory. 

3. Nrxotat, E. L. See reference on p. 2. 

4. DZHANELIDZE, G. Ju. On the stability of a bar under the action of a follower 
force. Trans. Leningr. politekhn. in-ta, No. 192 (1958); SHasHKov, I. E. On the 
stability of the rectilinear form of equilibrium of a drilling shaft. Inzh. sborn. 1, 
No. 1 (1941); SHAsHKov, I. E. On the stability of a prismatic bar of arbitrary 
section in compression and torsion. Inzh. sborn. 7 (1950); DEINEKo, K.S., and 
Leonov, M. Iu. Dynamic method of investigating the stability of a compressed 
bar. PMM, No. 6 (1955); Morris, J. Torque and flexural stability of a cantilever. 
Aircraft Engng. 23, No. 274 (1951); ZIEGLER, H. Stabilitatsprobleme bei geraden 
Staben und Wellen, Zeitschr. angew. Math. Phys., No.4 (1951); TRoeEscu, A. 
Stabilitatsprobleme bei tordierten Staben und Wellen. Ing.- Arch. 20, No. 4 (1952); 
Beck, M. Die Knicklast des einseitig eingespannten, tangential gedriickten Stabes. 
Z. angew. Math. Phys. 3, No. 3 (1952); PrLiier, A. Zur Stabilitat des tangential 
gedriickten Stabes. Z. Angew. Math. Mech. 35, No. 5 (1955). 

5. Kaprrsa, P. L. Stability and transition through critical speeds of high- 
speed rotors in the presence of friction. Zh. tekhn. fiz. 9, No. 2 (1939); DIMENT- 
BERG, F. M. Bending Oscillations of Rotating Shafts (Izgibnye kolebaniia vrash- 
chaiushchikhsia valov) Akad. Nauk USSR, 1959; BoLoTin, V. V. Investigation 
of self-oscillations of a flexible shaft induced by internal friction and related factors. 
Nauchn. dokl. vyssh. shkoly, ser. ‘‘ Mashinostroenie i priborostroenie”’ No. 4 (1958); 
Bo.otin, V. V. Non-linear vibrations of shafts beyond their critical speeds of rotation. 
Collection ‘“‘Problemy. prochnosti v mashinostroenii’’ (Problems of strength in 
machine construction), No. 1, Akad. Nauk USSR, 1958. 

6. See, for example, the book Aeroelasticity by R. L. BISPLINGHOFF, H. ASHLEY 
and R. L. HALEMAN, Addison-Wesley, Cambridge, Mass. 1955. 


supersonic flow.t A number of problems, treated, however, from 
the point of view of the ’mechanics of systems with a finite number 
of degrees of freedom, are considered in the book by Rocard.? Some 
questions of stability of structures in the case of the external and 
internal forces having no potential are discussed in the book by 
Hoff.? The sections that follow will be devoted to an elementary 
introduction to the fundamentals of the subject. 


2. LONGITUDINAL BENDING OF AN AXIALLY COMPRESSED BAR 


To explain the reasons why in a number of cases the formulation of 
the stability problem differs from the classical Euler formulation, 
Z 


Fig. 1 


1. BoLomin, V. V. Vibrations and stability of an elastic cylindrical shell in 
compressible fluid flow. Inzh. sborn. 24 (1956); HEDGEPETH, J. On the flutter of 
panels at high Mach numbers. J. Aeronaut. Sci. 23, No. 6 (1956); Movcuan, A. A. 
On the stability of a panel moving in gas. PM, 21, No. 2 (1957); Bototn, V. V. 
On critical velocities in the non-linear theory of aeroelasticity. Nauchn. dokl. 
vyssh. shkoly, ser. ““ Mashinostroenie i priborostroenie’’, No.3 (1958); BoLotin, 
V. V., GAvRILov, Iu. V., MAKAROV, B. P. and Suvemo, Iu. Iu. Non-linear prob- 
lems on the stability of plane panels at high supersonic velocities. Izv. Akad. Nauk 
USSR, OTN, No. 3 (1959); BoLotin, V. V. Non-linear flutter of plates and shells. 
Inzh. sborn. 28 (1960). 


v2. Rocarp, Y. Dynamic Instability. (English translation) Crosby Lockwood, 
London 1957. 


3. Horr, N. J. Buckling and Stability, J. Roy. Aeronaut. Soc. (Jan. 1954) 
(Aeronautical Reprints No. 123). 
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we shall start by considering the problem, well-known from elementary 
courses in strength of materials, of the longitudinal bending of a 
bar (Fig. 1). 

We shall find the minimum value of the compressive force P for 
which, in addition to the rectilinear form of equilibrium, a slightly 
curved form first becomes possible. Having chosen the axes of coordi- 
nates as shown in Fig. 1, we can derive a differential equation for the 
elastic line of the slightly bent bar: 

2 
EIS: = Pf-»). (1) 


Here EJ is the bending stiffness of the bar, fis the deflection at the 
end of the bar. Making use of the familiar designation 
P 


z7" (2) 


we can write equation (1) in the form 
ad’ v ‘ ‘ 
a +khv=k'?f. 
Its general solution is 
v= C,sinkz + C,coskz +f. (3) 


In order to find the three constants C,, C, and f we have the three 
boundary conditions: v(0) = 0, v’(0) = 0 and v(/) = f. Substituting 
expression (3) into the boundary conditions, we obtain the three. 
relations: ; 

Cy - a = 0, 
kC, = 0, (4) 
C, sink 1 + C,cosk/ = 0, 


which constitute a system of three linear algebraic equations in the 
three constants C,, C, and f. The trivial solution of this system 
C, = C, = f = 0 corresponds to the rectilinear form of equilibrium 
of the compressed bar. Following the procedure adopted by Euler, 
we Shall try to find the conditions under which, in addition to the recti- 
linear form of equilibrium, slightly curved forms close to the recti- 
linear form are possible. In order that the homogeneous system (4) 
has a non-trivial solution its determinant must vanish, i.e. 


0 1 1 
k 0 0/;/=0. 
sink! cosk!l 0 
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It follows that cosk/ = 0, and the minimum value of the force 
corresponding to this condition is 


Bit ano Ge ¢ ket oa Pi 


70 EJ Pe nt 
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j.e., it is equal to the Euler value of the compressive force. 

In the classical theory of elastic stability it is considered to be 
self-evident that when the force P reaches the minimum value at 
which, in addition to the undisturbed (rectilinear) form of the bar, 
other very close curvilinear forms become possible, this value is the 
critical value. This definition of the critical force is not only the basis 
of methods which employ directly the differential equations of 
equilibrium, but is also the basis of a number of other methods. 


3. BAR UNDER THE ACTION OF A “‘FOLLOWER’”’ FORCE. 
EULER’S METHOD 


We can extend the Euler method to the problem of the stability 
of a bar under the action of a compressive force which after defor- 
mation rotates together with the end section of the bar and at all 
times remains tangential to its deformed axis (Fig. 2). We shall 
leave open the question of how such a ‘“‘follower’’ force is realized. 


Rye Pa Gm PY 
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By virtue of the assumed smallness of the deflections, P,,~ P, 
ee = Pq, where is the angle of rotation of the end section and 

~v ‘(). 

” The equation of the elastic line i the abe bent bar is given by 


ps5 = BGP HC =e 6) 


and its general solution, making use of the definition (2), can be written 
in the form 
v= C,sinkz + C,coskz + f— g{l — z). (7) 


There are four boundary conditions in this particular problem: 
v(0) = 0, (0) = 0, vp) =f, v’'(D =>. If we substitute Expres- 
sion (7) into these conditions we obtain the four expressions 


C,cosk 1 — C, sink] = 0, 
C,+f—-gl=0, 
kC, +9 =0, 
C, sink 1 + C,cosk/ = 0, 
the determinant of which is 

0 i 1 -/ 

k 0 0 1 

snkil cosk!l 0 QO 

cosk!]—sinkl 0 0 


i.e. is non-zero for all values of P. This means that there are no 
values. of P for which there can exist curvilinear forms of equilibrium 
of the bar close to the undisturbed (rectilinear) form. 

Pfliiger and Feodos’ev,! who were first to investigate this problem, 
came to the conclusion that a bar compressed by a “follower” force 
cannot in general lose stability. In order to establish whether such a 
conclusion is correct, we must take a closer look at the fundamental 
concept underlying the Euler method, which relates it to the generally 
accepted concepts of stability of equilibrium (and of motion). 


1. PrLtcer, .A. Stabilitatsprobleme der Elastostatik, p.217, Springer-Verlag, 
Berlin 1950; Fropos’ev, V.1. Selected Problems and Questions in Resistance of 
Materials (Izbrannye zadachi i voprosy po soprotivleniiu materialov) p. 165, 
Gostekhizdat, 1953. 


Expressed in technical terms the concept of stability may be stated 
as follows. The form of equilibrium is said to be stable if a slight 
disturbance causes a small deviation of the system from the con- 
sidered configuration of equilibrium, but by decreasing the magni- 
tude of the disturbance the deviation can be made as small as re- 
quired. On the other hand, the equilibrium is said to be unstable 
if a disturbance, however small, causes a finite deviation of the system 
from the considered form of equilibrium. | 

It will readily be seen that the concept of stability is not in effect 
implicit in the Euler method of the theory of elastic stability. It is 
possible, of course, that if there is a form of equilibrium close to the 
initial (undisturbed) form, the latter might become unstable by being 
replaced by another form of equilibrium. However, the existence of 
a branch point is neither a necessary nor a sufficient condition for 
loss of stability. The initial form of equilibrium may cease to be stable’ 
not only at branch points, but also at so-called limit points.* On the: 
other hand, cases are known where the existence of branch points: 
does not lead to instability of the initial form of equilibrium.* The 
most essential fact to. bear in mind is thatin using the Euler.method, 
i.e. in considering only a number of forms of equilibrium, we auto- 
matically exclude from our analysis any possible forms of motion. 
The initial form of equilibrium may remain unstable, having been 
replaced by some form of motion, whereas if we use the Euler method 
we consider only the possible forms of equilibrium close to the 
initial form. 

The complete solution can be obtained by assuming that. the 
disturbance depends on time and by deriving equations which will 
enable the variation of the disturbance with time to be taken into 
account. Roughly speaking the form of equilibrium under investi- 
gation will be stable if all the disturbances are limited in time. 


4. STABILITY WITH RESPECT TO SMALL DISTURBANCES 


Let us return to the elementary problem of the stability of a bar 
compressed by a force acting in a fixed direction. We shall derive the 
equation of small oscillations of the bar about its rectilinear position, 


1. BoLotin, V. V. Non-linear theory of elasticity and stability in its widest 
sense. Raschety na prochnost’, No. 3, Mashgiz (1958). 

2. IsHLINSKH, A. Iu., MALASHENKO, S. V. and TEMCHENKO, M. E. On the branch- 
ing of stable positions of dynamic equilibrium of a mechanical system. Izv. Akad. 
Nauk USSR, OTN, No. 8 (1958). 
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assuming for simplicity that the distributed mass of the bar is negli- 
gible compared with the mass M concentrated at the end (Fig. 1), 
and that resistance forces can be ignored. 
The equation of small oscillations is of the form 
Ov af 

EJ54 =PC v) — qa => dt’ (8) 
where v(z, ft) is the dynamic deflection at each point and /(#) is the 
deflection at the end. Equation (8) is satisfied by the expressions 


v(z,)= Vie", ft) = Felt, (9) 


where £2 is some constant to be found. If this constant is real, then the 
bar performs harmonic oscillations with frequency 2 about its 
rectilinear position. In this case we can assume (although we shall 
see later that this is not quite so) that the rectilinear form of the 
bar is stable. If 2 proves to be a complex number and if its imaginary 
part is negative, then this would correspond to disturbances which 
become infinitely large (as a result of linearizing the problem) with 
time. For, ifQ = « + if, then 
v(z, t) = V(zje#-Bt, 

and if 8 < 0 an exponentially increasing term appears in the expres- 
sion for v(z, 2). 

If we now substitute (9) into Equation (8) and use the definition (2), 


we obtain 
d2V ick 922 


2 2 ialeadiey 9 ee 
We +hV =F + 7 z)F. 
The general solution of this equation is 
M2 
V(z) = Cysinkz + C,coskz + F + ——— PED (i — z)F, 


for which the boundary conditions remain as before: V(Q) = 0, 
v'(0) = 0, V@ = F. Making use of these conditions, we obtain 
a system of three linear algebraic equations in C,, C, and F, and if 
we equate to zero their determinant we obtain the “frequency 
equation”’ 


MQ?! 
0 Esa 
MQ |=0. 
2 RET 


sink! coskl 0 
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Whence, 


P cosk]1 
aria | Tr 7 aa ~ 
—cosk/ 


kl 


Provided the expression under the root is positive, both frequencies 
are real, i.e. the rectilinear form of the bar is stable (in the sense 
indicated above). The frequencies vanish when cosk/=0 and 
become purely imaginary with further increase in the force P, when 
one of them has a negative imaginary part. The condition cos k1 = 0 
corresponds to transition from the stable rectilinear form to an 
unstable form, and ‘the critical value of the force P apparently 
coincides with the Euler value (5). 

Thus, in the problem of the stability of a bar compressed by a 
force acting in a fixed direction, the Euler method and the dynamic 
method give identical results. 

phd ahihbre. te eter ee 
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5. CRITICAL VALUE OF “‘ FOLLOWER”’ FORCE 
We shall now apply the dynamic method to the problem of the 
stability of a bar compressed by a “follower” force (see Fig. 2). 


The equation of small oscillations of a bar about its position of 
equilibrium-in this case is 


@ 
EJ-55 = P(f-») - Po(l—-2—-M uSLa-y. (11) 


By making the substitutions 
v(z,t)= Vize**, f= Fei, op) = Hei 
we reduce Equation (11) to the form 


2 
Or teV=BF-2OU- 2442-2, 


Its solution 


M2? F 


V(z) = C,sinkz + C,coskz + F — Pl — 2) + Faz U- Zz) 


must satisfy the boundary conditions V(0) = 0, V’(0) = 0, V() = F, 
vV'() = ©. From this we obtain the “frequency equation” 


MQ? 1 
M 22? 
k 0 — ET 1 3%: 
sink | cosk | 0 0 
: MQ 
k cosk 1 —ksink] ~ ET 0 
the solution of which gives the formula 
P 1 
aa Mil sink! cosk | : (12) 
kl 


As the force P increases from zero, the natural frequencies increase in 
magnitude; when 
tankl=kl (13) 


they become infinite, and with further increase in P they become 
purely imaginary, their signs remaining opposite. The smallest root 
of equation (13) corresponds to transition from the stable rectilinear 
form to an unstable form. The value of this root is k/ = 4.493, 
which, from (2), gives a critical value of the “follower” force of 


20.19 EJ 
P, =. (14) 


Thus, in the case of a bar under the action of a “‘follower”’ force, 
the Euler method leads to erroneous results: the rectilinear form of the 
bar for sufficiently large values of the force P proves to be unstable, 
although in this particular problem there cannot exist curvilinear 
forms of equilibrium close to the initial rectilinear form. 


6. CRITICAL VALUE OF “* FOLLOWER” 
FORCE (CONTINUED). SYSTEM WITH TWO DEGREES 
OF FREEDOM 


The features of the problem considered in Section 5, become 
even more apparent if we consider a system with two degrees of 


freedom. We can take, for such a system, for example, a bar with 
two concentrated masses?. 

Let M, and M, be the masses, f,(f) and f(t) their displacements 
in the direction of the axes O y (Fig. 3). To obtain the frequency equa- 
tions we choose a procedure slightly different from the one employed 
in Section 5. Using D’Alembert’s principle we form the equations of 


the small oscillations of the bar about the undisturbed equilibrium 
configuration: 


d d? 
fi = —6,, M, fh 2 bu M, 2, 


d da 
i= — bg; M, fh - bo My oe, 
where 
611(P), 612(P), boi(P) and dg(P) 


are the corresponding displacements produced by unit transverse 
forces applied to the bar. These displacements are determined, 
obviously, taking into account the force P. 


1. This problem was considered by K.S. DEmNeKo and M. Iu. Leonov (see 
Ref. on page 4). 
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The unit displacements are easily found from elementary con- 
siderations. For this purpose we use the equation of static bending 


d*v d*v 
EJ-—— qe + P— Pel 0, (15) 
which is obtained from equation (6) as a result of repeated termwise 
differentiation. The equation possesses a general integral 


v(z) = C, sink z + C,coskz+C,z+ Cy, 


where, as before, the notation (2) is used. Considering in succession 
the case of the effect of a unit force applied to the masses M, and M,, 
and subjecting the solution to boundary conditions we obtain: 


64 = sp (sink a — kacoska), 


) —— [sink 1 — kacosk1 — sink(/ — a)], 


12> 
cF a6) 


Ong = rt [snk] —klcosk1 + sink(/ — a)], 


= cp ink! — klcoskl). 


Let us note that, in general, 6,4 + 6,,, i.e. the reciprocity prin- 
ciple for displacements is not valid. We shall return to this remark 
in the sequel. Analogous to (9) we set 


Ai) = Fre'**, f(t) = Fye!*'. (17) 
As a result we obtain the “‘frequency equation”’ 
M, 6,, 22 — 1 My 6,5, 2? 


M, On Se M, 625 22? —_ 1 ~ 0; 


Expanding the determinant and solving the equation, we arrive 
at the formula 
Q= M, 61; + Me deo + Vi(Mi 611 — Me 502)? + 4M, Mz A129] 
2M, M2(644 doe = 612 O21) 
(18) 
For sufficiently small values of the force P formula (18) gives real 
values for the frequency of vibrations. However, as the force P reaches 
a certain critical value P,,, the expression under the radical becomes 
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equal to zero and the frequency equation will have a double root. 
With further increase of the force P among the natural frequencies 
there will be a frequency which has a negative imaginary part. As 
may be seen from formula (17), this corresponds to unbounded 
increase of disturbances in time, i.e. instability of the rectilinear 
form of the equilibrium of the bar. 


Fig. 4 


The formula for the critical force may be expressed in the form 
_ BEI 

ae 

In Fig. 4 results of calculation are presented for the case a = 1/2. 
For M, = 0 we obtain that 8 ~ 20.19, i.e. we are led to formula (14). 
With M, = 0 the critical value, as should have been expected, 
becomes exactly four times as large. 


P, 


7. DISCUSSION OF RESULTS. POTENTIAL OF EXTERNAL FORCES 


In connection with the problems we have just examined, the follow- 
ing questions arise. Why is it that the Euler method is acceptable 
in one case, but not in the other? What is the physical meaning of 
the instability discovered in the second problem? 


To find the answer to these questions let us examine once again the 
behavior of the bar in both problems after the occurrence of small 
deviations from the rectilinear form. Instead of the frequencies Q, 
we introduce the characteristic exponents connected to the frequencies 
by the simple relation s = i2, The expression for the dynamic de- 
flection of the bar then assumes the form 


v(z, t) = V(z)e*. (19) 


The rectilinear form of the bar becomes unstable if one of the 
characteristic exponents has a positive real part. 


Ims 


(a) (b) 


Fig. 5 


The behavior of the characteristic exponents can conveniently be 
represented graphically, their real parts being taken as abscissae and 
their imaginary parts as ordinates; points corresponding to various 
values of P are then joined to give a continuous curve. 

Figure 5 shows the variation of the characteristic exponents for 


the first case. (a force acting in a fixed direction). When P = 0 we 
have s = +i), where Q, is the natural frequency of oscillation 
of the unloaded bar. With increase in P the characteristic exponents, 
while remaining purely imaginary, decrease in modulus until when 
P = P,, they vanish. The vanishing of the characteristic exponents 
corresponds to “neutral” equilibrium—to the existence, in addition 
to the initial form of equilibrium, of other infinitely close forms of 
equilibrium. If P > P, one of the characteristic exponents is real 
and positive, which corresponds to instability of the rectilinear form 
of equilibrium of the bar. 

Whereas in the case of a force acting in a fixed direction the charac- 
teristic exponent enters the right-hand half-plane of the complex 
variable, passing through the value of s= 0, in the case of a 
“follower” force (Fig. 5b, 5c) it enters this half-plane without passing 
through this value, In the first case the Euler method can be used to 
establish the point ‘of ttansition from stability to instability; in_the: 
second case it cannot. 

The Euler method is applicable in cases when the external forces 
acting on the body are conservative, i.e. when they have a potential 
(since everywhere in this book we are dealing with ideally elastic 
bodies, the internal forces in all problems do have a potential), It 
can easily be shown, and this will be done at the appropriate place 
in the book, that when the external forces have a potential, transition 
from stability to instability takes place only through the value of 
Ss = 0, ie. in this case the Euler method gives correct results. But if 
the external forces are not conservative, then, although in a number 
of problems it may give the correct solution, the Euler method in 
order to avoid errors, should be replaced by the more general dynamic 
method based on consideration of the oscillations of the system 
about the equilibrium position under investigation. 

It is not difficult to see that in the problem under consideration the 
“follower”? force has no potential. The indication of whether a 
potential of the external forces.exits is provided by the independence 
of the work done by these forces on the manner in which the system 
attains its final state. Figure 6 shows three ways in which the bar 
can reach a state defined by a transverse deflection f and an angle 
of rotation @ of the end section. In case (a) (rotation through an 
angle m with a subsequent displacement) the work done by the force P 
is obviously negative; in case (b) (displacement with a subsequent 
rotation) it is zero, and in case (c) (rotation through an angle — 9, 
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a displacement and a final rotation through an angle 2) the work 
done is positive. 

These considerations illustrate one feature inherent in all non- 
conservative problems dealt with in this book. In contrast to the well- 
known and thoroughly studied self-excited oscillating systems; the 
non-conservative nature of which depends on “negative friction’’, 


ee 


(b) (c) 
Fig. 6 


in the problems considered here the coupled interaction of the degrees 
of freedom plays a significant part. The supply of energy to a bar 
subjected to a “‘follower’’ force (Fig. 4) is possible only for a parti- 
cular change with time of the angle of rotation @ and of the linear: 
displacement f. This coupled interaction becomes more obvious if 
we consider the small oscillations of the bar as a system with two 
degrees of freedom (see Section 6). The instability of the system 
is of an oscillatory nature with a definite phase relation between » 
and f corresponding to the absorption of energy from outside. The 
case of a mass concentrated at a point considered in Section 5 should 
be treated as the limiting case of a system with two degrees of freedom 
in which the second partial frequency tends to infinity. 


8. RANGE OF PROBLEMS COVERED IN THE BOOK 
In the past the development of the theory of elastic stability was 
related principally with the requirements of industrial, transportation 


1. We call attention also to the fact that the reciprocity relations for displace- 
ments are not satisfied, as indicated in discussing formulae (16). 
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and civil engineering construction. Weight forces and various other 
forces of gravitational origin are typical of the loads considered in the 
classical theory of elastic stability. 

The development of modern mechanical, aeronautical and rocket 
engineering has considerably widened the class of load types requiring 
investigation. Aerodynamic forces acting on the wing of an aircraft 
or on the body of a rocket are examples of non-conservative forces. 
So also are the forces acting on the rotor of an electric motor or on the 
rotor of a gas turbine. All automatic control systems are non-con- 
servative systems. Therefore, in an examination of the elastic stability 
of the links and elements in automatic control, the action of the re- 
maining links of the system is replaced by forces which are also non- 


Z 


be 
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Fig. 7 


conservative. It will be seen then that the study of the conditions of 
stability of elastic systems under the action of non-conservative 
forces is of particular importance in modern engineering practice. 
In addition to the more general questions, the book deals with three 
types of problems. The first are problems of the stability of elastic 
bodies subjected to “follower” forces, i.e. to forces which during 
the process of loss of stability follow some particular law other than 
that for weight forces. The problem considered above, on the stability 
of a bar in compression under the action of a force, the direction of 
which remains tangential to the deformed axis of the bar, is the 
most simple problem of this type (Fig. 7a). Such a force can be 
produced, for example, by the reaction of a jet attached to the end 
of the bar (on the condition that the effects of inertia and damping 
can be ignored). Another non-conservative problem is the problem 


of the stability of a bar compressed by a force which is always directed 
along the initial undeformed axis (Fig. 7b). It is clear that something 
similar to such a force could be produced by the pressure from a jet 
of absolutely inelastic particles. The fact that in both cases the external 
forces have no potential is clear from the very manner in which they 
are realized. Let us still show that in the case, expressed in Fig. 7b, 
the work of the force P in general will depend on the manner in which 


(a) (6) 
Fig. 8 


the system passes from one state to the other. We note first of all, 
that the force in this case is not rigidly connected with the material 
points of the bar MN, but is sliding along this bar. Therefore the 
elementary work 64 of the force P should be evaluated by the expres- 
siond A = P-v dt, where v is the velocity vector of the material point 
on which the force vector Pis acting at the instant of time considered?. 
Figure 8 indicates two ways in which the system can pass into a state 
characterized by the deflection fand the angle of rotation ¢. In case a 
(displacement followed by rotation) the work is positive, whereas 
in casé b (rotation followed by displacement) it is equal to zero, 
and so on. A further example of non-conservative problems of 
elastic stability is a shaft under the action of a torque whose vector 
remains directed along the tangent to the axis of the shaft during 
the process of loss of stability (Fig. 7c). It is interesting to note that 


1. In courses on mechanics forces are considered which are rigidly connected 
with material points, and as a result one usually does not emphasize the difference 
between the displacements of the material points and the displacements of the 
points of application of the force. The neglect of this distinction has led to misunder- 
standings in several published papers. . 


when the direction of the vector of the torque remains fixed in space 
(Fig. 7d) the problem is again non-conservative. Loading conditions 
similar to the last two examples are often encountered in certain 
types of turbines. . 

~ The second category of problems is encountered in the investiga- 
tion of the links and objects in automatic control systems. The most 
important of these are problems on the stability of flexible shafts 
with a controlled number of revolutions. It is a well-known fact that 
even ideally balanced shafts working beyond their critical number 
of revolutions often have a tendency to develop dangerous: bending 
vibrations. There are a number of factors which might cause such 
vibrations: internal friction in the material of the shaft, friction 
between a disk and the surrounding medium, the effect of the oil 
layer in bearings, etc. The basic reason, however, lies in the non- 
conservatism of the system. If the drive maintains a constant angular 
velocity irrespectively of the behavior of the shaft, then under certain 
conditions part of the energy is adsorbed in lateral oscillations; 
internal friction and similar factors then act simply as transmitters 
of energy (Fig. 9a). Similar phenomena are observed in centrifuges 
when partially filled with a liquid (Fig. 9b) and also in ferro-magnetic 
or conducting rotors situated in a magnetic field (Fig. 9c). 


Fig. 9 


The third category of problems is encountered in aeronautical 
engineering. These problems are associated mainly with the familiar 
and well-studied problem of wing flutter, which is a typical non- 
conservative problem of elastic stability (Fig. 10a). If we apply 
the Euler method to the problem of wing stability we can find only 
the critical speed’ of divergence (i.e. the speed at which static over- 
ES 3 
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twist of the wing occurs). In order to determine the critical flutter 
velocity it is necessary to consider small oscillations of the wing 
about its position of equilibrium. Recently a considerable amount 
of attention has been devoted to problems in the stability of plates 
(Fig. 10b) and shells (Fig. 10c) situated in a flow of gas (so-called 
problems of “‘panel flutter’). These problems, especially in cases 
of high supersonic velocities, have much in common with the first 
class of problems. The difference between them lies more in the degree 
of schematization of the forces acting on the elastic body than in 
any other feature. 
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All of the problems listed above, in spite of their considerable physi- 
cal disparity, are mathematically very similar, since they all lead to 
non-self-adjoint boundary-value problems. This is the essential 
difference between the types of problems considered here and those 
covered by the classical theory of elastic stability, in which, by virtue 
of the existence of potential in the external forces, all the problems 
are self-adjoint. 

The methods of investigating non-conservative problems of the 
theory of elastic stability can be divided into two groups. The first 
group consists of methods based on a direct analysis of the differen- 
tial equations of motion of the elastic body. By convention these are 
called “exact”? methods. These methods usually entail considerable 
computational difficulties and for this reason only some of the most 
simple problems have been solved. Moreover, the theory of non- 
self-adjoint operators is not one of the very well developed branches 
of mathematics which have effective methods for solving practical 
problems. The other group includes approximate methods, the basis 
of which is to replace the elastic body by some equivalent system with 
a finite number of degrees of freedom and then to analyze this equi- 
valent system. Although in the majority of actual problems the vali- 
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dity of such a replacement is not in doubt, a strict mathematical 
justification has yet to be found. Some general justification can be 
claimed by comparing well-known exact results with the results 
of an approximate solution. In the following chapters we shall use 
methods belonging to both groups, and where an exact solution 
exists, a comparison of the exact and approximate solutions will be 
given. In non-linear problems it is necessary to rely exclusively on 
approximate methods. 


CHAPTER 1 


GENERAL PRINCIPLES 


1.1. INTRODUCTORY REMARKS 


The basic elements with which the theory of elastic stability is 
concerned, and which give stability problems a practical meaning, 
are bars, frameworks, plates and shells. Nevertheless, in formulating 
the general questions of the theory of elastic stability it is expedient 
to start from the general equations for an elastic body. The equations 
for the more common elements can always be derived from the general 
equations of the theory of elasticity by introducing appropriate 
kinematic and static hypotheses and applying variational principles. 
Consequently, by starting from the general equations of the theory 
of elasticity, we gain advantages in two respects. First, we are able 
to consider the problem of elastic stability as a whole, without dividing 
it into. separate parts (stability of bars and .frameworks, stability 
of plates, stability of shells). Secondly, we are able to derive the 
equations for specific elements by a single method from the general 
expressions, instead of using particular (although, perhaps, more 
familiar) techniques. For this reason, when considering general 
questions, we shall always start from the equations of the theory 
of elasticity for an arbitrary elastic body. 

An investigation of the stability of equilibrium of an elastic body 
with respect to small disturbances (i.e. stability “in the small’) 
leads, as is wellknown, to linear differential equations. However, 
these equations differ from the equations of the classical theory of 
elasticity by the presence of additional terms containing parameters 
to the accuracy of which the external loading is specified. In order 
to obtain these terms it is necessary to differentiate between the geo- 
Inetry of the initial undisturbed state, the stability of which is the 
subject of investigation, and the geometry of the other very close 
States. In the classical theory of elasticity this difference is, of course, 
not taken into account. In.order to derive the equations which describe 
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the behavior of small disturbances for a given form of equilibrium, 
it is necessary to start from the equations of the non-linear theory 
of elasticity. 

Furthermore, if we do base our analysis on the equations of the 
classical theory of elasticity, then by virtue of Kirchhoff’s uniqueness 
theorem, we conclude that for given loads and boundary conditions 
only one form of equilibrium is possible. The presentation of the 
problem of elastic stability, however, presupposes the possibility of 
the existence of forms of equilibrium (or motion) other than the un- 
disturbed form. If we investigate stability of equilibrium in the Euler 
sense, we try to find values of the loading parameter for which, in 
addition to the undisturbed form of equilibrium, there can exist other 
very close forms. 

The non-linearity of the equations of the theory of elasticity can 
have both a geometrical and a physical. origin. Geometrical non- 
linearity is associated with the necessity to distinguish between the 
coordinates of the initial and final states, and also with the necessity 
to use the complete expressions for the components of the strain 
tensor. Physical non-linearity stems from the non-linear relation 
between the stress and strain components, which must be taken into 
account in a number of problems. 

In their application to problems of elastic stability it is possible 
to use a simplified version of the equations of the non-linear theory 
of elasticity. The question of the admissibility of such simplifications 
is dealt with in detail in the book by Novozhilov.* It should be pointed 
out here that, since we are dealing with the problem of elastic sta- 
bility, we can confine our attention to the case of small strains but 
large displacements. Or, more_precisely, in deriving the stability 
equations, we need not-take into account the difference between the 
lengths, areas and volumes before and after deformation. This assump- 
tion obviously does not go beyond the framework of normal theories 
of applied science. For instance, in the problem of the longitudinal 
bending of a bar in compression it is of no practical significance to 
take into account the change in length or cross-sectional area of the 
rod during the loading process, since the associated error is extremely 
small. This statement does not apply to rubber or similar materials, 
which are outside the scope of the present book. 


1. NovozHLov, V. V. Foundations of the Non-linear Theory of Elasticity (Osnovy 
nelineinoi teorii uprugosti), Gostekhizdat, 1948. (English translation published by 
Graylock Press, 1953). 
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We shall commence our study of the problems of elastic stability 
with a summary of the non-linear theory of elasticity. Although it is 
natural to adopt the methods of tensor calculus, we shall not do 
so. We shall only use certain definitions which combine the properties 
of conciseness and clarity. With a few exceptions we shall use a 
system of rectangular Cartesian coordinates, denoting the coordinates 
by 1, Xa, Xg (instead of the usual x, y, z). The stresses acting on the 
faces of a rectangular parallelepiped (Fig. 11) will be denoted by 
O11> C125 - ++» O33, using the same notations for normal and shear 


Fig. 11 


stresses. The well-known equations of equilibrium can then be written 
in the form (X,, X,, X, being the components of the body forces): 


0014 O01 0013 


Ox, OX, OX, a ae 

0001 O02 0095 = 

BE, + au, + Di + X, = 0, (1.1) 
0031 . O03, . 0053 = 

ax, APs + Ox, + X, = 0. 


Finally, we shall follow the rule of summation with respect to 
dummy indices. This rule states that in the product of two or more 
factors, if an index occurs twice (such an index is called a “dummy” 
index), then summation is understood with respect to this index, 
the summation sign being omitted for the sake of brevity. For example, 
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Equations (1.1) can now be written in the form 


001% 
—— = 0. 12 
OX, ot X; ( ) 
The presence of the ‘free’? index i means that there is not one, but 
three equations for values of i = 1, 2, 3. 


1.2. FINITE STRAIN 


A number of books? have been written on the non-linear theory 
of elasticity (or, as it is sometimes called, the theory of finite strain). 
We shall outline here only the parts of this theory essential for the 
understanding of the exposition which follows. 

The main feature which distinguishes the theory of finite strain 
from the classical theory of elasticity is the necessity to differentiate 
between the geometries of the undeformed and deformed states. 
The deformed state can be described in several ways. We can, for 
example, use a fixed system of coordinates unattached to the body 
(Fig. 12a). In this case the position of a point M before deformation 
will be defined by three coordinates x,, and its position after defor- 
mation by three coordinates x, = x, + u, where u, are the compo- 
nents of the displacement vector. (Here and in the future the symbol 
~ is used to denote the deformed state). Alternatively, we could 
use a coordinate system which deforms together with the body. In 
the undeformed state this system is Cartesian and in the deformed 
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1. NovozHILov, V.V. See reference on page 26; MOoURNAGHAN, F. Finite 
Deformation of an Elastic Solid, Wiley, New York 1951; GoL’DENBLATT, I. I. 
Some Questions of the Mechanics of Deformable Media (Nekotorye voprosy 
mekhaniki deformiruemykh sred) Gostekhizdat, 1955. 


state it becomes, in general, a curvilinear system (Fig. 12b). In this 
case the coordinates of a point M are the same before and after 
deformation, i.e. x, = x,. The first method is widely used in hydro- 
mechanics and is called the Euler method. The second is called the 
Lagrange method and for a number of reasons is to be preferred in 
the theory of elasticity. In future we shall use the Lagrange variables. 
. The second difference between the classical and the non-linear 
theories of elasticity is in the choice of components of the deformed 
state. In the classical theory the components of the strain tensor are 
defined by the expressions. 
1 / Ou; Ou, 
en = == =} (1.3) 


and have the meaning of relative extensions (for i = k) and half 
the shear angle (for i + k). In the case of finite strain this interpreta- 
tion no longer holds. It would appear that in this case the exact ex- 
pressions for linear and shear strains should be taken as the defor- 
mation characteristics. However,. these expressions do not satisfy 
the conditions of tensor invariance and are therefore most unsuitable 
for a general theory. The role of deformation characteristics in the 
non-linear théory of elasticity is played by the components of the 
tensor of finite strain . 
: _1/dum | 6m , du; a 
ee 2 (x Ox; OX, -0X,/)° 
the mechanical interpretation of which will be clear from the follow- 
ing considerations. 
The difference between the square of the length of an element ds 
in any direction after and before deformation is 


ds* — ds* = dx? — dx?. 


(1.4) 


Here 


" Ou 
dx; = dx; + Bx, 


in accordance with the summation rule dx? can be expanded into 
the form 
dx, dx, = dxt + dx2 + dx. 
We then find 
ds® — ds* = 2¢e,, dx; dx,, 


where «,, is defined by Formula (1.4). Expression (1.4) differs from 
(1.3) in that it contains non-linear terms. 
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1.3. EQUILIBRIUM EQUATIONS AND BOUNDARY CONDITIONS 


Considering now the equations of equilibrium and the boundary 
conditions, we note that in the case of finite strain even the definition 
of the stresses becomes ambiguous. In addition to the fact that there 
are various coordinate systems which can be used, the stress compo- 
nents can be defined in different ways; namely these components 
could be referred to areas after or before deformation, could be 
decomposed in various directions, etc. For this reason the equations 
of the non-linear theory of elasticity can have a completely different 
form, and to transfer from one form to another is not at all easy. 
For our purposes we shall use the equations of equilibrium in the 
form which was under discussion as far back as the classical investi- 
gations of Kirchhoff and Boussinesq, but which finally became 
established as a result of work carried out by Trefftz in the field of 
elastic stability.? 

We shall begin by deriving these equations on the basis of the prin- 
ciple of virtual displacements. We define ® as the internal energy 
per unit volume in the undeformed state. ® can be looked upon as.a 
function of state, which, if we ignore thermal effects, depends only 
on the components of the strain tensor: 


D = D(eq1, E10, ++) Egg): (1.5) 
The total energy stored in the body is evidently 
U = { P(x, x2, x3) dV, (1.6) 
V 


where the integration is taken over the volume V of the undeformed 
body. 

Application of the principle of virtual displacements leads to the 
expression 


6U-— | X,6u,dV — ff p,du,ds =0, (1.7) 
Vv Ss 


1. An analysis of the various forms of the equations and boundary conditions 
can be found in the article: GALimov, K. Z. Equilibrium equations of the theory 
of elasticity in the case of finite displacements, and their application to the theory 
of shells. Izv. Kazansk. fil. Akad. Nauk USSR, ser. fiz.-mat. i. tekh. nauk, No.1 
(1948). 

2. Trerrtz, E. Uber die Ableitung der Stabilitatskriterien des elastischen Gleich- 
gewichts aus Elastizitatstheorie der endlichen Deformationen. Verhand!. III. Intern. 
Konegr. techn. Mech. 3, Stockholm 1930. 
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where Ou, are kinematically admissible variations of the displace- 
ments, p, are surface forces acting on the external surface S of the 
body. The forces X, and p, are referred, respectively, to unit volume 
and area before deformation. 

Let us evaluate the variation 6 U. Noting that 


Ein =F (Ope + et + 4; Vj), (1.8) 
where for brevity we have used the notation 
Ou; 
v; — OX, 5 (1.9) 


we can write (1.5) in the form 
D = D041, VQ, .--, Vga) 


Then after making transformations analogous to those made in 
the derivation of the Euler-Ostrogradskii? variational equations, 
we find 


si “lan eeu Ce 
Ov,; 


jeg ‘ u;)dV — or ae 


But ee to the Gauss—Ostrogradskii formula, 


a av = | { Aynds (1.10) 
RY 


(here n, are the components of the unit vector of the exernal normal 
to the surface S; the conditions imposed on the components of A, 
and the surface S in this case are satisfied). Thus 


ree [aoc Su, n, dS — eco aan 


1. Here it is assumed that 


XdV=X;dvV, pidS=pidS 


although, by virtue of the assumption of smallness of changes of area and volume 
this stipulation is of no real significance. 

2. See, for example, the book: CouraNT, R and Hmpert, D. Methods of 
Mathematical Physics. Interscience Publishers, New York and London 1953. 
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Equation (1.7) now becomes 


Iles lang) + Heuer - its ny — pi) bu, dS = 0. 
Vv 


In view of the arbitrariness of the variations we can equate terms in 
éu, to zero and thus obtain the equations of equilibrium and the 
boundary conditions on S: 


ae whe + X; = 0, 

Ox; OV,; 
a (1.11) 
Ov; 4 a | 


The equations and boundary conditions (1.11) coincide formally 
with the corresponding expressions in the classical theory of elasticity 


do 
a =O Oi; Nj = Pip 
if we make the substitution 
o®@ 


Co = * 
" Ov;; 


However, only in the linear approximation does the tensor 0®/du,, 
coincide with the stress tensor in the usual sense. In general it is not 
even symmetrical. 


Equations (1.11) can be slightly rearranged by making the sub- 
stitution 


OD 0D  déag 

Ov;; - Oba B Ovi; 

and noting that as a result of (1.8) and (1.9) 
O&up 


1 
Be, 3 H (ni 8p) za 6819. sm bx.j vip + Via Opi). 


Here 6,; denotes the Kronecker delta, i.e. 


6j,;=1, if i=j, 
ee Coa ae (1.12) 
6,=0, if i+). 
The equilibrium equations then assume the final form 
O o@ Ou; 
Ox; ce (3s Ox ae)| aes ee 


UENDRAL FrAusuir buw ae 


and the boundary conditions on the loaded surface S become 


a®@ Ou 
rat ik + ae) Hy ='pi- (1.14) 


1.4, GEOMETRICAL INTERPRETATION OF RESULTS 


In order to establish the physical significance of the quantities 
é@/d«,, (they have the dimensions of stress and in the linear 
approximation become stresses in the normal sense) we proceed as 
follows:! we consider the deformed state of an infinitely small element 
which before deformation is a rectangular parallelepiped with edges 
dx 1, dX, dX, (Fig. 13). The internal forces acting on its faces will 
be represented by the vectors 0, dx,dx3, 6,dx, dx, 6, dx, dX. 
We see that the components of vectors 0,, 6,, 63 are in fact stresses 
referred to areas of the element in its undeformed state. 


O,dz,dz, 409%, 02; 


Fig. 13 


The equilibrium equations and boundary conditions on the loaded 
Surface, written in vector form, as is usual, are expressed by 


Ox; (1.15) 


1. Kappus, R. Zur Elastizitatstheorie endlicher Verschiebungen. Z. angew. 
Math. Mech. 19 (1939); Novozmov, V. V. See reference on p. 28. 
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We can rewrite these expressions in terms of the projections on the 
AXES X1, Xg, Xg, i.e. in terms of Lagrange variables for the undeformed 
body. Instead of (1.15) we then have 


g 
Fay inl) + X= 0, | (1.16) 


Ojx Li, Ny = Dis | 
where X; and p,; have their previous meanings, o,, are the projections 
of the vector 6, on the coordinate directions for the deformed element, 
1, are the cosines of the angles between the directions of the axis 


x, and the coordinate vector r, for the deformed element (in the plane 
problem /,,, = cos«,,, see Fig. 14). 


Fig. 15 
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From geometrical considerations (Fig. 15) it follows that 


Lit = ——* , (1.17) 


where E, is the relative extension of a fiber which in the undeformed 
state lay in the direction of the x, axis and 6;, is, as before, the Kron- 
ecker delta defined by (1.12). If we now substitute (1.17) into (1.16) 
we obtain 


ou 
é4+—— 
a. re OX, 
4 Lamy 
Ou 
Oin + ix, 


63,-——-—-——">—- = 
dk 1 me E, ny Pi; 


whence, by comparison with (1.13) and (1.14), we find 


6D Ojx 
bey, ae eee 


(1.18) 


Formula (1.18) enables us to give the following interpretation of 
the tensor 0®/0¢,,: to the accuracy of the approximation 1+, ~1 
the quantities 0®/d¢,,, are components of the stress tensor in Lagrange 
variables referred not to the actual areas, but to areas measured 
before deformation. As has already been pointed out, in questions 
of elastic stability it is admissible to consider displacements (including 
angles of rotation) as finite and to take changes in areas and linear 
dimensions as negligibly small. In this case the difference between 
d@/de,, and o,, disappears; so also does the difference between the 
stresses o;,, referred to initial areas, and the “true” stresses in 
Lagrange variables. We shall use the equations ° 


S acs + — ) 6 (1.19) 


and the boundary conditions 


Ou; 
OFK (514 + Ox, st ny = Pi (1.20) 
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as the basis of our subsequent analysis. As has already been mentioned, 
the accuracy of equations (1.19) and (1.20) is not lower than the 
accuracy of the corresponding applied theories of bars, plates and 
shells. 


1.5. RELATION BETWEEN STRESSES AND STRAINS 


The properties of a material are characterized by the expression 
for the density of its internal energy 


D = Dey, Era, ++ +5 Ena) 
As in the classical theory of elasticity, it can be shown that 
rd) = 4 Aicap bik bap; (1.21) 


here A,,,, is the tensor of the elastic constants, which is symmetrical 
with respect to exchange of indices i and k, « and # and also of pairs. 
For an isotropic body the tensor A,,,, can be expressed in terms of 
two Lamé parameters A and p: 


Tice =A Oi6 Oa oh Dik Oia Onn (1.22) 
Making use of the approximate relation 
Pre 0®@ 
tk™ Oe), > 


we obtain from (1.21) the usual relation between the stresses and 
strains 


Oink = Ainaplap- (1.23) 


1.6. CURVILINEAR COORDINATES 


The foregoing theory was based on the very simple case of a system 
of rectangular Cartesian coordinates. In many branches of the theory 
of elasticity, however, and especially in the theory of elastic shells, the 
use of curvilinear coordinates becomes absolutely unavoidable. 

In order to present the equations of the non-linear theory of elasti- 
city in a form suitable for any system of curvilinear coordinates, we 
employ the methods of tensor analysis. In essence, the basic problem 


1. Kocutn, N.E. Vector Analysis and the Fundamentals of Tensor Analysis 
(Vektornoe ischislenie i nachala tensornogo ischisleniia). Akad. Nauk USSR, 1951. 
An equivalent reference to a text in English would be: SoKOLNiKorF, I. S. Tensor 
Analysis, New York 1951. 


of tensor analysis is the investigation of quantities and mathematical 
_operations on them which retain one and the same form for as large 
a Class of coordinate systems as possible. The application of tensor 
‘analysis considerably simplifies the transformation of equations in a 
“system of rectangular Cartesian coordinates to corresponding equa- 
-tions in a system of curvilinear coordinates, reducing this process to 
a formal operation. . 

The position of a point in space can be defined by three curvilinear 
coordinates q,, a, gg. We shall assume that the functions 


Gi = 41(%1, X25 %3) (1.24) 


are single-valued, continuous and have continuous derivatives of any 
order required. We shall also assume that the Jacobian of the trans- 
formation (1.24) is everywhere non-zero. 

_ An important property of a system of curvilinear coordinates is 
‘its metric, defined by the square of the distance between two in- 
finitely close points in space. In a rectangular system of coordinates 
this distance is given by the formula 


ds* = dx? + dx? + dx?, 


and in the general case of curvilinear coordinates by 
ds* = gi, dq: day. (1.25) 


Here g,, is the so-called metric tensor, and g;, = g,;. In the case 
of a Cartesian system of coordinates, g,, = 6;,, where 6,,is the 
Kronecker delta. For cylindrical coordinates r, y, z we have: 


ds? = dr? + dy? + dz*, 
ie. the metric tensor is given by 
100 
Six = |]0 7° 0 
00 1 


:. Let us now consider the ways of defining a vector in an arbitrary 
‘System of coordinates. A vector A will be defined if its orthogonal 
Projections on the directions of the tangents to the coordinate axes 
are given. In elementary mechanics it is these components that are 
used, and in tensor analysis they are called physical components. They 
Prove unsuitable, however, for use in the derivation of a general 
theory. They are, in fact, the components of a vector only for a local 
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Cartesian system of coordinates (in general, an oblique system) i.e., 
they are not the “true”? components for a curvilinear coordinate 
system. . 

This can be illustrated by considering the case of cylindrical co- 
ordinates r, g, z. The physical components of the differential of the 
radius vector are dr, rd, dz, but it would be simpler formally, and 
from the mathematical point of view more natural, to define them as 
dr, dy, dz. Their physical dimensions now become different, although 
they assume a common dimension in a wider sense—a common 
tensorial dimension. Similarly for an arbitrary vector A; in addition 
to the physical components A,, A,, A,, we can introduce the com- 
ponents 


Their dimensions coincide with those of dr, dy, dz, and furthermore, 
in transferring from one coordinate system to another, they obey the 
same transformation law as the differentials of coordinates dr, dg, dz. 
They are called contravariant components, 

It is customary to denote the contravariant components by super- 
scripts (which of course, must not be confused with their power sign). 
Since the differentials of the coordinates are contravariant vectors, 
the coordinates themselves are usually given superscripts: q, = x’, 
Ga = x*, gg = x®. In transferring from one coordinate system to 
another, i.e. in the transformation 


H = F(x, x1, x’), 


the contravariant components are transformed according to the 
formulae 


In addition to contravariant components of a vector, we also have 
the covariant components a; = gy, a". For instance, in the preceding 
case of a cylindrical system of coordinates the covariant components 
of a vector would be a, = A,, a, = rAg, a, = A,. The transformation 
law for covariant components is of the form 


ms OME 


a = Far a 
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The relation between these components and the physical components 
is given by the formulae 
a; 


a Vai 


(here summation is not carried out with respect to the subscript i!). 

For a rectangular Cartesian system of coordinates g;, = 6,,, and 
consequently a, = a* = A*®. In this case there is no difference 
between these components. 

A vector can be looked upon as a tensor of the first order (and 
a scalar as a zero-order tensor). A second order tensor can be defined 
with the aid of covariant components b,,, contravariant components 
b** and mixed components Bj, or bf (if the tensor is symmetrical its 
mixed components can be denoted simply by bi,). In passing from one 
coordinate system to another the components are transformed 
according to certain rules which, strictly speaking, should indicate 
that the given numbers characterize a second order tensor. For example 
the transformation law for covariant components is of the form 

ss Ox* axé 


= Bar Gg Oat 


A (1.26) 


The passage from one set of components to another leads to the 
operations of “‘raising” or “lowering” the index by multiplying by 
the metric tensor. For example 


bis = Sia 8p b*. (1.26b) 


The mixed components of a metric tensor are in fact the Kronecker 
delta, i.e. g) = dj). 


We proceed now to a most important operation of tensor analysis — 
the operation of tensor differentiation. Let us first consider the very 
simple case of a system of rectangular Cartesian coordinates and a 
system of polar coordinates in one plane (Fig. 16). The derivative of 
a vector is represented by the change in the vector in going from one 
point in the plane to another infinitely close point. The question arises 
as to how this change can be described in terms of the derivatives of 
the components of the vector. 

In the case of the rectangular Cartesian coordinates the partial 
derivatives 

0A, dA, OA, 0A, 
6x’? @y’ dy’ dx 


form a tensor—the first derivative of the vector A, also known as the 
divergence of the vector. In the case of the polar coordinates the 
partial derivatives 


0A, 04, OA, dA, 
Or? dp’ dy’ Or’ 


as they stand cannot describe the change in the vector A. This is 
explained by the fact that if the vector A is displaced from the point 7 
to a neighboring point M’ (Fig. 16) with its direction unaltered, the 
space metric changes, and this change must be taken into account in 
evaluating the derivatives of the vector. The reader will be well aware 
of this fact without any reference to tensor analysis. For example, in 
the classical theory of elasticity the relative extensions are expressed 
in terms of the displacements u and v in the directions of the coordinate 
axes in different ways for different coordinate systems: whereas in a 
Cartesian system 


in a system of polar coordinates we have 


_ Ou 1 dv u 


op bp r’ 

and the second term in the formula for e,, takes into account the 
change in the metric (the formulae are written in “ physical’? com- 
ponents). 
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A tensorial derivative of a vector is equal to the corresponding 
partial derivative plus certain terms which take into account the 
change in the metric in passing from one point to another infinitely 
close point. Thus the covariant derivative of the covariant com- 
ponents a; is given by the formula 


where J’, are the so-called Christoffel symbols, which are expressed 


in terms of the components of the metric tensor in the following 
manner: 


Vin = 8°D a, ins Tun = 5 (Et + Be + Ein. 
‘The derivatives Va, form a second order covariant tensor, but the 
Christoffel symbols (just as the partial derivatives of a vector) are 
“not tensors. 
. Similarly, the covariant derivative of the contravariant components 
of a vector is given by the formula 


aa! 
Ox* 


“In some cases it is convenient to make use of the contravariant deri- 
vatives 


V, a’ = + I4,ay. 


Via, = ga; Via! = gt*V, a’. 


it The rules for differentiating a second order tensor may be stated as: 


db 
Vi, by = oa — Tin bay — Tn Oia, 
abt 
VD, b'4 aa ee + I}, b 


(there is no need to state the analogous rules for the contravariant 
derivatives and the derivatives of the mixed components). 


_1.7. Equations OF THE NON-LINEAR THEORY OF ELASTICITY IN AN 
te ARBITRARY SYSTEM OF -CURVILINEAR COORDINATES 


lf an equation contains terms of a tensorial character, then the 
Passage from this equation written for a rectangular Cartesian system 
of coordinates to an equation suitable for any system of curvilinear 
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coordinates can be carried out very simply. The partial derivatives 
are replaced by the corresponding tensorial derivatives, and the 
‘‘ physical’? components of vectors and tensors by their covariant and 
contravariant components. The type of components are chosen in 
such a way that the requirements of tensorial dimensionality are satisfied, 
i.e. so that each term appearing in the equation has the same tensorial 
order, and the ‘“‘free’’ indices, with respect to which the summation 
is not carried out, are the same in all terms. For example, in place of 
the formulae for the components of the strain tensor in Cartesian 
coordinates (1.4), we obtain a formula for the covariant components 
in an arbitrary system of curvilinear coordinates: 


bin = 4(V, ui; + V; Ux + V; u; Vie u?). (1.27) 
The equilibrium equations (1.13) and the boundary conditions 
(1.14) can be written in the form 

Vy [o/*(ge + V.u')] + X' = 0, (1.28) 

oF*(gf + Vi ul) ny = pt. (1.29) 

Here X’ and p’ are the contravariant components of the vector of 
the body forces and of the vector of surface loading, 

o®@ 


2 
Of; , 


gis 


where, as before, ® is the density of the elastic energy of the body 
(a scalar). 

All the terms in Formula (1.27) have the dimensions of a covariant 
tensor of the second order with free indices i and k; all the terms in 
Formulae (1.28) and (1.29) have the dimensions of a contravariant 
vector with a free index i. Wherever the summation is carried out with 
respect to “dummy” indices, these indices occur twice: once as a 
superscript and the second time as a subscript.-If we multiply each 
of the relations by the components of the metric tensor, we obtain 
the same physical relations, but they now have different tensorial 
dimensions. 

In order to transfer to some particular system of curvilinear co- 
ordinates, it is necessary to evaluate the Christoffel symbol for this 
system and express the tensorial derivatives in terms of the usual 
partial derivatives. In addition, if it is expedient to do so, we can 
transfer to the “‘physical”” components by means of formulae of the 
type (1.26). In the future we shall resort to curvilinear coordinates 
only when it is essential to do so. 
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1.8. FORMULATION OF THE STABILITY PROBLEM 
VARIATIONAL EQUATIONS 


We shall proceed now to the problem of elastic stability. The 
concept of “‘stability”’ or “‘instability”’ is in itself difficult to define, and 
is subject to a number of different interpretations, a fact which more 
than once has led to misunderstandings.:-A significant step forward 
was the definition of elastic stability (or, in general, of motion) 
suggested by Liapunov, which, as well as being mathematically 
exact, is in accordance with our intuitive ideas of this phenomenon 
based on everyday experience, and corresponds to the majority of 
engineering applications. Liapunov’s definition, expressed in mathe- 
matical terms, can be found in any textbook on the theory of stability 
of motion or in a sufficiently comprehensive course on the theory of 
oscillations.” 

In the future we shall always speak of the stability (or instability) of 
a certain form of equilibrium. This will be called the undisturbed form 
of equilibrium. In addition, we shall also consider disturbed forms of 
motion, close to the undisturbed form of equilibrium. 

We shall define stable equilibrium as a state in which small disturb- 
ances lead to small deviations from the equilibrium position, and in 
which, however small the disturbances are made, the deviations from 
the position of undisturbed equilibrium are still reduced by corre- 
sponding amounts. If_the deviations from the equilibrium position, 
which are small, tend asymptotically to zero as the time ft > oo, then 
‘ the equilibrium is known as asymptotically stable. This, obviously, is 
an even more definite case of stability than the previous definition. 
Finally, if a disturbance, no matter how small, causes a finite deviation 
from the undisturbed state of equilibrium, then the latter is unstable. 
- These definitions are not, of course, precise. There still remains 
the question of what exactly is meant by a “disturbance”? which 
causes a deviation from the undisturbed state of equilibrium, and 
how the deviation itself should be defined. If we are dealing with the 
stability of some elastic body (for instance, a bar, a framework, a 


1. Bellman has defined the concept of stability as a “heavily loaded term with 
an unstable definition” (BELLMAN, R. E. Stability Theory of Differential Equations, 
McGraw-Hill, N. Y. 1953. 

2. See, for example, CHETAEV, N. G. Stability of Motion (Ustoichivost’ dvizhe- 
niia). Gostekhizdat, 1956. 


44 THEORY OF ELASTIC STABILITY 


plate or a shell) then_the disturbance can be produced by~various 
slight impulses, small increases in load not taken into account in the 
analysis, small defects and deviations from the specified dimensions, 
etc. The measure of deviation from the undisturbed state of equi- 
librium can be taken both in terms of the displacements and strains, 
and of the additional stresses and other characteristics of force. 

In many cases an assessment of stability (or instability) of equi- 
librium can be made by assuming that the disturbances are sufficiently 
small, and carrying out the investigation on the basis of linearized 
differential equations. As suggested by Poincaré, these are called 
variational equations. We will show how they can be applied to the 
problem of the stability of equilibrium of an elastic body. 

Let us consider an elastic body in a state of undisturbed equilibrium 
defined by a displacement vector u,, a stress tensor o;, and vectors 
of body and surface forces X; and p,. The characteristics of the un- 
disturbed equilibrium must satisfy Equations (1.19) and the boundary 
conditions on the surface (1.20): 


0 Ou; _ 
Fy [om (dnt al + X,=0, | 


03, (6 4 oi = 
jk | PR Ox, | 9 ~ Pre 


(1.30) 


We cause the body to assume certain small deviations from the position 
of undisturbed equilibrium and investigate the change in these 
disturbances with time. The components of the characteristics of the 
disturbed motion (we shall distinguish them by the sign ~, and the 
disturbances by a bar) will be of the form 


uy; = Uu; + i; » 

Sik = Sin + Cin, 

2 = OC? i, (1.31) 
i | 

Di =Di t+ Bi. 


Here X; and p, are the disturbances of the body and surface forces, 
which in general depend on ¢. Strictly speaking, inertia forces are 
also disturbances of body forces, but for convenience they will not 
be included; @ is the density of the material of the body. 
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_ The components of disturbed motion must also satisfy equations 
and boundary conditions of the type (1.30): 


df. Ou; ~ 
Bx, (de + e)| + =o, 


Ou 
yn (8m + Ox a) = Pi. 


Substituting (1.31) into these, and taking into account (1.30), we 
obtain the equation of disturbed motion 


Oo f- . Ou, Ou, 0 ey = Ck; = 
Ox, [ain (due + Set + SE) + (on Et rn 


(1.32) 
and the boundary conditions 
= Ou Ou Ou . 
Gru (Bt +z +5e)ny + Tr ream = Pp;- (1.33) 


We now make use of the condition that the disturbances are small. 
This enables us to discard the terms 7, - 0u;/0x, from the equations, 
since they start with terms of the second order of smallness. The tensor 
o;, can easily be expressed in terms of the vector ii,, by making use 
of Formulae (1.4) and (1.23). To the accuracy of terms linear with 
respect to i,, we have 

OG1= sh (= Oi, ae sn a, Ot, 
SD OHEEN Oieg Ox) Oe, 


(in which we have made use of the properties of symmetry of the 
tensor A; ;,0,)- 

The final simplification, which we shall now introduce, is of a 
more special nature. In the vast majority of engineering problems 
the difference between the undisturbed state and the initial undeformed 
state is comparatively small, and it is only when loss of stability occurs 
that large increases in displacements occur. Therefore, in the solution 
of practical. problems of elastic stability the geometry in the undis- 
turbed state of equilibrium, the stability of which is the subject of 
investigation, is usually taken to be the same as that in the undeformed 
state. The number of problems in which the influence of displacements 
preceding loss of stability has been taken into account is extremely 
small. As an example, we can cite the problem investigated by 
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Pfliiger+ of the stability of the plane form of bending of a strip, taking 
into account an initial deflection in the plane of maximum stiffness. 

The influence of displacements which precede loss of stability is 
taken into account in Equations (1.32) and in the boundary conditions 
(1.33) by the terms containing du,/dx,. If we omit these terms we 
effect a further simplification of the equations. Furthermore, it should 
be noted that the investigation of the effect of these terms is in itself 
an independent branch of the theory of elastic stability. 

After all these simplifications the variational equations and the 
corresponding boundary conditions now become 


061; rs) Ou; =] C7 i; —_ 

ae + zg (° IY Fo: + X;-—0 a2 = 0, (1.34) 
= Om . 
O;;Ny + he Pa = pj. (1.35) 


These must be considered together with the relations 


(1.36) 


The undisturbed equilibrium will be stable or unstable depending. 
on the behavior of the disturbances as t > oo. If all the solutions to 
the system (1.34) with boundary conditions (1.35) decrease with 
time, then the equilibrium is stable. The frequently encountered case, 
when the system (1.34) with boundary conditions (1.35) has only a 
periodic solution, is by convention also classified as stable, (stability 
in the sense of Kelvin). If even one of the solutions is found to increase 
infinitely with time, the equilibrium is unstable. We assume here 
that theorems analogous to the classical theorems of the theory of 
stability of motion can be proved, which allow us to assess the stability 
of the non-linear continuous system by means of the linearized equa- 
tions of motion. 

It is assumed that the forces acting on the system are given to the 
accuracy of some parameter f. The problem is to find the critical 
value of 6 at which the undisturbed form of equilibrium ceases to be 
stable. 


1. PrLticer, A. Stabilitatsprobleme der Elastostatik, Springer-Verlag 1950. 
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1.9. VARIOUS CASES OF LOAD BEHAVIOR 


It is well known that the behavior of the load when the body 
deviates slightly from its position of undisturbed equilibrium, can 
have a significant effect on its stability (or instability). We shall now 
investigate this question in a little more detail. 

The most common type of load is a “‘dead”’ load, which remains 
constant both in magnitude and in direction, and which for small 
displacements of the body from its initial position is displaced together 
with the corresponding point on the body (Fig.17a). In their pro- 
jections onto fixed axes the components of such a load obviously 
remain constant, i.e. X; = p; = 0. 


Let us now consider the case of a “follower” force which, whilst 
remaining constant in magnitude and moving together with the body, 
rotates in such a way that the angles formed by the vector of the load 
with the coordinate vectors on a Lagrangian basis remain constant 
(Fig. 17b). 

The direction cosines of the coordinate vectors after deformation 
are given by Formula (1.17): 


TU AHOCUKY UF ELASTIC STABILITY 
whence the disturbed values of the load are 


é OU, 
X; = X, 1; % xX; + XI Bx,’ 


(1.37) 
Be = als © Pi + Py Set | 
Pi gts i J Ox; 
Thus, in the case of a “‘follower’’ force, we have 
23 On, _ oO; 
xX, = Nina Pi =P; Ox, (1.38) 


We shall assume that the body and surface forces form a field 
dependent upon the Euler coordinates of a point. In this case 
Xi (Xp, Xas%) = Xi + iy, Xe + tgs Xy + Hy) = 
Ox, 
OX, 


Di(Xy, Xe, X%3) = Pi(%y + , Xp + ig, X3 + iz) = 


u, +-es, 


= X,+ 


Op, _ 
= pit Ou aaa 
whence 
> OX; _ yt Op; - 
X; = Ox, Ux» a= OX, Ug « (1.39) 


A more specialized example is the case of aerodynamic forces 
acting on a body placed in a flow of liquid or gas. These forces can 
be calculated most simply when the body is in a flow of non-viscous 
compressible gas travelling with velocity U, considerably in excess 
of the speed of sound c,, (Fig. 18). In this case the pressure of the 
gas on the disturbed. surface is made up of an undisturbed pressure p,, 
and an excess pressure, which is given by the approximate formula! 

%Poo [ Oils Oily 
= we ( on ux). 
Here x is the ratio of specific heats of the gas. Thus the disturbance 
vector of the surface load for a flat plate will be 


(1.40) 


0 
i= : 
Dis Oe Os) 
Cos \ OF Ox, 


1. For details see Chapter 4. 
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The cases considered above can be combined to form one general 
relation of the type 


= Ou; Ou, Ou 
Xi = ay; iy + Digna + Cyt t+ Aiea te, 

OX, Ot Ox, Ot (1.41) 
ne ares iy gt OH Ou; | 
Pi = Giz Uy uk Ox, Cij Or Wk Bx, Ot 

Fig. 18 
Here a,,, by, ;,,.--, @';;, are coefficients which are independent of 


the vector i, and its derivatives, but which in general vary from point 
to point. 


1.10. STATIC BOUNDARY- VALUE PROBLEM 


_ Let us consider the static problem corresponding to the system of 
equations (1.34) with the boundary conditions (1.35). We shall assume 
that all the external forces are given to an accuracy of a parameter f. 
We can then write. 


Oj, = Boy,, X, = B XF, Bi = BDF, 
where of, X/* and p* are independent of 8 but are linearly dependent 
on i;. In this way we arrive at a homogeneous linear system of 
equations 


= (a FE) + Ba St) 4 BRE =0 (1.42) 


Oxy ae Oks Ok Fe, 
with the following boundary conditions on the surface S: 


Oi 


2 Ou a 
Ai jap ax! B Oe Fy MH = B pi. (1.43) 
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The asterisks in o*,, X* and p* will be discarded from now on. The 
classical problem of elastic stability amounts to finding the minimum 
real eigenvalues of a boundary-value problem. The question imme- 
diately arises as to the conditions to be imposed on the external 
loading so that the problem presented in this way has a solution. A 
general answer to this question does not exist. It is, however, not 
difficult to obtain sufficient conditions so that the boundary-value 
problem has only real eigenvalues. 

It is wellknown! that if a linear boundary-value problem is self- 
adjoint, all its eigenvalues are real. Suppose that #, and 0, are two 
vectors with twice-differentiable components, which statisfy the 
boundary conditions (1.43) on the surface S and the conditions 
ui; = 0, 0; = O on the remainder of the surface of the body. The 
boundary-value problem is self-adjoint if, by virtue of the boundary 
conditions, the expression 


A = fb; 21, tes tg) dV — f i; &y(0,, Dg, D9) dV = 0° (1.44) 
¥ Vv 
vanishes for any choice of the vectors z,; and 0, satisfying these con- 
ditions. Here &; are the left-hand sides of Equations (1.42). 


We can prove that Condition (1.44) is satisfied when X, = p, = 0. 
Applying the Gauss—Ostrogradskii formula, we find that 


6 On 00 
fa Ax. - (Aisa ae jav = fine ox — (Aes oa jay = 
Vv Vv 


Ou D; 
= [fo On 5, dS — { f tose a n; dS. 
Ss Ss 


1. See, for example, Nammark, M.A. Linear Differential Operators (Lineinye 
differentsial’nye operatory) Gostekhizdat, 1954; Mimnun, S. G. The Problem of 
the Minimum of a Quadratic Functional (Problema minimuma kvadratichnogo 
funktsionala) Gostekhizdat 1952, etc. 
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From this we obtain 


f 1 &il., ie, ty) dV — jm &,(5,, Dy, 55) dV = 
V 


= [f° (eameaze + B Oj, sa) n as - 
- [J (ing a, ~ + Boj, 1) ny dS. 


But the integrands on the right-hand side vanish in consequence of 
Conditions (1.43), from which it follows that when X,; = p, = 0 
(‘‘dead”’ loading) the ‘static boundary-value problem is self-adjoint. 
This is not an unexpected result. It can easily be shown that Equa- 
tions (1.42) and the boundary conditions (1.43) constitute the 
Ostrogradskii-Euler equations and the natural boundary conditions, 
respectively, for the variational problem of finding stationary values 
of the functional 


T= [bao set Oi, +afe Cm, Ot ay (1.45) 
2 OX, 
Vv 


Ox; Ox, * °i* Bx, 


The first term on the right-hand side represents the increment in 
strain energy due to the deviation of the system from the equilibrium 
position under investigation. The second term represents the in- 
crement in the work done by the external forces, expressed in terms 
of the components of the tensor o;,. It will be noted that the functional 
I, to the accuracy of a factor 1/, is equal to the second variation A?9 
of the total energy of the system 9. (This variation is evaluated on 
the assumption that the variations of the displacements are equal 
- to the disturbances i,.) 


Let us assume now that Y; + 0, p,; + 0. In this case the left-hand 
side of Condition (1.44) becomes 


A= fa L(y, te, itz) dV — f % 2G), 02, 03) dV. = 
V Vv 


I 


- | J® X, (ty, tte, ts) dV + ff 0; Bia, tes %) al + 
Vv Ss 


ne | J X, (G1, By, 3) dV + ff mp, De, Dg) api 
v Ss 
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In order that the boundary-value problem is self-adjoint, it is necessary 
and sufficient for the condition 


fa, X; (iy, hy, tig) dV + ff aba, Up, ty) dS = 
Vv s 
= f i, X,@y, b2, &) dV + ff i B,Gr, 52, %5)dS, (1.46) 
Vv Ss 


to be satisfied. This condition has an obvious physical meaning: it 
states that the reciprocal work theorem is valid for the external load 
system applied to the body. | 

Condition (1.46) is equivalent to the condition that the external 
forces have a potential J7. If they do have a potential, then the virtual] 
work done by the external forces in displacing the system from a state 
defined by a vector field z; to a very close state z; + 6 His a function 
of the state, and can be expressed in terms of the variation in the 
potential /7: 


f % + ¥)6a,dv + ff (p+ 6) 6a,dS = 61. (1.47) 
Vv Ss / 


The variation here is denoted by 6JZ, in contrast to AJZ, which 
refers to the change from the state u, to the state uy + u,. The equi- 
valence of Conditions (1.46) and (1.47) can easily be proved in the 
same way as Betti’s theorem in the theory of elasticity and structural 
mechanics, by basing the proof on the fact that the external and 
internal forces have a potential. 

If the system of external forces has a potential, they are known as 
conservative forces. It should be noted that not all of the external 
forces need have a potential. It is only essential for the external load 
system applied to the body to have a potential, or in other words, 
for the force system as a whole to be conservative. Such a definition 
is in keeping with technical applications, in which the external forces 
can be defined as conservative or non-conservative, depending on 
whether or not external energy sources or sinks are present. 

If Conditions (1.46) or (1.47) are satisfied, the stability problem 
in the Euler sense corresponds to the variational problem of the 
minimum of the functional 


1 9, du Br. 0% aa 
| eal fe Memes Pace s/o 4 iy lag 
al '8 Fn, Bag) + OJ Ox, Om tO 

Vv y 


Here A®JZ is the second variation of the external force potential. In 
the case of a “dead” load, a potential obviously exists and has the 
value 


Ty = [ X,maV + { f p.m dS + const. 
V s 


If the forces form a field which depends on Euler variables, then 


In the case of “‘follower’’ forces, a potential in general, does not 
exist. There are, however, certain exceptions. For instance, if 


Vv AY 
or, in other words, if 


froggomar + [forge ‘du, dS = 0, (1.48) 


the potential of the “follower” forces is /7,. Condition (1.48) is 
satisfied, for example, if all the points of application of the external 
forces are fixed either against rotation or displacement. Then the 
other components of the “follower’’ forces, in which the latter differ 
from a “dead” load, do no work in displacements compatible with 
the constraints (Fig. 19). 

The case of a load uniformly distributed over some part of the 
external surface of a body, and remaining normal to the deformed 
surface, is of particular interest. A load such as this is usually known 
as_a hydrostatic load. If the load is in fact produced by the pressure 
of a liquid at rest, it is obviously a conservative force. However, loads 
are quite often represented in this way when they are not essentially 
conservative forces.} 

Let us consider a shell referred to curvilinear coordinates x1 and x? 
of its middle surface; x® is a coordinate measured along the external 
normal to the middle surface (Fig. 20). Suppose that dS is the area 


1. The remainder of this Section presupposes that the reader is familiar with 


elementary tensor analysis, at least to the level of the subject matter of Sections 1.6 
and 1.7, 


ES 5 
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of an element of the middle surface before deformation. Then after 
deformation 
dS = dS(1 + V,,u*), 


where « takes the values 1 and 2. We shall assume that the shell is 
loaded by a uniform pressure p acting in a direction normal to the 


re 


Y 
Fig. 19 Fig. 20 


middle surface. After deformation the surface loading vector, to the 
accuracy of linear terms, will be given by 
—pVsu' 
p ae ae Pp V3 u2 . 
—?P 
Hence the virtual work done by the external forces in the permissible 
displacements 6 u, (« = 1, 2), to the accuracy of linear terms, is 


6A = —pff [+ V,u%) dus + Vau%du,JdS. (1.49) 
Ss 


We now apply the Kirchhoff—-Love hypothesis: Vau* = —Vug. 
Making use of the Gauss~Ostrogradskii formula 


ff Vous du, dS = f uy du,dr* — f f uy 6(V, u%) dS 
Ss r ‘s 


and assuming that the integral over the contour J’ bounding the 
loaded area S is zero, i.e. 


fw, 5u, dI* = 0, (1.50) 
r 
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we can write Expression (1.49) in the form 
6A = —pff (1 + V.u%) du, + uy 5(V, u%)) dS. 
RY 


It will readily be seen that the virtual work 6A can now be ex- 
pressed in terms of the potential 


T= -pf{f+V,u%)uds. 
s 


For this to hold it is of course essential that the integral in (1.50) 
vanishes. It does so, for example, provided that everywhere on the 
boundary J' either the normal displacement u,, or the: tangential 
displacement u, dI"”, vanishes. If a part of a surface with a boundary 
which is free to move is under load, the so-called “‘hydrostatic’’ load 
is, in general, non-conservative. In this case it can not be produced, 
of course, merely by the pressure of a liquid at rest.1 


1.11. OSCILLATIONS ABOUT THE EQUILIBRIUM POSITION AND EULER’s 
METHOD 
Let us consider the equations 
0 Oty, or Oi, a Pu, _ 
Fy (tune Gat) + Bae (em Fat) + BR Ose =9 U5) 


which describe small oscillations of a body about its equilibrium 
position, and the boundary conditions on the loaded surface S$ 


Ou, Ou 7 
si08 Fx, "9 a: Boje aM = B p,. (1.52) 


In the case of small oscillations we can take a solution in the form 
a;(x,, Xa, X35 t) a U(x, X25 Xs) ene (1.53) 


where U, are components of a vector which defines the form of the 
oscillations, and 2 is the frequency, in general complex, of the 
oscillations. Substituting Expressions (1.53) into Equations (1.51) 
and boundary conditions (1.52); we obtain a new boundary-value 


1. Some of the results of this Section were derived by other means in the paper: 
BoLotTin, V. V. Some questions of the theory of elastic stability, PM, Vol. 20, 
No. 4 (1956). 


problem: 


a s) + p(s ou; + 
Ox; a OXg Ox; et | 
+ BX,(U,, Uz, Us, 2) — e 2? U; = 0, | (1.54) 


OU, 0U, S 
M108 Bx, ny + Bona = Bp,(U,, Uz, Us, 2). 


The behavior of the eigenvalues 22 of this boundary-value problem, 
as the loading parameter f varies, is to be investigated. If all the eigen- 
values {2(f) have positive imaginary parts, or in the extreme case are 
real (we have already agreed to classify this as a case of stability, see 
Section 1.8), then the undisturbed motion is stable. If only one of the 


Res 0 Res 


Fig. 21 


eigenvalues has a negative imaginary part, then, as will be seen from 
(1.53), this will indicate an increase in the disturbances with time, i.e. 
instability. If 8 = 0, all the eigenvalues of the boundary-value problem 
(1.54) are purely real (they are the natural frequencies of the unloaded 
elastic body). Let us suppose that the parameter f increases in modulus 
and remains positive (say). It is possible to find a value f, an increase 
in which, no matter how small, causes one or more of the frequencies 
to enter the lower half-plane of the complex variable. This value 
corresponds to transition from stability to instability of the equi- 
librium, and is therefore the critical value. In the same way we can 
find a critical value in the region of negative f. 

Instead of the frequencies 22, it is convenient to consider the cha- 
racteristic exponents s = iQ. Provided all the exponents remain in the 
left-hand half-plane, the equilibrium under investigation is stable. 
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The smallest values in modulo of the parameter 8, which correspond 
to even one exponent crossing into the right-hand half-plane, are 
critical values. 

We must distinguish between two forms of transition from stability 
to instability. The first is when one exponent s enters the right-hand 
half-plane after passing through the origin of coordinates, and re- 
mains purely real at least for values of £ sufficiently close to the critical 
(see Fig. 21a, in which only the upper half-plane is shown). The 
corresponding graph of the real parts of the frequencies 2 is shown 
in Fig. 22a. This form of instability is known as static instability. If 


2 Q 
2; 2; 
2, 2, 
2, 2, 
0 p> p g p ¥ f 
(a) (b) 
Fig. 22 


the characteristic exponent s enters the right-hand half-plane at a 
point other than the origin of coordinates (Figs. 21 and 22), then 
this form of instability is known as oscillatory instability.1 These two 
forms of instability differ in the behavior of the disturbances close to 
the boundary of stability: in the first case the disturbance increases 
monotonically with time, and in the second case the increase in the 
disturbance is of an oscillatory nature. 

Let us consider the boundary-value problem (1.54) on the assump- 
tion that the external forces have a potential. The expressions for X; 
and p, in Equations (1.54) are found to be independent of 2, and we 
arrive at a boundary-value problem with eigenvalues 2? = 27(6). 


1. It is true, of course, that static instability is also possible with transition 
through a point at infinity (cf. Fig. 5b). 
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Since for 2 = 0 the boundary-value problem is self-adjoint, the 
boundary-value problem 


liay 882) 4 8 2-(on Be) 4 
Ox; nee OX, Ox; 4F OX, 
+ B X,(U,, Uz, Us) — 92 U, = 0, 


0U,,. OU; . 
Arias Ox, ny + Bose 5m = B p,(U,, Uz, Us) | 


(1.55) 


is also self-adjoint, and consequently all values of £2? are real. Transi- 
tion from stability to instability corresponds to a change from 
positive values of 27 to negative values. Since the function 22?(8) is 
continuous, this transition must pass through the value of 22 = 0. 
Thus, if the external forces have a potential, loss of stability can take 
place only in the form of static instability. 

In order to find the critical values of the parameter f, we set 22 = 0 
in Equations (1.55). In this way we arrive at an eigenvalue problem 
(1.42), corresponding to the Euler method in the theory of elastic 
stability. If the external forces are conservative, the Euler method will 
give the correct solution to a stability problem without the need to 
resort to an investigation of small oscillations about the equilibrium 
position. 

If the forces are non-conservative, the form which the loss of 
stability assumes requires special investigation in each problem. Both 
forms of instability are possible in this case. In a number of problems, 
depending on the relation between the parameters, the minimum 
critical loads can correspond to either the static or the oscillatory 
forms of loss of stability. 


1.12, REDUCTION TO A SYSTEM OF ORDINARY 
DIFFERENTIAL EQUATIONS 


A direct analysis of the eigenvalues of the non-self-adjoint boundary- 
value problem (1.54) is extremely difficult, even in the simplest cases. 
The question arises, therefore, as to the possibility of using approxi- 
mate methods of solution. The most effective approximate method 
is to express the components of the displacement vector in the form 
of a series in a system of coordinate functions which satisfy all or 
some of the boundary conditions. Adopting Galerkin’s method, we 
can reduce the problem to one of finding a system of ordinary differ- 
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ential equations in the coefficients of a series, which are functions 
of time, and later to a purely algebraic problem. 

In applying Galerkin’s method to the non-self-adjoint problems, 
the question of convergence immediately arises. So far this question 
has been investigated only in connection with very simple self- 
adjoint problems. The wide use of Galerkin’s method for problems 
in which convergence is not conclusively proved is based on a com- 
parison of existing exact results with those obtained by Galerkin’s 
method. It is quite certain, however, and it has been confirmed by 
experiment and exact calculations, that the forms of loss of stability 
with which we are concerned can be successfully represented to a 
good approximation by means of a linear combination of a small 
number of first modes of natural oscillations. At any rate, this has 
been the case in all problems investigated so far.+ 

Let us consider the system of equations _ 


06:; 7) Oi; ss O74, 
acta Pr ipetias 5 = = i 
ax, + Pax, (7 a) eek ae 
with the boundary conditions 
rae Ou 
Bp, — Fyny — Boj, 50, = 0. (1.57) 
Xk 
We shall try to find a solution to this system in the form of a series 
ti; (x1, Xas%35 t) = 2 fl) Pin(%1, Xg, Xg)- (1.58) 


Here f,(t) are certain functions of time, ¢;,,(X,, Xg, X3) are coordinate 
vectors (three coordinate functions) necessarily satisfying all the geo- 
metrical boundary conditions but, in general, not satisfying the natural 
boundary Conditions (1.57). The system of functions 9,,,(%1, Xa, Xs) 
is assumed to be complete. 

The conditions imposed are satisfied, for example, by a system of 
the modes of natural oscillations of an unloaded elastic body. The 
equations of the natural oscillations 


x si) - OME 
Ox, \""4? Ox,) 8 OR 


1. The reasons for the well-known difference between the exact and approximate 
solutions of the problem of membrane flutter in a supersonic flow are explained 
in Section 4.11. 
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with the boundary conditions on the surface S 
Ou 
Atjag = Ny = 0 
tjap Xp ‘] 
after making the substitution 
U; (X15 Xg, Xg,t) = Vi (X1, Xp, Xg) ef! 


reduce to the equations 


oo Og, en a 
aay (Mant Get) + 02H = 0 (1.59) 


with the boundary conditions 
Oa _ 
Ajab Hey" =A). (1.60) 


All the natural frequencies {2 are real, and for a finite body form a 
discrete spectrum 2, S$ 2,52, <.--- The corresponding eigen- 
vectors Pi (%4, Xa, X3); Pi a(%15 Xa» X3), Pis(X1, Xa» Xa), - . form a 
complete system of functions satisfying the condition. of ortho- 
gonality 


Lf Pim Gin dV = bmn: (1.61) 
a 


Here 6,,, is the Kronecker delta, which is unity for m = n and other- 
wise zero. 

We apply the principle of virtual displacements to Equations (1.56) 
and boundary conditions (1.57). Introducing the virtual displace- 
ments 6i;,, Siijg, Oiij3,..., Which are compatible geometrically, 
and treating the left-hand sides of Equations (1.56) as components 
of the body forces, and the left-hand sides of (1.57) as components 
of the surface loads, we obtain: 


OF ps on) Ou; 
Ia + b5-(5 BX, - ae] mear 


+ [fpr O15 Ny — B 0, out = ny| Oils m aS =0 (1.62) 
r= 1,253): 
We select the virtual displacements 6%,,, in the following way: 


Citi m rs Of mn Pim(%X1, Xe, Xg). (1.63) 


Substituting Expressions (1.63) into (1.62), and equating to zero 
the coefficients of arbitrary variations 6f,,, we obtain the equations 
of the Galerkin method: 


0Gi; 0 Ou Ou 
| aad + Pay (om sat) — OF baat 
Vv 
+ [flor = Ory Ny — Boy. oe = n| Pim dS = 0 (1.64) 
(m = 1, 2, 3,...). 


Equations (1.64) can be re-written if we take into account that 


0. dm) ai, _ 
[selon ge) oma - [fon mds = 
Vv AY 


= - fr Ot OFim ay. 


I Ox, OX, Ox, 
v 
Consequently, - 
001; Oru On; OPim 
{|s Ox, + BX, - Q S| ein av Af ons, Ax, dV — 
v 


— {f Gur — BDi) VimdS = 0 
Pipes BB. 5), 


In this expression ¢,; should be replaced by Expressions (1.36), and 
ui; by the series (1.58) satisfying Equations (1.59) and the boundary 
conditions (1.60). Taking into account that, by virtue of Equations 
(1.59), the boundary conditions (1.60) and the Condition (1.61) 


¢ 0 Pan 
— [se (se0 Fat) Pim dV = De [0 Gin Pin dV = Dh bn 
4 ¥ 


[fined 


we obtain the system of equations 


a” fr 
df? 


“ny Pim ds = = 0, 


+ QS Onn + B bmn) Sn = 0 (1.65) 
(m = 1, 2, 3,...). 
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1 OVim 89in 
boa = aal fo fin, Pin ay — [Roar - 


OX, 
— {Pilon Pim as} (1.66) 


Thus we have arrived at a system of ordinary linear differential equa- 
tions in the generalized coordinates f,(t), each of which charac- 
terizes the contribution of the m-th mode of oscillation to the motion 
of the system about its position of undisturbed equilibrium. . 

We shall consider briefly the structure of the coefficients (1.66). 
In the case of a “dead” load X; = p,; = 0; if we set ban = Ann 
for this case, we obtain: 


a ol Fim OPin gy (1.67) 
Vv 


Vv 


as Ox; Ox, 


It will be noted that the matrix with elements a,,, 22, is in this case 
symmetrical. 
In the case of “follower” forces 


and consequently 
1 O0;, OVin 
ban = con oa er eee aaah Pim avs [fon fe 
V 


Taking into account the equilibrium equations aiid boundary con- 
ditions which are satisfied by the undisturbed components o,,;, X; 
and p;: 


"Pim; dS}. 


Gao 
= i ae Ors Ny = Pis 


we find after rearrangement that 


1 On 
Den =~ Oe J en ree ag ia Pin gy. (1.68) 


The matrix 22, b,,, is not, in general, symmetrical, which is an indi- 
cation of the non-self-adjoint nature of the problem. 
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1.13. EVALUATION OF COEFFICIENTS FOR CERTAIN 
PARTICULAR SYSTEMS 


Making use of Formulae (1.67) and (1.68) and introducing further 
‘geometrical hypotheses, we can obtain expressions for the coef- 
ficients a,,, and b,,, for various cases of rods, plates and shells. As a 
very simple example, we shall consider a thin elastic rod with an 
inextensible axis, under the action of an axial load and able to lose 
stability by bending in the plane z O y (Fig. 23). Within the frame- 
work of the elementary theory of bending, the stress tensor and the 


Vy y 
Fig. 23 
displacement vector for the undisturbed state for such a rod can be 
written as 00 0 0 
cyl st - aE ne 
meer ae 


Here N(z) is the longitudinal force, positive for tension, F is the cross- 
sectional area and v(z) is the deflection of the axis of the rod. Sub- 
stituting these expressions into Formula (1.67), we find that: 


orn an 
Gan = Q2, = [ro4 ) 


~ dz, (1.69) 
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where / is the length of the rod, v,,(z) are modes of natural oscillations 
of the rod. It will be noted that Formula (1.61) now leads to the 
condition 

I I 


Aim AV, _ 
fe Frmt dz + fo J, Se dz = bmn (1.70) 
0 0 


where J, is the second moment of area of the section about the 
axis Ox. The second term evidently takes into account rotatory 


Fig. 24 


energy. For thin rods its effect is extremely small and in future we 


shall ignore it. We shall also ignore the analogous terms for plates 
and shells. 


Formula (1.68) gives 
t 
1 d*0, 
ban = — [N@ mm Faz. (1.71) 
0 


In ‘the case of a plate of constant thickness # under load in its 
middle plane x O y (Fig. 24), we have 


Nz Nz» 9 Ow(x, y) 
h oh Ox 

Oj, = Nyx Ny 0 3° uy. = —2z w(x, y) 3 
h oh . éy 
0 0 0 w(x, y) 


1, Formulae (1.69) and (1.71) were obtained by a different method in the book: 


BOLotTIN, V. V. Dynamic Stability of Elastic Systems (Dinamicheskaia ustoichivost’ 
uprugikh sistem) Gostekhizdat, 1956. 


where w(x, y) is the deflection of the middle surface. Applying 
Formulae (1.67), we obtain 


: maf OWm on 
or ~ [ = Ox. 


OWmn OWn " OWn on OWn on 
Ox dy Oy Ox ” oy 


- Ney =| ds, 
where dS is an element of area of the middle plane S. Similarly, 
in the case of “‘follower’’.forces we obtain: 


o Wy Ow, Cw, 
Dain = ~ Qt a n(W. x Bale 2 PeNe aay t N, Sar) as. 


The condition of orthogonality and normalization (1.61) can now 
be written in the form: 


Oh? (OW_ OWn OWn a eile 
[fe hrm wads + f DD ( ae AR + ay Oy dS = Oma: 
S AY 


The second integral takes into account the rotational inertia, and 
for thin plates can be discarded. 

If curvilinear coordinates are used the corresponding formulae 
are obtained by replacing the ordinary differentiation by tensorial 


differentiation: 
ann = a [ [Nerv Wn Vs Wa dS, 
S 


ban = — os [fe Wm. Va Ve Wn aS. 
AY 


We shall now go very briefly into the question of evaluating the 
matrix elements a,,, and 6,,, for thin shells. Let x* (a = 1,.2) be the 
curvilinear coordinates of the middle surface, x? a coordinate mea- 
sured along the normal to the middle surface (Fig. 25). The membrane 
state of a shell can be described by the tensor of tangential stresses N, g, 
and the displacements of the middle surface as the shell deviates from 
the membrane state of equilibrium, by the displacement vector 2, 
(i = 1, 2,3). Making use of the hypotheses of the theory of thin 
Shells, we obtain the following expressions for the displacement 
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vector z, for points in the shell: 


by > Zz V1 v5 
ui; = Ve — ZV U5 : 
Vg | 


Fig. 25 


Thus 


Onn = a [fe V, 0m Vs %n dS, 
or fas =< 1.2 


1 P= 1, 2,3 
| or ff Vim Va Ve Vin dS 
4 


Here v;,, are the components of the displacement vector of the middle 
surface for the m-th mode of natural oscillations, dS is an element 
of area of the middle surface S. If rotational inertia forces are ignored, 
Condition (1.61) becomes 


ffehrm Vin ds = Omn- 
AY 


As a final example, let us consider the problem of the stability of 
the plane form of bending of a bar under the action of a transverse 
load in its plane of maximum stiffness. In order not to complicate 
the computations, we shall confine our attention to the case of a 
solid bar--with two axes of symmetry (Fig. 26). We shall assume 
that at every section the external surface loading has a resultant 
lying in one of the planes of symmetry (a plane of maximum stiffness) 
and acting in a direction perpendicular to the axis of the bar. Then 
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the initial state of stress, the stability of which is to be investigated, 
is given by 


00 0 
OF% = 0 Oyy Tyz 3 
0 Tz Oz: 


where, from the elementary theory of bending 


_ tL, __ _ OQ Ss 
Gu Ty, = Tzy = Jb 


(here, with the exception of the bending moment on cross-sections 
of the bar, which is denoted by L,, the usual notations have been 
adopted and will be used from now on). The stress distribution o,, 
depends on the way in which the external load is applied, but it 
will be shown later that in this case it is not essential to know this 
distribution. 

We shall first determine the matrix elements a,,, for the case 
when the external load acts in a fixed direction. From Formula (1.67) 


q 
0 F 


Oy oy Oz 02 
OVim OVin : OPim OPin: 
+ ty Git SB i EE Pie) aF. (1.72) 


Here the summation is carried out for i = 1, 2, 3. 


The displacement vector for a point on the bar is 


u—y@ 
u; Vane r) (1.73) 
yx dt_ y do 
dz dz 


where u(z), v(z), w(z) are the displacements of points lying on the 
axis of the bar along the coordinate axes O x, O y, Oz; 6(z) is the 
angle of twist, the positive direction of which is shown.in Fig. 27. 
The effect of warping is ignored. 


AQQAQUNAANANS 
INNANANNANNNNNS 


Fig. 27 


Loss of stability of the plane form of bending can be described 
by the displacements u(z) and 6(z), and we shall therefore derive an 
expression for the vectors 9,,,. Let u,,(z) and 6,,(z) be the m-th modes 
of natural oscillations of the unloaded bar, and let 2,,, and 25, be 
the corresponding natural frequencies (if the section has two.axes of 
symmetry..the natural bending..and torsional_oscillations take place 


independently_of. each other). For convenience we shall set 
Um (Z) > Pom-1(2); LP ee = Qa m=. 
On (Z) = Pom(Z), Qem — Qem 
(m= 1, 2, 3, .,.). 
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Then in accordance with (1.73) the vectors ;,, can be written in the 
form 


Pam -1 —Y) Pom 
0. X Pam 
Pi,am-1 = 3 Pi.em = is : (1.74) 
-y dom -1 0 
dz 


It follows from Formula (1.61) that the functions gg, and Gam 
must satisfy the conditions of normalization’ 


f i 
feoFoin-1dz=1, fed, Gndz=1, (1.75) 
0 0 


where J, is the polar second moment of area of the section. _ 
Substituting Expressions (1.74) into Formulae (1.72) we obtain 


dim Pn, 9 Gm 2°Pn\ _ 
ron x [ff (FE dz +? “dz 7) 


— Tyz [Sdn ol a. + x Pm oa) dF, 


dz dz dz* dz 
if m and n are odd numbers; 


LYm 
QO, feel 0z,(x* + y’) Pm # a ah Oyy Pm Pa a 


dp, APm 
» ann = = 52? (Om es + Pr es )| ae. 


if 7 and n are even numbers; 


t 
— pe [dz (oe ds az + Tyz “dz Pn aF, 
0 F 


if mis odd and 7 is even; 


i 
1 Am Pn “fe 
~ pg [te (29 GE dz dz + 79g | 
0 F 


if m is even and n is odd. 


_ES 6 
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But according to the elementary theory of bending 


fordF=0, forydE=1,, [t.dF=0,=, 


F F F 


and, moreover, from considerations of symmetry 


fusyaF = 0, fodF = [o,,ydF =0. 
F F F 


It now remains to express the integral 


[oss dF. 
F 


in terms of the external forces. To do so-we use the well-known 
formula! for the mean values of the components of the stress tensor, 
according to which 


foudV = J [pix dS. 
Vv AY 


Considering an element of unit length of the bar, we find 


fo, dF = | p,y aI, 
F fF 


where p, is the component of the surface forces along the axis O y, 
I’ is the contour bounding the cross-section. The resultant of the 
sutface forces per unit length of the bar and its height above the axis 
O z are given by 


fo,yar 
pal=-q, e=———_. (1.76). 
/ ” fp, ar 
r 
Then 
d?L., 
fo, aF = —qe=—e. 
F 


1. LaNnbDau, L. D. and Lirsuits, E. M. Mechanics of Continuous Media (Mekha- 
nika sploshnykh sred), Gostekhizdat, 1954. 
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Thus 
0, if m and n are odd numbers; 
1 : 
— OF f J 2 Dm Yn AZ, if m and n are even numbers; 
fan =) 1 “te as (L,%,) az, if mis odd and nis even; 


Qi, 
0 


1 

1 dy, d manta 

~af dz Gz (hs Pm) az, if mis even and n is odd. 
0 


(1.77) 


Let us now consider the case of a follower load. Formula (1.66) 
in this case becomes 


ban = tan + {a2 [pF 


Substituting Expressions (1.74) and (1.77) into this formula, and 
making use of (1.76), we obtain. 


0, 
if m and n are either both even or both odd 


al’. 


1 * dm 
— a dz ‘dz Bay i Pn) dz + fow Pn dz ’ 


Onn = | (1.78) 
if m is odd and 7 is even; 


t 
1 (do, 
~ DRS dz dz Ps Pn) ae 
0 


if m is even and »7 is odd. 


1. Formulae (1.77) and (1.78) were first derived from the equations of thin- 
walled bars in the paper: BoLotin, V. V. On the vibrations and stability of bars 
under the action of non-conservative forces. Sb. “‘ Kolebaniia v turbomashinakh’’,. 
Izd-vo. Akad. Nauk USSR, 1959. 


Note that the matrix 5,,,, for this problem has a peculiar structure: 
0 by» 0 big sae 


1.14. INVESTIGATION OF STABILITY 


Let us suppose that a system is subjected to conservative forces 
specified to the accuracy of a parameter «, and in addition, by forces 
without potential (for example “follower” forces) specified to the 
accuracy of a parameter 6. The corresponding matrices of the coef- 
ficients, as before, will be denoted by a,, and b;,. Furthermore, we 
shall assume that dissipative forces, proportional to the generalized 
velocities df;/dt, act on the body. We shall also assume that there 
is no dissipative relation between the various modes of oscillation. 
The dissipative forces will then be represented by a diagonal matrix 
with elements ¢,;. The system of equations which describes small 
oscillations about the equilibrium position is of the form 


Fh + Th + (f+ Sah +B 3 beh) = 0 


Gj = 1,2,..., 2). (1.79) 


Here m is the number of modes of oscillation sufficient for a satis- 
factory representation of the motion of an elastic system about its 
undisturbed position of equilibrium. 

Equations (1.79) can, of course, be looked upon as a particular 
case of the equations of motion of a mechanical system with n degrees 
of freedom about its Sea position: 


PY, dh 
dt? An 


+ a 


=0 Bean) One arene (3 


Representing the matrix B,, as the sum of a symmetric and an anti- 
symmetric matrix 
By + Bus ze By — Bus 


By, = 5 5) 
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corresponds to splitting the forces which depend on position into 
potential forces and essentially non-potential forces!. This, however, 
differs in general from splitting the matrix in the following way: 


By, = © QF ayy, + BQ by. 


In the case of “follower” forces, therefore, the matrix 2? b,, is not 
necessarily antisymmetric. Since the basic problem of the theory 
of elastic stability is to investigate the conditions of stability (or in- 
stability) with respect to load parameters, it. is more convenient to 
write the equations in the form (1.79). 

In order to find the parameters which correspond to bifurcation 
of the forms of equilibrium, we have the equation 


Orn + O Ay, + B Dj, | = 0, (1.80) 


which is obtained by equating to zero the determinant of the coef- 
ficients of the homogeneous algebraic system 


Sy t+ % 2: GinSe + B ds ich = 0 VG=1, 25 eg): 


Since the matrix a;, can be made symmetrical by pre-multiplying 
by the matrix 2,6,,, all its eigenvalues given by the equation 


[55% + a a;x| => 0, (1.81) 


are real. This, in general, does not hold for the matrix b,,. Suppose 
that the parameter « has a fixed value less than the minimum eigen- 
value «*. Then for 8 = 0 the equilibrium of the system is stable. 
The problem of the behavior of the system as 6 increases from zero 
to a particular value cannot be solved in a general form, since in 
this case everything depends on the structure of the matrices a;, 
and 5,,. 

We shall now consider small oscillations of the system about its 
equilibrium position, assuming initially that there is no damping. 
Equations (1.79) are satisfied if we set 


f= Fert, 


1. These forces are often described in other terms. For instance: as “ circulatory 
forces” (ZIEGLER, H. On the stability of elastic systems. see ref. on p.81), as 
“pseudo-gyroscopic forces” (OBMoRSHEV, N.A. Oscillations and stability of 
motion in machines, MVTU, 1952) and as “forces of radial correction” (MERKIN, 
D.R. Gyroscopic Systems (Giroskopicheskie sistemy), Gostekhizdat, 1956). 
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where F; are constants. The equation 


Q | 
(1 — Se) ive + oan + By] = 0 (1.82) 


can be used to give the fequencies of oscillation 2. If « = 8 = 0, 
the frequencies are real and equal to 2,. They remain real for « + 0, 
B + 0, provided these parameters are sufficiently small and there are 
no multiple roots amongst the frequencies 2,. This means that for 
sufficiently small values of the load parameters all the characteristic 
exponents s = if lie on the imaginary axis. If 6B = 0 all Q? are 
real, and consequently the characteristic exponents can enter the 
tight-hand half-plane only after passing through the value of 
s = i2 = 0. This corresponds to the static form of loss of stability. If 
6 + 0, then both the static and the dynamic (oscillatory) forms of insta- 
bility are possible. The form of instability depends both on the structure 
of the matrices a,,, b,, and 2}6,,, and on the relation between 
o« and §. Each case must be investigated by itself. In practice this 
amounts to finding the real roots 2 of Equation (1.82) as functions 
of the parameters « and #, and finding relations between these para- 
meters for which the real roots become multiple and then complex 
with any further change in the parameters. 

When damping exists we shall try to find a solution to Equation 
(1.79) in the form 


f=Bet (G=1,2,.:.,2). 


If all «, > 0, which corresponds to a system with complete dissi- 
pation, then for « = #8 = Oall the roots of the characteristic equation 


(s? + e8 +O) 8, + QHxajy +Phb,)|=0 (1.83) 


lie in the left-hand half-plane. The problem is to find a region of 
stability in the plane of the parameters « and 8, or in some other 
space of the parameters. This problem for small values of: can be 
solved by means of algebraic stability criteria, for example, Hurwitz’s 
criterion. In more complicated cases other methods can be used, 
which are mainly the results of detailed investigations in the field of 
automatic control. 

The following question is of considerable interest. Let us suppose 
that a region of stability has been found based on two assumptions, 
the first ignoring damping and the second taking it into account. In 
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the first case stability means that all the characteristic exponents 
were found to lie on the imaginary axis, and in the second case they 
were all in the left-hand half-plane of the complex variable. The 
question immediately arises whether the region of stability for the 
first case includes that for the second case. In other words, does the 
addition of dissipative forces stabilize the undisturbed equilibrium 
or not? For a system in equilibrium under the action of potential 
forces the answer to this question is affirmative. The answer is to be 
found, in fact, in the well-known theorem of Kelvin, which states 
that the addition of dissipative forces with complete dissipation 
ensures asymptotic stability of the undisturbed equilibrium. In the 
case_of non-conservative systems this, in general, is not so: here the 
addition of dissipative forces can in certain cases have a destabilizing 
effect. 

In this connection another very interesting question arises. Suppose 
that the limit of stability has been found for the case when damping 
occurs, and that all the coefficients «, are then made to tend to zero. 
Will the limit of stability corresponding to a gradually vanishing 
damping effect coincide in the limit with that found on the assump- 
tion that there is no damping? In the case of conservative forces the 
answer is that it will. However, if the forces have no potential, the 
limit of stability found for a system with a very small damping effect 
which gradually vanishes, and that found for a system without damp- 
ing, do not, in general, coincide. 


1.15. EXAMPLE. SYSTEM WITH TWO DEGREES OF FREEDOM 


All the principal features of non-conservative systems can be 
illustrated by a very simple example of a system with two degrees 
of freedom with the matrices 
0 ape 
az, 0 


_| 9 Ae 
, Dyy rat | bey 0 


To a first approximation the problem of the stability of the plane 
form of bending of a bar under the action of follower forces reduces 
to a system of this sort. An analogous system is obtained in an 
approximate investigation of problems on the stability of the recti- 
linear form of a bar in torsion, on the stability of plates in supersonic 
gas flow and on the stability of the rectilinear form of a shaft rotating 
at a constant speed under the action of internal friction. 


Qjk = 


It should first be noted that the Euler critical values of the para- 
meters « and f are 
1 1 
+ ———___, = +——_., 
Wiad **~ *WGab 


Since we are principally concerned here with the case when the static 
form of loss of stability is impossible under the action of loads with 
the parameter 8, we can assume that b,, bg, < 0. Conversely, 
Qy_ Aq, > 9. 

We shall consider the case when there is no damping. Suppose 
initially that « = 0. Equation (1.82) becomes 


Qf — 2 BOI D,), 


oy = 


(1.84) 


BORb, OF -o2|~° 
Using the notations 
Q; Q 1 
Seg, Se, Bebe 1.85 
Q, i Q, @ 12921 BR ( ) 


where 2, is the natural frequency (for example, 2,), we obtain the 
equation 
B 
wt — w?(w? + w§) — a? of (1 + | = 0. 
0 


Its roots 


are real if the expression under the inner square root is positive. 
Thus the critical value of the parameter f is 
wk — w3 

Bs = Bo Sone: (1.86) 

The relation between the non-dimensional frequencies w and the 

ratio 8/8, is shown in Fig. 28. As 8 increases the frequencies w ap- 

proach each other, and at 6 = B,, they become multiple and equal to 


2 2 
o, = fate 


With further increase in B two of the four characteristic exponents 
o = iw pass into the right-hand half-plane (see Fig. 29, which shows 
only the upper half-plane). Note that if the partial frequencies of 


NSLVLNASEN BAY AN ee eee 


the unloaded system are equal (w, = ,), then, as will be seen from 
Formula (1.86), the equilibrium of the system is unstable no matter 
how small the values of 8. This paradoxical result is due to the fact 
that damping has not been taken into account. 


0 Reo 
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Let us assume now that both parameters « and £ are non-zero. 
Equation (1.82) becomes 
Qi — 2 & Aye + B dy» 


& Ae, + B be, 25 — a 


Putting 
2A 


Oy By’ 


oc? Bp? asl =o. 


at — oof + of) + wt af(1- 2+ — 
ae le Yad ae 


bye dey + G12 dg, = 


we arrive at the equation 


In other words 


(u + 9)? 
wt — w*(a? + @§) + wf of [1 a re —-2Ay- D| =. 
(1.87) 
Here 
ow B y 
=>} to ? = > 1.88 
. Ox Bo . is oe 


i.e. the parameter uw characterizes the conservative: component of 
the loading, » characterizes the non-conservative component and yp 
their ratio. 

The roots of Equation (1.87) are given by the formula 


wt= 5 [ot + of + 


+ Y(t - op? - sot BE 


Cay ee p)|. 


*(L + yp) 
(1.89) 
Two of the roots of Equation (1.87) vanish when 
(u +»)? 
1 + ~——__ (yw? —- 2Ayp—1) =0. 
+ i+ (y y — 1) 
Thus the Euler critical value of the paramter mw + » is 
ey (1.90) 


(+e = TE Ap 
An oscillatory type of instability will occur if the expression under 
the square root sign in Formula (1.89) becomes negative. Thus 


a2 — ow? l+y 


EO Daron Way ai SPD 
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Transition from one type of stability to the other takes place when 
yp=y=At 4’ t dD. (1.92) 


A graph representing Relations (1.90) and (1.91) is shown in 
Fig. 30. It has been assumed that 4 = 1.07 and w, = 2.00@,. If p 
is not too large, addition of non-conservative forces increases the 
stability of undisturbed equilibrium?. 


Fig. 30 


1.16. EFFECT OF DISSIPATIVE FORCES ON STABILITY 


In order to illustrate the peculiar effect of dissipative forces in the 
presence of non-conservative forces which depend on position, let us 
consider the following system of equations 


Pht y ¢ 4 4 oe = j = 


1.-In. gyroscopic instruments non-conservative forces produced, for example, 
by the pressure of a jet are used to increase stability (“radial correction forces”, 
see MERKIN, D. R.; reference on page 73). 
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Setting 


So Q, = 
Q, =¢, 2. = W;, 2. = 835 (1.93) 


where §2, is some frequency parameter, we can write the characteristic 
equation in the form 
+ 2,0 + wi} B wi bye 
B wi bey oO + Boo + we 


Expanding the determinant and making use of the notation (1.85) 
for Bj, we obtain 


of + o9(gy + 82) + a (wt + HF + 81 82) + 


= 0. 


2 
+ o(g w? + g, wz) + w? of (1 + i =O: (1.94) 


Be 
We have obtained a fourth-order algebraic equation 
Aer+ae+actacg+a,=0, 
all the roots of which lie in the left-hand half-plane if all its coefficients 
a>0, a4,>0, a,>0, a>0, ay>O 
and if in addition the condition 
(@, Gz — Ay Q3) dg — a2 a, > 0. (1.95) 


is satisfied. If g, and g, are positive, all the coefficients of Equation’ 
(1.94) are positive. There remains the final condition, which assumes 
the form 


B? < BR x 

Ss {es + So) (wi + 3 + £1 82) — (82 wf + 8, 03)] (G2. 07 + go 0}) _ | 
. (g1 + 2)" wi we | 

Thus the critical value of the parameter f is: 


Bun = Bo V(g1 82) 


= Go g,) o, a, Wi oD? + shot + 8 ge(ot + 08) + stool]. 


(1.96) 
If in this formula we set 


y= —=—-, B&=8 (1.97) 
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and take into account Formula (1.86) for the critical parameter £,, 
found without taking damping into account, we obtain 


2 Vn }\. 
a arerat + Olcee op wi)? 
If slight damping takes place and if the partial frequencies are not 
too close together, we can set 


2yn_ 
Bas © Ba a (1.98) 


If we consider the right-hand side as a function of the parameter 7, 
we arrive at the conclusion that it reaches a maximum value of f, 
when 7 = 1. As can be seen from (1.97), this corresponds to the 


Reve eee 
REARS eeEe 


iy 1 2 3 4 7 
Fig. 31 


equality of the damping coefficients e, = &q. If e, + & the critical value 
8, found for the case when the damping is small and then vanishes 
is less than the critical value 6, for the case of no damping (Fig. 31). 
For sufficiently large values of g damping can once more have a 
stabilizing effect (Fig. 32). The destabilizing effect of friction was first 
discovered by Ziegler1 in the simple example of a double pendulum 
under the action of a follower force. The result given here, which 


1. ZreEGLER, H. Die Stabilitatskriterien der Elastomechanik, Ing.-Arch. 20, 
No. 1 (1952). Let us note once again that for a system without friction for 
B<#, we have stability in the sense of Kelvin; for a system with friction for 
B <f,, we have asymptotic stability. 
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refers to the effect of the relation between the damping coefficients, 
was derived by the author’. 

The phenomenon of the destabilizing effect is illustrated in Fig. 33, 
which shows the behavior of the characteristic exponents in the 


B 


Instability 


Bx 


Stability 


Fig. 32 


a Reo 
Fig. 33 


absence and presence of damping when ¢, and ¢, are not equal. If the 
damping is not severe then for ¢, + ¢, one of the exponents leaves 
the left-hand half-plane at a value B,, less than f,. 


1. BoLoTIN, V. V. Some problems of the theory of elastic stability, Trans. 3rd 
All-Soviet Mathematics Conference, Vol. 1., Izd-vo. Akad. Nauk USSR, 1956. 
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Let us consider the case when the partial frequencies are close 
together. We can express Formula (1.96) in the form 


DOr Voi — oD? + wl? of + n(ot + of) + of}. 
(1.99) 


Here even slight damping might have a stabilizing effect. For instance, 
in the case of multiple frequencies 


Bas = Bok Vn = Bo Vg 82); (1.100) 


whereas if damping had been ignored we would have obtained the 
paradoxical result that 'f, = 0. 

It can be shown that the same results apply in the more general 
case of a system with two degrees of freedom, provided certain 
broad assumptions are made concerning the matrix b,,. Consider the 
case when b,, > 0, bag > O and b,, by, > 0. Then the equation 


ld), + B5;,| = 0, 


Bas Bo 


obviously has no roots. The critical values for this case, when there 
is slight damping which then vanishes, can be compared with the 
corresponding values found on the assumption that there is no 
damping from the beginning on. 


The characteristic equation 
+o, + wt Pojd,, B wi by. -0 
B w3 bey Oo + og, + we t+ B wa bee 
reduces to the form 
ao4 + a,0° + a,07+a,¢6+a,=)0, 
where 
a =1, 
= g(1 +7), 
Ay = wt + wy t+ 4g" + B(wt dy, + w? bos), 
ag = gly wi + w3 + B(y Wid, + w§ doe)], 
cof w3[1 + B(Oyy + Boo) + B?(O11 Bae — dre be3)]. 


a 


- 


a 


By virtue of the assumptions concerning the properties of the matrix 
b,,, all the coefficients a, are positive. Consequently there remains 
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only one non-trivial Hurwitz Condition (1.95), which we can write 
in the form 


@(f)= A+ BR+C>0. 
Here 
A = (wij by, — we be.) — (1 + 7)? wi w§ bye boi, 
B = n @§ be2[2(w§ — wi) + g?(1 + 9) — 
— » wy by, [2(wg — wf) —7e2(1 + )), 
C = n{(@g — wij)? + 2?(7 wf + 3) (1 + 9)I. 


We let the damping now tend to zero, keeping 7 non-zero. This 
latter condition can be written as 


@, (6) = A, B + B,B + Ci > 0, (1.101) 
where 
] 2 
Ay = (0dr — of bas)® — (T+ Yn) wf OF Bi das, 
Vn (1.102) 
B, = 2(w% — wi) (@3 beg — w? 53), , 


Cy = (@3 — oj)’. 


Consider now a system in which the damping is identically zero. 
The characteristic equation is of the form 


a + wf + Baf dy, B wi by» -0 
B w§ bey o*% + wz + B w3 doo 
OT 
o*+a,07+a,=0, 
where 
Ag = wt + wh + B(w? dy, + wh bos), (1.103) 
Gy = wz w§[1 + B(dyy + dee) + B?(O11 bee — B12 be3)). 


All the roots of this equation will lie on the imaginary axis if 
a, > 0,a, > Oand a2? — 4a, > 0. The first two conditions are satisfied 
identically by virtue of the assumptions concerning the properties 
of the matrix b;,. The last condition can be written in the form 


®,(B) = Ag i + BB + C, > 0, (1.104) 
where 
Ay = (wi by, — wi bee)? — 40} 03 dye bes, 


B, = B,, C, = Cis 


We can now write down the difference 
1 2 
20) 00) -Potthadale-(01 +7) 


It will be seen that the expression in the square brackets, considered 
as a functions of 7, has a maximum value of zero at 7 = 1. Thus for 
all 7 and £ 


©, (8) — ®,(8) < 0, (1.105) 


provided only that b,,5,,<0. When 6B =0 we have that, 
@,(0) = C, > 0, (0) = C, > 0. We now let f vary from zero in 
a positive direction. Then from the inequality (1.105) it follows that 
the roots of the equations ®,(6) = 0 and @,(8) = 0, denoted by 
Bux and $, respectively, satisfy the relation 6,, S B,. We obtain 
an analogous relation for B < 0: here |6,4| S |8| (Fig. 34). 


Fig. 34 


Thus, if 5,, > 0, bag > O and by, bg, < 0, the critical parameter 
8,, found on the assumption that slight damping occurs but gra- 
dually vanishes, is smaller in modulo than or equal to (for 7 = 1) 
the critical value f,, for a system without damping. 


ES 7 


CHAPTER 2 


STABILITY OF EQUILIBRIUM OF ELASTIC 
SYSTEMS IN THE PRESENCE OF 
FOLLOWER FORCES 


2.1. HisTORICAL BACKGROUND 


The problem of the stability of an elastic system under the action 
of follower forces was, it appears, first investigated by E. L. Nikolai. 
In one of his papers first published in 1928" he investigated the stability 
of the rectilinear form of a flexible bar, one end of which is fully 
fixed while the other end (which is free) is subjected to a compressive 
force and a twisting moment. He found that when the vector of the 
moment is “tangential’’ (i.e. is directed along the tangent to the 
deformed axis of the bar), no forms of equilibrium can exist other 
than the rectilinear form. Nikolai concluded that the usual method 
of determining the critical force in this problem is invalid. After 
deriving the equation for small oscillations of the bar about its 
rectilinear form of equilibrium, Nikolai was able to show that this 
equation is unstable no matter what the value of the torque (provided 
damping is ignored and a bar of circular section is considered). 
In his next paper? it was shown that if the bar has different bending 
stiffnesses the rectilinear form of the bar is stable at sufficiently low 
values of the torque. Furthermore, there is a critical value of the torque 
at which the rectilinear form ceases to be stable. 

In 1930, at the International Congress of Applied Mechanics, 
E. L. Nikolai gave a paper on the stability of flexible shafts.* In thi 


1. Nixoral, E. L. On the stability of the rectilinear form of equilibrium of 
bar in compression and torsion. Izv. Leningr. politekhn. in-ta, 31 (1928); see als 
Nixozal, E. L. Studies in Mechanics (Trudy po mekhanike) Gostekhizdat, 1955. 

2. Niko.al, E. L. On the problem of the stability of a bar in torsion, Vestn. 
prikl. matem. mekh., 1 (1929). 

3. NikoLal, E. L. Uber den EinfluB der Torsion auf die Stabilitdt rotierender 
Wellen, Proc. of the 3rd Congr. Appl. Mech., Stockholm 1930. 
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paper he summarized the results of his researches into the stability 
of bars in compression and torsion, and extended them to the case 
of rotating shafts. Subsequently, Nikolai’s results were extended in 
a paper by Dzhanelidze’, who, by analyzing the exact equations of 
bending for a bar, was able to show that in the problem investigated 
by Nikolai there are definitely no forms of equilibrium other than the 
rectilinear form. Different types of support conditions have been 
investigated by Shashkov. ? = 


Until recently, there were many aspects of Nikolai’s problem that 
were unclear, and this gave rise to what was known as “ Nikolai’s 
paradox’’. In recent years there has been a marked growth of interest 
in problems of the stability of shafts in torsion. In 1951 Morris® 
once more considered the problem of a cantilever bar of circular 
section under the action of an axial force and tangential twisting 
moment, having in mind its application to shafts in aircraft gas 
turbines. The same year saw the publication of the first of a series 
of investigations by Ziegler*, who considered the problem of the 
stability of a flexible bar under various conditions of torque, and con- 
firmed many of the results obtained by Nikolai. Ziegler classified 
the various cases of torque and singled out those that corresponded 
to external forces having a potential. In particular, he showed that 
the moment whose vector bisects the angle between the tangent 
to the undeformed and deformed axes of the bar is conservative. 
(The fact that in this case the problem of stability in the Euler 
sense has a solution was discovered by E.L. Nikolai in 1928.) 
Further investigations of these problems were carried out by Troesch.°® 


1. DZHANELIDZE, G. Iu. On the question of the form of equilibrium of a 
bar in compression and torsion. Tr. Leningr. industr. in-ta, No. 3, 1st Edition, 
1939, 

2. SHASHKOY, I. E. On the stability of the rectilinear form of equilibrium of a 
drilling shaft. Inzh. sborn. 1, No. 1 (1941). On the stability of a prismatic bar of 
arbitrary cross-section in compression and torsion. Inzh. sborn. 7, 1950. 

3. Morris, J. Torque and the flexural stability of a cantilever, Aircraft Eng. 23, 
No. 274 (1951). 

4. ZreGLER, H. Ein nichtkonservatives Stabilitatsproblem. Z. angew. Math. 
Mech. 31, Nos. 8/9 (1951); Stabilitatsprobleme bei geraden Stében und Weilen. 
Z. angew. Math. Phys. 2, No. 4 (1951); Knickung gerader Stabe unter Torsion, 
Z. angew. Math. Phys. 3, No. 2 (1952); Kritische Drehzahlen unter Torsion und 
Druck, Ing. Arch. 20, No. 6 (1952). 


5. TroEscu, A. Stabilitétsprobleme bei tordierten Staében und Wellen, Ing.- 
Arch, 20, No. 4 (1952). 
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Supplementary information can be obtained from the surveys by 
Ziegler. 

In 1939, Reut? formulated another non-conservative problem of 
elastic stability. He considered a bar clamped at one end and sub- 
jected at the other to a compressive force the line of action of which 
remains constant as the bar deforms. This type of loading can be 
produced, for example, by the pressure of a jet of liquid or gas the 
inclination of which as the rod deforms can be ignored. As in the 
problem of E. L. Nikolai, it was shown that forms of equilibrium, 
other than the rectilinear form, do not exist. B. L. Nikolai? considered 
small oscillations of the bar about its undeformed position, and in 
this way found the critical value of the compressive force. 

The next series of problems to attract considerable interest was 
concerned with the stability of a flexible bar fully fixed at one end and 
subjected at the other to a tangential compressive force. It was 
shown by Feodos’ev* and Pfliiger® that in this problem there are no 
forms of equilibrium close to the undeformed form. The critical 
force for this problem was calculated by Beck®, as well as by Deineko 
and Leonov.’ In the latter reference an approximate solution also 
was given for a bar with two concentrated masses attached. The 
case of a mass concentrated at the end of the bar was analyzed 
by Dzhanelidze*, who assumed the combined effect of a tangential 
force and a force acting in a constant direction. The case of a distrib- 
uted and a concentrated mass acting together was considered by 


1. ZiEGLER, H. Linear elastic stability, Z. angew. Math. Phys. 4, Nos. 2—3 (1953); 
see also Advances in Applied mechanics, Vol. 4, Academic Press, N. Y. 1956. 

2. Reut, V. 1. On the theory of elastic stability. Tr. Odessk. in-ta inzh. grazhd. 
i komm. str-va, No. 1 (1939). 

3. NIKOLAI, B. L. On the stability criterion of elastic systems. Tr. Odessk. in-ta 
inzh, grazhd. i komm. str-va, No. 1 (1939). 

4, Feopos’Ev, V.I. Selected Problems and Questions in Strength of Materials 
(Izbrannye zadachi i voprosy po soprotivleniiu materialov) pp.38 and 165, Gos- 
tekhizdat, 1953. 

5. PFLUceEr, A. Stabilitétsprobleme der Elastostatik, p. 217, Springer-Verlag, 
Berlin 1950. 

6. Beck, M. Die Knicklast des einseitig eingespannten tangential gedriickten 
Stabes. Z. angew. Math. Phys. 3, No. 3 (1952). 

7. DEINEKO, K.S. and LEonNov, M. Ia. The dynamic method of investigating 
the stability of a bar in compression. PMM, 19, No. 6 (1955). 

8. DZHANELIDZE, G. Iu. On the stability of a rod under the action of a follower 
force. Tr. Leningr. politekhn. in-ta, No. 192 (1958). 
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Pfliiger’. The paper by Kopeikin and Leonov? also belongs to this 
group of problems. 

Feodos’ev? pointed out a further problem in which there is no form 
of equilibrium close to the undisturbed form. This was the problem 
of the stability of the plane form of bending of a narrow strip under the 
action of a moment of constant magnitude and direction. So far the 
critical value of the moment for this case has not been found.* The 
author® considered another problem of the stability of the plane 
form of bending. This problem proved to be a very convenient model 
for demonstrating the various phenomena inherent in non-conser- 
vative problems of the theory of dynamic stability and was widely 
used in another paper by the author.® 

There are two further problems of elastic stability in the presence 
of follower forces that should be mentioned. The author’ considered 
the problem of the stability of the symmetrical form of bending of 
a circular arc under the action of a concentrated force which rotates 
together with the section during deformation. He found that in this case 
loss of stability occurs by a bifurcation of the forms of equilibrium 
in spite of the fact that the loading is not conservative. Ziegler®, in 
a paper dealing with the analysis of the static criterion of stability, 


1. Pricer, A. Zur Stabilitat des tangential gedriickten Stabes. Z. angew. 
Math. Mech. 35, No. 5 (1955). 

2. Kopeixin, Iu. D. and LEonov, M. Ja. On a particular case of loss of stability 
of a bar in compression. PMM, 19, No. 6 (1955). In connection with this article 
see ‘‘Mekhanika’’, No. 4, review No. 4535 (1958). 

3. See reference 3 on p. 88. 

4. Calculations for a very similar problem were recently given in an article: 
Gopak, K. N. and KrivosHEEvA, S. G. Bending-torsional vibrations and stability 
of the plane form of bending of a cantilever strip. Izv. Akad. Nauk USSR, OTN, 
“*Mekhanika i mashinostroenie’’, No. 4 (1959). ° 


3. BoLtotin, V.V. Dynamic Stability of Elastic Systems (Dinamicheskaia 
ustoichivost’ uprugikh sistem). Gostekhizdat, 1956. 

6. BoLoTin, V. V. On vibrations and stability of bars under the action of non- 
conservative forces. Sb. “‘Kolebantia v turbomashinakh” , Izd-vo. Akad. Nauk USSR, 
1959, 

7. BoLotin, V. V. On parametrically excited vibrations of elastic arcs. Dokl. 
Akad, Nauk USSR, 88, No. 4 (1952). 

8. ZreGLER, H. Die Stabilitatskriterien der Elastomechanik, Ing.-Arch. 20, 
No. 1 (1952). Non-conservative stability problems of bars were considered by 
BarTA [BarTA, J., Becksches Stabilitatsproblem und verwandte Probleme, Acta 
techn. Acad. Sci. Hung., 31, No. 1—2 (1960)] and LereHoiz [LerPuo.z, H., An- 
wendung des Galerkinschen Verfahrens auf nichtkonservative Stabilitatsprobleme 
des elastischen Stabes, Z. angew. Math. Phys., 8, No. 4 (1962)]. 
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used as a model the problem of the oscillations of a double pendulum 
coupled elastically and subjected to a tangential force. 

It what follows we shall give results for some of the problems 
listed above. In addition, we shall also consider some new problems. 


2.2. PROBLEM OF THE STABILITY OF A BAR COMPRESSED BY A 
TANGENTIAL FORCE 


Let us consider a slender elastic bar of constant cross-section 
under the action of a tangential force and performing small oscillations 
about its undisturbed (rectilinear) form of equilibrium. We shall 
confine our attention to the case of oscillations which take place 
in one of the principal planes of inertia (Fig. 35). 


Let v(z, t) be the small deflection at any point on the bar, f(t) the 
deflection at its free end, p(t) the angle of rotation of its end section 
and EJ the bending stiffness of its section. Within the framework 
of the usual assumptions of the elementary theory of bending, the 
equation of small oscillations of the bar is of the form 


2 
EIS = Pf 0) — Poll —2) + Ly, 
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where L, is the bending moment produced by the action of inertia 
forces (in the sense of d’Alembert’s principle). Differentiating this 
equation twice and noting that 


Ol, ep 


ae Op? 


where m is the mass of the bar per unit length, we obtain 


4 2 2 
Bi Po em 


az aa om vy) 


Equation (2.1) is exactly the same as the corresponding equation 
for the case of a conservative force acting in a fixed direction. The 
conditions at the fixed end are also the same: 


av(0, ) _ 


v(0, ) = as 


0. (2.2) 


The conditions at the free end can be written in the form 
6? v(I, £) = O° v (I, ft) 


az ozs : 2) 
in place of the conditions 
2 3 
in the case of a conservative force. 
Equation (2.1) will be satisfied if we set 
v(z, t) = V(z) ef, (2.5) 


where V(z) is an unknown function and Q is an unknown and, in 
general, complex constant. Substitution into Equation (2.1) gives 


d‘v adv ; 
ae + Bae —wV=0, (2.6) 
where we have introduced the non-dimensional parameters 
Z PP m 


The general solution to Equation (2.6) is of the form 
V(t) = C,sinr,f + C,cosr,é + Cysinhr,¢ + C,coshre¢, 
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a$oVlFee) | 
a FeV, 


If we now satisfy the boundary Conditions (2.2) and (2.3) we obtain 
the following equations for finding the constants of integration: 


C, + C, = 0, ry Cy + 2, Cy = 0, 
Ci (72 sinr, + ry, re sinhr,) + C,(r? cosr, + rZcoshr,) = 0, 
— C,(r? cosr, + r, rz2coshr,) + C,(r3 sinr, — r$ sinhr,) = 0. 


where 


(2.8) 


Equating the determinant to zero, we obtain the characteristic 
equation 
r, sinr, + rz sinhr, ri cosr, + r2coshr, P 


—r?cosr, — rzcoshr, r? sinr, — r3 sinhr, 
or 
A(ry, fe) = r¢ + r$ + ry ro(r? — 72) sinr, sinhr, + 
+ 2r? r3 cosr, coshr, = 0. 
Returning now to the definitions (2.7), we obtain 
A(o, B) = B? + 2a? + B wsinr, sinhr, + 2@?cosr, coshr, = 0. (2.9) 


‘4, i 
Ore 


Ne VU 
PWN 
cee 
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If there is no external force, 8 = 0 and the roots of Equation (2.9) 
are real. They correspond to the frequencies of natural oscillations 
of the unloaded bar. As the parameter f increases the two smallest 
roots move closer, and at some value of 8 = f, become multiple 

- (Fig. 36). With further increase in f the roots become complex, one 
of them having a negative imaginary part. Consequently, as follows 
from Formula (2.5), the value 6, corresponds to the critical force P,,. 
According to Beck’s calculations this value is 8, = 20.05, and accord- 
ing to Deineko and Leonov, f,, = 2.0028z? = 19.77. Approximately, 
we can set 


(2.10) 


a 
o 5 0 6  @ Ath 


Fig. 37 


The graph of the variation of the frequencies w in the region of 
real values is shown in Fig. 37. 


2.3. INFLUENCE OF MAss DISTRIBUTION 


Pfliiger+ considered the case when, in addition to the distributed 
mass, the bar has a concentrated mass M at the end (Fig. 38). Equa- 
tion (2.1), the boundary conditions (2.2) and the first of Conditions 


1. See reference 5 on page 88. 
2. We have used the results of their calculations in the introduction (Section 6). 
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(2.3) are unaltered. Instead of the fourth condition we must set 


v(l,t) M vil, t) 
“oe ES af ay 
Repeating the procedure of the preceding Section and applying 
boundary Condition (2.11), we arrive at an equation which is a 
generalization of Equation (2.9): 


A (o, B) = B? + 2m? + Bw sinr, sinhr, + 2w* cosr, coshr, — 


M B\? : 
— — 20 VA) +o (r, sinr, coshr, — r, cosr, sinhr). 

ml Z 
The results of a numerical solution of this equation are plotted in 
Fig. 39. If M = 0, then f, ~ 20.05. If the mass of the bar is negligibly 
small compared with the concentrated mass M at the end, then f is 
equal to the smallest root of the equation tan VS = V8, i.e. 
By = 20.19. 


The case of two concentrated masses which are large compared 
with the mass of the bar was investigated by Deineko and Leonov.? 


- Pi 
Pre 
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2.4. APPROXIMATE SOLUTION OF THE PROBLEM 


An exact investigation of the stability of bars under the action 
of non-conservative forces entails considerable computational 
difficulties, associated with the behavior of the roots of transcendental 
equations in the plane of the complex variable. These difficulties 
become even more severe if the problem includes any complications 
(for instance, variable sections, complex loading, damping effects 
etc.). In cases such as these the approximate method outlined in 
Section 1.14 will undoubtedly have many advantages. 

In the case of a bar under the action of tangential forces Equations 
(1.79) assume the form. 


af; of; 


di? nes dt 


+ Qf + OF BS bir h =0 (=1,2,...), (2.12) 
where /;(¢) are the coefficients of the series expansion of the deflec- 
tion v(z, t) in the modes of natural small oscillations of the bar 
v,(z), 2, are the frequencies of these oscillations, ¢, are the damping 
coefficients, 8 is a parameter to the accuracy of which the values of 
the longitudinal force N(z) at each section of the bar are given, and 
b,;, are coefficients given by Formula (1.71): 


1 
1 d*v 
be = — oe f N(@) v dz. (2.13) 
0 


Formula (2.13) is given for the case when the functions v,(z) satisfy 
the normalizing condition 


1 
C; = [ m@) vpdz = 1. 
0 


If this condition is not satisfied, then instead of Formula (2.13), we 
obtain 


oe 1 r d*v, 
bn = — Oay if N(@) vy az. (2.14) 
0 


Formula (2.13) was obtained in Chapter I from the general equations 
of the theory of elastic stability; we will show briefly how this formula 
can be obtained directly from the equation of bending oscillations 
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of the bar. If all the longitudinal forces acting on the bar are tangential, 
it can easily be shown that this equation is of the form 


oO? Ov 
62? E He) 22 


R(v) = 


@ ay. 
| if ms = BN@ =; =0. (2.15) 


The boundary conditions depend on the type of support; the tan- 
gential forces, however, do not enter in the dynamic boundary 
conditions. 

We shall represent the solution to Equation (2.15) in the form of a 


series es 
v(z,) = Py Fi) 0, (2) 


and apply Galerkin’s variational method. Taking into account that 
by virtue. of the remark concerning the boundary conditions, the 
equations of Galerkin’s method for this problem will contain no 
terms outside the integral signs, i.e. they will be of the form 


1 
f&@u,dz=0 (G=1,2,...), 
0 


we easily obtain Equations (2.12). 
We shall use Equations (2.12) to solve approximately the problem 
of Section 2.2. For this problem N(z) = — P, 


v,(C) = sind, — sinhd,¢ — yu,(cosd,¢ — coshd,¢), 
AQ/ES Zz 
a Vga RET 


Here A, and yw; are constants. For example, A, = 1.875, A, = 4.694, 
fy = 1.3622, wg = 0.98187. For the parameter 8, which is a charac- 
teristic of the external loading, it is convenient, as before, to take the 


quantity Pi? 
eat oi (2.16) 
The matrix elements b;, then become non-dimensional. Setting 
f,=Fé™, (2.17) 


we reduce the problem to an investigation of the roots of a charac- 
teristic equation of the type (1.82) 


|(w? — w*) d;, + Bb;,| = 0, (2.18) 
where w, = 2,/2,, 0 = Q/Q,. 


Ce we ANZ WARREN ITE ASR BATE RAN BP A ATA wt 


For small values of # all the non-dimensional frequencies w are 
real; as before we classify this case as stability of the undisturbed 
(rectilinear) state of the bar. An approximate analysis of stability 
reduces to the determination of conditions for which the truncated 
equations obtained from the infinite determinant (2.18) have no 
roots lying in the right-hand half-planes of the complex variable. 

As a first approximation we shall take a second order determinant, 
and use the results of Section 1.16. In this case w, = 6.250, 
bi, = 0.0666, by, = —0.954, b,, = 0.00387, bag = — 0.0274. The 
conditions a,(6) > 0, a,(8) > 0, where a, and a, are given by (1.103), 
are satisfied in this problem for all values of 8. After substitution 
of the expressions for a,(8) and a,(f) and the numerical values, 
Condition (1.104) becomes 


‘B — 120.58 + 2020 > 0. 


From this we obtain a critical value of the parameter f of f,, = 20.15, 
and consequently the critical force will be 


EJ 


This value differs by approximately 0.5% from that found by 
Beck. 

We can now study the behavior of the characteristic exponents 
o = iw in the plane of the complex variable with gradual increase 
in the external load (Fig. 40). If 6 < £, = 20.15 all the exponents 


Fig. 40 


remain on the imaginary axis. At 8 = 8, the characteristic exponents 
become multiple in pairs, and with further increase in B wé have 
a case of typical oscillatory instability. This lasts as long as f < f,, 
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= 100.35. Thereafter the characteristic exponents become purely 
real, and since two of them are positive, we have a case of instability 
with exponentially increasing disturbances. 

It should be pointed out that, as the general theory shows, these 
results would be modified by taking into account the effect of damp- 
ing. 

2.5. EFFECT OF DAMPING ON STABILITY 


Consider now Equations (2.19), which contain the first derivatives 
of the generalized coordinates f, with respect to time. In general 
the damping coefficients are different for different modes of oscillation 
and, moreover, they can depend on the frequencies of the particular 
motion considered. Making use of the results of Section 1.16, and 
assuming that there is only slight damping, we arrive at the stability 
condition (1.101) with the coefficients (1.102): 


A,(q) B? + Bim) B + Ci) > 0, (2.19) 
where 7 is the ratio of the partial characteristics of damping: 


E> 
ie 


€] 
There is no need to’ give the explicit expressions for the coefficients 
of Equation (2.19): The roots of the equation, found by equating 
the left-hand side of Expression (2.19) to zero, are the critical para- 
meters f,, for the case when damping is taken into account!. The 
graph of the parameter f,,, for various values of the ratio of the 
partial characteristics of damping is shown in Fig. 41. Only when 
£, = & does the equality 6,,. = 6, exist. In all other cases By, < By. 
The most obvious measure of damping is the relative dissipation 
of-energy during one oscillation cycle (more details of this are given 
in Section 3.4): 
222 &; 
w= on 


Here Q is the real frequency for a periodic process which occurs at 
the boundary of the region of stability. Thus 


1. More exactly, when very slight damping which gradually vanishes is taken 
into account. 
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As an example, let us consider the case when y, = y,, which 
corresponds to the quite plausible assumption that the relative dissipa- 
tion.of energy is independent of frequency. Here 1 = w} = 39.06, 
and the critical parameter Bans found by taking into account slight 
damping which then vanishes, is considerably less than the parameter 
By (Fig. 41). 
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Fig. 41 


The question of how the stability of non-conservative systems is 
affected by dissipative forces has already been discussed (in Section 
1.16). Here we encounter an effect which is completely at variance 
with our intuitive concept of dissipative forces as a stabilizing factor. 
They do have a stabilizing effect’ provided the external forces acting 
on the system have a potential (this is stated in one of Kelvin’s 
theorems). Tangential forces do not have a potential. 

It is perhaps worthwhile to emphasize once more the different 
interpretation of the concept of stability which was employed in the 
two preceding Sections. In the last Section undisturbed equilibrium 
was_considered to be stable if all the characteristic exponents were 
found.to be on the imaginary axis. In this. Section we. assume that 
stability exists when.all the characteristic exponents-lie to the left of 
the imaginary axis. Since the present physical problem is non-linear, 
and since according to Liapunov the case of purely imaginary char- 
acteristic exponents is one of the doubtful cases (when the linear 
approximation is insufficient for an assessment of stability), there is 


every reason to check the solutions obtained taking damping into 
account. This whole problem requires further investigation, and in 
particular, investigation based on non-linear equations. 


2.6. PROBLEM OF THE STABILITY OF A BAR COMPRESSED 
BY A FORCE WITH A FIXED LINE OF ACTION 


We shall consider briefly the case of a force with a fixed line of 
action, following initially the method of B.L. Nikolai. We shall 
neglect the mass of the bar and assume that the whole mass is con- 
centrated at one point at the free end of the bar (Fig. 42). Let M be 


the magnitude of this mass and f(#) the deflection at the free end. The 
equation for small bending oscillations can be written in the form 


ap def 
EJ—=3 = —Pv — M(U-2)—7,- 


(2.20) 


1. Certain interesting results are presented in the papers: Zorr1, L. M., LEONov, 
M. Ia., Influence of friction on stability of nonconservative systems, Nauchn. 
zapiski In-ta mashinovedeniia i avtomatiki AN USSR, 7, No.7 (1961); LEoNov, 
M. Ia., Zor, L. M., On the influence of friction on the critical loading of the 
compressed bar, Dokl. Akad. Nauk SSSR, 145, No. 2 (1962). 
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As usual, we set 


v(z, t) = V(z)e%; f(t) = Fe 2, (2.21) 
Substitution into (2.20) gives the equation 
PV. MQ F 
arth V ==F-(- 92), 


the solution of which is 


: : M 222 F 

V(z) = Cisinkz + C,coskz + par! — z) 
(here, as before, k? = P/EJ). If we now subject this solution to the 
boundary conditions 
_ dV(0) | 7 


we readily obtain the formula for the frequency 2: 


P J 


Q=+ MI sink! cosk/ 


(2.22) 


The frequences given by Formula (2.22) are real if the expression 
in the denominator is positive. From the condition that tank! = kl 
we find that the critical force for this problem is 


20.19 EJ 
P,, = as | ia 


This value, and also Formula (2.22), coincide completely with the 
corresponding results for the problem of the stability of a bar under 
the action of a tangential force (see Section 5 of the Introduction). 

The analogy holds for the case of a distributed mass. Equation (2.1) 
and the boundary conditions (2.2) at the built-in end remain unaltered, 
but Conditions (2.3) are replaced by 


ev(I, 1) _ . v(t) _,, av) 
EJ—y ay = — P00; oo ae a siaeer 


1. This was proved by E. L. Pozntak (in an unpublished paper). The analogy 
is based on the fact that the boundary value problems, for the two cases considered, 
are adjoint. 


Es 8 
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Applying to this boundary-value problem the method described 
in Section 2.2, we arrive at the characteristic equation 


ré+or4 + 7r,ro(r? — r2) sinr, sinhr, + 2r?r2 cosr, coshr, = 0, 


where 


eGR) ae SVG 28) 


This equation is exactly the same as the characteristic equation (2.9). 

B. L. Nikolai also considered the case of the combined effect of a 
non-conservative force and a force which, while remaining constant 
in magnitude, is displaced together with the free end of the bar 
(Fig. 43). The latter force is obviously a usual force with a potential, 


as considered in the theory of elastic stability. 
The equation of small oscillations for this case is of the form 


BO tetra, ea oe Ap 
at = Pv - O(f—0) — MU - 255. 


Substituting into this equation Expressions (2.21), and using the 
notation 


EJ 


_P+@ 


2 
. 1 ii 
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we obtain 
V(z) = Cysinkz + C,coskz + eect 
After the usual procedure we find 
aid | eran) (2.23) 
Ml (a — cosk y 


We shall consider the following particular cases. 

1. If P = 0, then the frequency 2 is purely imaginary, passing 
through the value 2 = 0 when k/ = x/2. This corresponds to the 
usual loss of stability in the Euler sense at a critical value of the 
compressive force given by | 

_ WES 


aaa ae 


2. If 0 < P < Q, then loss of stability also occurs according to a 
type of bifurcation of the forms of equilibrium, and the critical value 
of the parameter k / is determined from the condition 


cosk / = ee, 


Q 
It is significant that, with increase in the nonconservative compo- 
nent P, the critical value of the total load increases. For example, if 
P =1/,Q we have k I = 2/,2, i.e. 


4° EJ 
(P + De=—S- 


Thus the addition of a non-conservative component, provided it 
does not exceed a certain value, has a stabilizing effect. A similar 
effect is made use of in stabilizing gyroscopic systems by introducing 
“forces of radial correction”. 

3, If P > Q, then transition from real natural frequencies to purely 
imaginary frequencies through the value of 22 = 0 becomes impossible. 
The total critical force is then given by 


20.19 EJ 
P : 


where k,, is the root of the equation tank / = k 1. 


(P+ Q), =k, EJ = 


The relation between the parameter k / and the load ratio P/Q is 
shown graphically in Fig. 44. An unusual feature is the discontinuity 
in the magnitude of the critical force at P/Q = 1. 


UW 
Fig. 44 Fig. 45 


Dzhanelidze? has shown that the problem of the stability of.a bar 
under the action of a tangential force P and a conservative force Q 
(Fig. 45) also leads to formula (2.23), i.e. to the same results. 


2.7. STABILITY OF THE PLANE FORM OF BENDING 
(DERIVATION OF THE EQUATIONS) 


We proceed now to a study of the problem of the plane form of 
bending of bars under the action of follower forces, following for 
the most part the method proposed by the author®. Suppose that a 
bar with a rectilinear axis is subjected to forces perpendicular to this 


1, DZHANELIDZE, G. Iu. On the stability of a bar under the action of a follower 
force. Tr. Leningr. politekhn. in-ta, No. 192 (1958). 

2. BoLotin, V. V. On vibrations and stability of bars under the action of non- 
conservative forces. Sb. ‘‘Kolebaniia v turbomashinakh, Izd-vo, Akad. Nauk. USSR, 
1959. 
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axis and acting in one plane. As we are not aiming at a general solution, 
let us assume that the plane of action of the forces is a plane of sym- 
metry of the bar, in fact the plane of maximum stiffness (Fig. 26). The 
bending moment produced at various section of the bar by the 
external load g(z) applied at a distance e(z) from the axis O z will 
be denoted by L(z). The problem is to establish the stability conditions 
for the case of plane deformation of the bar, assuming that the 
external forces are follower forces. 


The equations of equilibrium of the bar in a position close to its 
original position for the case of a load which acts in a fixed direction 
were obtained by Vlasov?: 


d‘u 

Ely aa 
d‘6 d?6 d6 

Edoga ~ Ogg 28,-5-(L 5) + (2.24) 


a*u 
dz 


d? 9 
st Fa (bs ) = 0, 


ROG) ee = 0. 


Here u(z) are the displacements of the bar axis from the plane of 
maximum stiffness, 9(z) is the angle of twist (its positive direction 
was indicated in Fig. 27), EJ,, EJ,,, GJ, are the bending, sectorial 
and torsional stiffnesses of the bar, F is its area, a, is the coordinate 
of the bending center and , is a geometrical characteristic defined by 


1 
By = —a, +f + yp) y dF. 
. F 
We shall list now the more common boundary conditions which 
will be needed later on. 


I. Hinged support. Here the deflection, angle of rotation, as well 
as the bending moment and bending-twisting bimoment, are zero: 


1. ViaAsov, V. Z. Thin-walled Elastic Bars (Tonkostennye uprugye sterzhni) 
Fizmatgiz, 1959. 
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Il. Complete fixity. In this case 


III. Free end (without loading). Here 


fu _ fu _ #0 4 20 dg 
dz dz dz °° dz “ dz’ 
where 
oe 
ES. 


IV. Free end with an applied concentrated force P. In this case the 
‘natural’? boundary conditions (in the variational calculus sense) 


du _—s 6 ~0 
dzt dz?” 
EL, 5 - PO=EJa i 12 =) - P(e -4,)0 = 0 


must be satisfied. 

Considering the case of a follower force, we shall assume that the 
deviations from undisturbed equilibrium are functions of time, i.e. 
u = u(z, ft), 9 = 8(z, t). We obtain the corresponding equations by 
including in Equations (2.24) additional components of load which 
appear under conditions of bending-torsional deformation, and also 
the inertia terms: 


otu oO i 
Ed, aa + Ga le®) + maa lu t 8) = Aas, 
0*6 076 é 06 
E Ju 358 —~GJs;—s a — 28, 5 (Es x35 az) + q(e ~ a)0+ ¢ (2.25) 
Ou oe Ga 
+ Liga tmaza@qutr ()=Ap,. 


Here m is the mass per unit length, r is the radius of gyration of the 
section referred to the bending center, r? = af + (J, + J,)/F. Forces 
of inertia due to rotation and forces due to warping, which are signi- 
ficant only in the case of short bars in the form of shells, are ignored. 
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The right-hand sides of Equations (2.25) represent an additional 
transverse load Ag, and an additional distributed torque Ay,. In 
the case of forces of constant magnitude and direction Ag, = Au, =0; 
if the forces are follower Ones, however, as will be seen from Fig. 46, 
we have 


Aq=- 6x —@6, 
qs q sin = 4 (2.26) 
A wu, = q(e — a,) sin® = q(e — a,) 6. 


By substituting (2.26) into (2.25), we obtain a system of equations 


dtu G3 ile 
EJ,=a + Gale) + 48 +m—a_ lu + a,6) = 0, 
076 676 0 06) 
mice pile 221 
Ele a ~ Glazg — Bz, ( =) + (2.27) 
2 
ey aaa as OVO: 


~ az a 
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The boundary conditions in the case of follower forces for cases 
LIII are unaltered. For case IV the boundary conditions assume 
the form gy 86 O8u O80 a0 

62 Oz dz 02 ~ Oz 

We shall attempt to reduce the system of equations in partial 


derivatives (2.27) to a system of ordinary differential equations. With 
this in mind, let us consider, in addition to Equations (2.27), the 


equations atu Bru 
Edy oa eae — 0, 
arg ao ae 
E Jas = CJinn —mr To 0, 


which describe the natural oscillations of a bar whose cross-section 
has two axes of symmetry. Setting u= u,(z)cos2,t,0 = 6,(z) cosQ,t, 
we obtain 


4 
£5, 54 — mou =0, 
(2.28) 
4 2 
Ble = G5, = mr? Q? 6; = 0. 


Let us suppose that we have found solutions to Equations (2.28) 
which satisfy the boundary conditions for the original problem. These 
would give the modes of the natural bending oscillations u,(z), u,(z), 

..,U,(z), ...and of the natural torsional oscillations 9,(z), 9,(z), ..., 
9,(z), ..., which we know possess the property of orthogonality. We 
shall also assume them to be normalized: 


t rf 
fim u; U;, dz = Oyk> fm r 6, 6, dz = Ox (2.29) 
0 0 


(where 6,, is the Kronecker delta). 
We shall try to find a solution to (2.27) in the form 


u(z, 2) = 5 Ur(t) (2), O(z, y= 3 O,(1)0,(2), (2.30) 


using Galerkin’s variational method. Since the systems of functions 
u,(z) and 6,(z) are complete, the series in (2.30) are convergent. From 
now on, however, we shall assume that the number of terms of each 
series is finite and is equal to n. It should be noted that in the case of 
follower forces, in contrast to the case of forces of fixed direction, 
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the equations of Galerkin’s method contain no terms which take 
into account the “‘natural’’ boundary conditions. If we multiply the 
first series of (2.30) by u;(z), the second by 9,(z),- integrate over the 
full length of the bar and then substitute the results into Equations 
(2.27), we obtain the system of equations 


dU, 
de 


; I 
. " 20, 
+ 22,U; + 5) de [eens 
k=l 


+ 30, [ult 5 (Lx 0.) + 90| dz = 0, 


f 
20 * @U, 
FO 4 04,0, + 2a a 0; Uy, dz — (2.31) 


- Jo 26 er (Ls 148) as + 


“dupes Jit de = 0 


ie): 


In these equations 2,, and 2,, are the partial frequencies of natural 
bending and torsional oscillations determined as the eigenvalues 
corresponding to Equations (2.28) and to the boundary conditions for 
the bar. 

As in Section (1.13), we introduce a system of continuous numera- 
tion of the generalized coordinates: U; = fy;-1, 90, =f;. Then 
O55 = Qe 5-4, Qo, = 245, Uy = Gaya, 9; = Gj. The system! of 
Equations (2.31) can be written in the form 


d 
TL Sekt (G+ PR oah)=0 232) 
G = 1, 2, oe “Js 
where 
1 
e= | fm Ay DP; Py AZ, if 7 + k is an odd number, 
jk" Yo 
| 0, if j +k is an even number, 
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0, if j and k are odd 
numbers, 

l a? if j is an odd number, 

@ i: Pi Fs (Ly Px) + 9 Px} az, k an even number, 

0 
a I 

bix 1 d? My if j is an even number, 

Or |? 3 k an odd number, 


f 
1 d dP, if 7 and k are even 
~ “OF ii 2By 3 Gz (2 “dz )az, numbers. 
0 


It is assumed that the follower force is given to the accuracy of the 
parameter f. 

Suppose that the cross-section of the bar has two axes of symmetry. 
Then a, = 8, = 0, and consequently all e,, = 0. Carrying out the 
integration by parts 


t 
dy; d 
dz Wz Px) dz, 


ri 
7 kg d rf 
[os] Fa. 00] dz = 1 F-Ee 9), - 
0 


Hf 
PO, dg; 
fot dz= ; Ly P dz 


d dy; d 
= dz dz oer re 7a tbs Px) dz, 
0 


we arrive at the formulae 


0, 
if j and k are either no even or both odd. 


t 
d 
oF =F | a (Ly |, -(# da dz (es Pe) dz + | q v0) da], 
0 


b, = 
si if j is an odd number and k an even number (2.33) 
1 [do : “d Q; 
alg “az Lx Pe] — ae ae fu, v4) dz}, 
0 


if j is an even number and k an odd number. 
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Let us compare Formulae (2.33) with Formulae (1.78), obtained 
from the general equations of the theory of elasticity. It is not difficult 
to see that in the case of boundary conditions J-III they coincide. If 
a concentrated force is applied to the free end of the bar the formulae 
differ in certain respects. This is explained by the fact that in For- 
mulae (1.78) the concentrated force at the end is considered as a 
singularity in the distributed load g in Formulae (2.33)—in the terms 
not under the integral signs. 

In the more general case of the combined action of conservative 
forces with a parameter « and follower forces with a parameter B we 
obtain the system of equations 


oi +3 Cn Se + 2} ls +3 (x aj, + Bb) f,| =O. (2.34) 


Here the coefficients a,;, are defined by Formulae (1.77). 


2.8. SOME NUMERICAL RESULTS 


Consider the case of a section with two axes of symmetry. Then 
a, = B, = e;, = 9 and, as follows from Formulae (2.33), all the 
matrix elements a,, and b,, with indices which are not both even or 
both odd vanish. A number of results for systems whose matrices 


¥ 


Fig. 47 


have this sort of structure were given in Chapter I. Here we shall 
confine our attention to the numerical calculation of critical forces. 
for the problem of the stability of the plane form of bending of a 
beam supported at the ends and loaded at mid-span (Fig. 47). We 
shall take the force QO as a parameter of the conservative loading and 
the force P as a parameter of the follower load. 
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We have the following expressions for the normalized modes of 
natural oscillations: 


2 a PUES 
pie eed ’ | 


l l 
ne) (2.35) 
_ 2 Re 1 Z | 
Pq) = Vm tl r2 pS! 1 ’ 
and for the corresponding natural frequencies we have 
_ fre z/Es, 
25 - 1— ae > : 
(2.36) 


2 TV be fone! “Ese)) 


As a first sonata we shall ee our attention to the basic 
modes of oscillations. Substituting Expressions (2.35) and (2,36) into 
Formulae (1.77), and taking into account that L, = z/2(0 S z S 1/2), 
we obtain 


t 
_ dy, d oe 2EBC 
a= — OE) dz dz = — aE Ty 
0 
! 
1 d d 2198-G. 
ao1 = ~ OF Se Wz (bx Py) az = = = > 
2 x (G i 4 + Ede) 
where 
2 1 . 
22 ae ne A UZ LZ IC 
Cc = =F [cos 77 (sin 7 + 7% TT cos =) dz = ve (1 +7). 
0 


Hence, making use of Formula (1.84), we find the critical value of the 
parameter Q: 
Oo [zs (es + 7 Fue)| (2.37) 
: VG@1e 221) 2C P . 
(this value differs by only 5% from the exact i“ note that 
m3/2C = 17.9). 
We now evaluate the matrix elements b,,. Using a ‘delta function to 


express the concentrated force, we find 
T 


1 2/8 
Dyo.= Ay2 + + op famed = aE Ul -—C). 
0 
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At the same time bg;.= aj. It will be found convenient to introduce 
the parameter 


y= Tero 7 [E4 (6% " wer) 


which has the dimension of a force. This parameter is related to the 
critical force Q, by the expression 


The critical value of the follower load, ignoring damping, is given 
by Formula (1.86): 


P,, = Py Dar (2.40) 
Here wa is the ratio of the partial Cede 
sae 9 aa er EJ, 


For a narrow strip of height h 


i a = Vs a) 


where yu is Poisson’s ratio. Suppose, for example, that h = //5, 
f# = 0.3. Then from Formulae (2.38) and (2.40) P, = 3.35 P, = 
8.57 OQ... 

It will be seen from Formula (2.40) that as the partial frequencies 
approach a common value, the critical value of the parameter P, 
decreases. At values of the non-dimensional frequency w, close to 
unity Formula (2.40) becomes unsuitable. A typical example of this 
occurs in an investigation of the stability of the plane form of bending 
of an J-section beam (Fig. 48). Let b be the width of the flanges, 6 their 
thickness and / the distance between the centers of gravity of the 
flanges; we shall assume that the thickness of the web is negligibly 
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small.Then J, ~ b° 6/6, Jz © 3/3b 6°, J, = b3h?d/24, r? = h?/4 + 67/12, 
whence, from Formula (2.41), we find 


1+ area (5) (a) 
2(] b/ \h 
ine str eeea (2.42) 
1+ 3h 
Suppose that /= 400cm, A= 60cm, b=20cm, 6=1cm, 
yw = 0.3. Then from Formula (2.42) w, = 1.047. In this case it is quite 


é 


Lee 
Fig. 48 


unnecessary to take into account terms containing the squares of the 
damping coefficients. In fact from Formula (2.40) we would find here 
that P, = 0.045 P,, and from Formula (1.99) 


P= al Mut — 1) + g?[n? + n(@} + 1) + we}. (2.43) 
If 7 = 1, g = 0.05, then P,, = 0.0735 Py, i.e. the critical force is 
approximately 1.6 times greater than the value found without taking 
damping into account. . 

Non-conservative forces can have a stabilizing effect if they act 
together with conservative forces. We can illustrate this by an example 
of the problem of the stability of the plane form of bending, using the 
results of Section (1.15). We introduce a parameter A defined by the 
formula 


P 
A= 20s (b,2 Gg, + Qy2 Bei). 
Substituting Formulae (2.40) and (2.41), we find 
oun 
pear aa (2.44) 


— 2ye(e — 1 
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Formula (2.44) gives a value of A = 1.07. In a manner analogous to 
(1.88) we introduce the parameter 
a cae 

Addition of a follower force will contribute to the stability, provided 
loss of stability takes place by bifurcation of the forms of equilibrium, 
which occurs for y < wp» where 

Wo = A + (4? + 1) = 2.53. 

If wy > wo, ie. if P/Py > 2.53 Q/Q, loss of stability is of the oscillatory 
type. 

‘The fact that the follower component contributes to the stability of 
undisturbed equilibrium when loss of stability occurs by bifurcation 


Fig. 49 


of the forms of equilibrium follows from physical considerations alone 
(Fig. 49). As the’-beam deflects from its position of undisturbed 
equilibrium the component P,, of the follower force tends to return 
the beam to this position. 


2.9. SOME FURTHER PROBLEMS 


We shall proceed now to examine some comparatively straightfor- 
ward problems. Consider a narrow strip of rectangular section 
under the action of a moment L applied at the end (Fig. 50). In 
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addition to a fixed system of coordinates x9 yg z), we shall introduce 
a further system x yz which rotates. together with sections of the 
strip. Let L be the vector of the moment before deformation and L, its 
vector after deformation. We shall assume that the vector £, remains 
in the plane of the cross-section, but that it forms an angle 20 with 
the direction of L proportional to the angle of rotation 6 of the end 
section about the axis Or,. Then, projecting the vector LZ, onto the 


Fig. 50 


fixed axes of coordinates, we find that to the accuracy of first order 
quantities 
du(l) 


L,,=L, L,=LA0@), L,= —L=} 


Similarly, for the moving coordinate system we find 
L,=L, L,= —L6(z)+Ld0(), 


du(z) _ L du(l) 


i dz dz 


Considering an equilibrium position close to the undisturbed 
position, we obtain the system of equations 


du | d6_ du, du(l) 
which are equivalent to the equation 
d*@ 
poe 26 — [2 
it V6A=k 200, 
in which, by definition, 
CoS 
ES, GJg 


The solution to this equation can be written in the form 
6= C,sinkz + C,coskz+ A6(J). 


Subjecting this solution to the boundary conditions 


we obtain the characteristic equation 

oe 
T-a4° 
This equation has real roots if A S 0.5. If this is so, loss of stability 
occurs by bifurcation of the forms of equilibrium. If A > 0.5 no forms 
of equilibrium exist close to the undisturbed form for any value of 
the moment L. In this case loss of stability can only occur in the form 
of oscillatory instability. 

From now on we shall confine our attention to the case when A = 1, 
the calculations for which were recently carried out by Gopak and 
Krivosheeva.” The equations of small oscillations are a particular 
case of Equations (2.27): 


of oe oh 
Fp thea tm Gen 0| 


coski/ = — 


Oz Oz? Ot? 
(2.45) 
ag 7, 2 el" & poo _¢ 
4922 ez? i po 


1. A similar problem was investigated by V.I. FEopos’ev Selected Problems 
and Questions in Strength of Materials (izbrannye zadachi i voprosy po soprotiv- 
leniiu materialov), Gostekhizdat, 1953. The only difference is that in FEopos’Ev’s 
problem the moment vector remains in a plane parallel to Oxy. 

2. See reference on p. 89. 


ES Q 
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The boundary conditions are given by 


u(0) = ou) = 6(0) = 0, | 
u(t) aul) _ a6(2) 0 8) 
éz2—“‘i SC 


As before, we shall try to find a solution to (2.45) in the form 
u(z, t) = U(z)e*", 6(z, t) = O(z) e*. 
For the functions U(¢) and O(2) (€ = z/l) we obtain the expressions 
Ul) = Cy, cosh, € + Cy, sinhy,f + Cz y_cos uy 6 + 
+ Cy SiD Mel +,Cs 73 COS gO + Ceygsin us C, 
O(¢) = D,coshu,¢ + D,sinhy,¢ + Dgcosu,¢ + Dysin pu, + 
+ Ds cos fg + Dg sinps. 


me VrztVGre)) mam 
n= — bx (F3) ane gales) 
ya = Ball) i = W(S)- 
n=O EF) gta P| (ES) 


e_ _ aa) 2 _ | woe 
ri) tz (35 Q n EG” 


(EB) 0 ELC 


If we now satisfy the boundary Conditions (2.46), we obtain the 
characteristic equation 
A (w*, B) = yivaly1 — Ys) Ma (Ui + ME) (4s SIN ly + fy Sinhp,) x 
x. sinh pW COSM, — y}(H2 SIN, + fy Sinhpy,) costs [H2(y, — ys) X 
x (Ys M§ — V1 Mg) SiN oe + fy (Ya — Ys)(Ya HS + 1 Mi) Sinhy,] + 
+ Yi vay — Ys) Mo(ui + M2) (4s SIMs — Me Sine) Sinus coshu, — 
— [v1 M381 — Ys) COSMe + 1 MEY — 73) Cosh] x 
x [71071 HE — V3 MB) COS Me COS Ug + vi(7s ¥3 + 71 BD) cosh py cos, — 
— V1 ¥a(ui + M3) cosh, cosus] = 0. 


= 


¢ (2.47) 


STABILITY OF EQUILIBRIUM OF ELASTIC SYSTEMS 119 


For a sufficiently long and narrow strip this equation can be simpli- 
fied. If 6/h S 1/10, h/? S 1/20, then 


ane EJr* J 
= Vay) ~ 10 


Fig. 51 


and consequently y, <y,. The calculations were carried out for the 
case of E = 2.1 x 10®&kg/cm?, G = 8.1.x 10° kg/cm. The results are 
shown in Fig. 51, from which it will be seen that the critical value of the 
parameter f is approximately 1.43. Recalling Definition (2.47), we find 


M. = 143 2VEIGE IO 
pe, ] ° 


2.10. EQUATIONS OF EQUILIBRIUM OF A BAR IN 
COMPRESSION AND TORSION 


The remaining sections of this chapter will be devoted to the 
problem of the stability of the rectilinear form of a bar in torsion for 


various cases of torque behavior. Proceeding along the lines suggested 
in the classical works of E. L. Nikolai, we shall first derive the equi- 
librium equations for a bar in compression and torsion and in a state 
close to its undeformed state. 

Consider a slender elastic bar of arbitrary section with its axis 
lying along an arbitrary curve (Fig. 52). We introduce a fixed system 
of coordinates xX Yo Zp, the origin of which will be taken at a point A, 
on the undeformed axis. The z, axis will be taken as the tangent to 


Fig. 52 


the axis of the bar at the origin, and the axes x, and yy will be taken 
along the principal axes of inertia of the section. The position of the 
point A, can be specified by the arc length s, measured from some 
datum. The curvatures and twist of the undeformed bar will be de- 
noted by po, qo and rp. 

Suppose that under certain conditions of loading the axis of the 
bar moves to a new position. The point A, then moves to a new posi- 
tion A; the components of the displacement vector of this point 
-in the system of coordinates x 9 Z) will be denoted by u, v and w. 
The coordinate system is also displaced with the bar and occupies 
a new position x yz. The angles between the components of the 
new coordinates axes and the corresponding original axes will be 


1. See reference on p. 86. See also the book: PoNoMAREV, S. D., BIDERMAN, 
V.L., LikHareEv, K.K., MAKUSHIN, V. M., MALININ, N.N., Fropos’ev, V.L. 
Strenght Analysis in Mechanical Engineering (Raschety na prochnost’ v mashino- 
stroenii), Vol. TI, Mashgiz, 1959. 
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denoted by gy, py and y. The values of the curvature and twist now 


become P=Dot dp, 
q=q@+64q, 
r=rtor. 


The nine kinematic quantities—three displacements u, v and w, 
three rotations y, y and y and three increments of curvatures and 
twist dp, 6g and dr are interconnected for small strains by the six 
relations 


d 
Op= = + GoX — Noy> 


d 
bqg=—e + oP — Dok, 


d 
br= + roy — 9, 
(2.48) 
aL Ee Ww—frov 
> ae qo 0o"> 


dv 
ES a ae = Pons 


dw 


aaerT 


+ PoV —Qgu. 


Zo 


Xo Ye 
Fig. 53 
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The last one of these expresses the condition of inextensibility of 
the bar axis, namely ds = ds. . 
The components along the axes x, y and z of the vector sum of 
the internal forces on a cross-section of the bar will be denoted by 
V,, V,, and V,, and the components of the resultant moment by 
L,, L, and L,. Assuming that the bar is subjected to external forces 
of intensities f, and f,, and writing down the equilibrium equations 
for an element of the bar, we obtain the six Kirchhoff equations: . 


dV, 

Ws +qV,—-rV,+f=9, 
av. 

qa Pe Tp, 
ds +pV,-—qV, = 0, 
(2.49) 
dL, 

ae +qLl,—rL,—V,=0, 
dL, 

ae +rbL,—-pLlb,4+V,=090, 
as + pL, — qL, == 0): 


We obtain a closed system of equations by supplementing Equa- 
tions (2.49) and the kinematic Relations (2.48) by the elastic relations 
L.= EJ, 6p, L,=EJ,6q, L,=GJ,6r. (2,50) 
Here EJ, and EJ, are the bending stiffnesses; GJ, is the torsional 
stiffness. 
Making use of these equations, we can easily derive an equation 
which is satisfied by the deflections of the deformed bar from its 
tectilinear form of equilibrium (Fig. 53). Suppose that the bar is 
not naturally twisted. At the same time we shall assume that the twist 
of the rectilinear rod under the action of the external moment L can 
be large enough to have:a significant effect on the behavior of the 
bar in bending (this effect is obviously the more noticeable the greater 
the difference between the bending stiffnesses). In order to take this 
finite twist into account, ry in Relations (2.48) should be replaced 
by the expression 
(2.51) 


"0 GIy” 
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setting at the same time py = gy = 0. This corresponds to the coordi- 
nate system Xo Yp Z) being connected to the twisted bar in its recti- 
linear state. 

In considering small deflections from the rectilinear position, we 
shall assume that the displacements u and », the angles » and y, and 
the curvatures p and g are small quantities of the first order, and we 
shall ignore their squares and powers of higher order. Then the third 
and sixth Kirchhoff equations can be written approximately as 


dV, _ dL, 
ds ds 


= 0, 


i.e. the longitudinal force V, and the twisting moment L, can be 
considered as constants over the length of the bar. Consequently, 
in Equations (2.49) we can set V, = —P and L, = L. Discarding 
from these equations quantities of the second order, we obtain a 
simplified system of equations 


dV, ~ 3 

ay OV 9 P +h = 9, 

et pP +n Veth=0, 

ie (2.52) 
zo —toly + gL — Vy =0, 

dL 

rr —pLh+rL, + VS. 


Eliminating V,, and V, from these equations and using the Clebsch 
Relations (2.48), we obtain immediately a system of equations relating 
either the angles y and y or the displacements u and v. The latter are 
particularly useful for investigating small bending oscillations about 
the equilibrium position. We must, however, include in the equations 
the inertia forces 
2 2 
fea -mot, f= —mSy. (2.53) 


Let us consider in more detail the case of equal bending stiffnesses 
EJ, = EJ, = EJ. In this case all the central axes of the section are 
principal axes and we therefore have a wide choice in the systems 
of coordinates x Yo Z) and x y z. In particular, we can select a system 
in which there is no torsion. Then in the Clebsch Relations (2.48) and 


the Kirchhoff Equations (2.49) we can set ry, = 0 


re dy _ dy | ; 
as as (2.54) 
_ de _ _ dv 
ae ds 9 P= ie 
dV, 
ds —qPt+ Ff. = 9, 
dV. 
Ts +pP+ f,=0, 
oe (2.55) 
a +qL-—V,=0, 
dL, 
rr —-pL+V,=0, 
L,=EJp, L,=EJq. (2.56) 


2.11. STABILITY OF THE RECTILINEAR FORM OF A BAR 
IN COMPRESSION AND TORSION (EULER’S METHOD). 
CLASSIFICATION OF THE BOUNDARY CONDITIONS 


Let us now consider the problem of the stability of the rectilinear 
form of a bar in compression and torsion when EJ, = EJ, = EJ. 
We shall first apply the Euler method to this problem, Setting 
f. =f, = 0 in Equations (2.55) and eliminating V, and V,, we 
obtain 


Is +a L+pP=0, 
d*L, dp 
ae: L+qP= 


Making use of Relations (2.54) and (2.56) we arrive at the system 
of equations 


EJuY +L" + Pu" =0, 


(2.57 
EJvov —Lu'"’ + Pv’ =0. 


Here the dashes denote differentiation with respect to the arc length s, 
which in view of the smallness of displacements coincides with 
differentiation with respect to z. 


DPLADILIALI VE DYUILIDINLU Ub bo.sy waaay mw 


The problem is to find combinations of the parameters L and P 
for which the boundary-value problem described by Equations 
(2.57) and the corresponding boundary conditions has solutions 
other than the trivial solution u = v = 0. We can speak of the eigen- 
values of the boundary-value problem L(P) which depend on P as 
a parameter. If the boundary-value problem is self-adjoint (which 
corresponds to the case of external forces with potential) all the 
eigenvalues are real, and consequently, by using Euler’s method, 
we can find pairs of values of ZL and P at which bifurcation of the 
forms of equilibrium takes place. In this case transition from stability 
of the rectilinear form of equilibrium to instability occurs at certain 
minimum values in modulo of L = L(P). 

We can classify the boundary conditions for which an investigation 
of elastic stability by the Euler method leads to a self-adjoint boun- 
dary-value problem. It is wellknown that a boundary-value problem 
described by the differential equation &(u) = 0 is self-adjoint if the 
expression 


Kz f ele @ (te) — 14, B(ug)| dz (2.58) 
: “: 


vanishes for any two functions u,(z) and u,(z) which satisfy the boun- 
dary conditions of the problem. The vanishing of the quantity A 
means that the reciprocal work theorem is satisfied. 

Let us derive an analogous expression for the system of Equations 
(2.57). In this case, instead of Formula (2.58), we have 


I 
A = [lu erunY + Loy’ + Puy) — u(EJuyy + Lo’! + Pug)|dz + 
v ; 


I 
+ [ olE Tay — Lull + Poll) — vo (EJ — Lull! + Po’) dz. 
0 


After integrating by parts four times, we find 
A= [(EJull +Lof + Pul)u + (EJv'l! —Luf + Pol)o 
—(EJuy + Lv + Pu)u, — (EJvy — Lu — Pop) + 
+(EJul + Lv) ul + (EJ 0; —~Lu)vf — EJuull — Eso, vt}. 
= (2.59) 


126 THEORY OF ELASTIC STABILITY 


The equality A = 0 can be satisfied in an infinite number of ways, 
by selecting various combinations of the eight boundary conditions 
for u and v. For a bar clamped at one end u(0) = v(0) = w’(0) = 
= v'(0) = 0: we shall assume that these conditions are satisfied. In 


addition, we shall suppose that at the free end z = / the conditions 
J ttt L ft P ? = 0, 
EJu"+Lv' + Pu (2.60) 

EJv" —Lu"+Pv' =0 


are satisfied. In order to understand the meaning of these conditions, 
consider the Kirchhoff equations (2.55): 


Vi,— Pu" =0, 
V, —- Pv’ =0, 
L.+Lu"’ —Vv,=0, 
L,+Lv"’ + V, =0. 
Integrating the first two equations, we obtain 
V,= Pu'+o6Py, 
V,= Po +oPs, 
where the constants of integration 6P, and 6P, represent external 


transverse forces applied at the end of the bar. If we substitute these 
expressions into the other two equations we obtain 


EJu’ +Lv"+Puw=-5P,, 
EJv'" —Lu" + Pv' = —6P,. 
From this we see that if 6 P, = 6 Ps = 0 Conditions (2.60) are satisfied. 


Taking into account Conditions (2.60), we can’-write Formula 
(2.58) in the form 


A=([-EJul u,— EJvy vo, + EJ uguy + 
+ EJvy vy — Lvypug + Lu, v),., = 0. (2.62) 


(2.61) 


This condition is satisfied if we set 
EJu’Q)=LfAv’O+ kv (O}, 
Esp") =LI+ Kw + BW), 
where A, B and # are constants. This can be verified by direct sub- 
stitution. 


Conditions (2.63) have a very simple mechanical meaning. Their 
left-hand sides contain the bending moments L,(/) and L,(/), equal 


(2.63) 
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to the projections onto the x and y axes of the moment L at the end 
section. Consequently Relations (2.63) specify a certain type of 
behavior of the moment Z during bending deformation of the bar. 

We shall now examine a few particular cases. Suppose that 
A=B=k=0; then L,() = Lw’(),.L,() = 0. This corresponds 
to the case of a bar subjected-to a couple L = 2Pa applied to a rigid 
disk on the line # = O (Fig. 54a). It is assumed that in the state 
of torsion immediately preceding loss of stability the forces of the 
‘couple act tangentially to the disk, and that with loss of stability they 
retain their direction and point of application. 


Fig. 54 


Suppose now that 4 = B=0 but that k = —1/2. In this case 
LW) = 1/2Lu'(),L,@Q = —1/2L0'(), ie. the vector L = 2 Pa bisects 
the angle between the directions of the axes z and z,. Such a moment 
can be produced by three or more equal and evenly spaced forces 
applied to the circumference of the disk and behaving in the same 
way as the forces in the previous case (Fig. 54b). _ 

A further variant of the boundary conditions is obtained by putting 
A=k=0, B= tan6. Then L, = L(u’ + tan6v’), L, = 0.. This is 
the case when two forces P are applied in the direction of the tangent 
to the disk in the undeformed state, their direction remaining con- 
stant during subsequent deformation. If 6 is the angle of twist which 
occurs before loss of stability, then L = 2Pacos@ (Fig. 54c). If 
6 = 0 we arrive back at the first of the three cases considered. 

The foregoing types of twisting moment were classified by Ziegler, 
who called the first a quasi-tangential moment, the second a semi- 
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tangential moment and the third, a pseudo-tangential moment. It is 
obvious that the moments in these problems are conservative, since 
the forces which form them are conservative. 

Conservative stability problems for bars in torsion have been 
studied by E. L. Nikolai,? Shashkov,? Makushin,‘, Ziegler®, Beck®, 
and others. We shall not, however, go further into these problems, 
proceeding instead to the study of non-conservative problems. 

A moment whose vector remains directed along the deformed axis 
of the bar can be produced by a pair of tangential forces (Fig. 55a). 


Fig. 55 


We shall define this as a tangential moment. For this moment 
L,() = L,(J) = 0, and consequently 


A= —Lol() ui) + Lui) iD). 


1. See reference on p. 89. ; 

2. Nrkovat, E. L. Studies in Mechanics (Trudy po mekhanike) Gostekhizdat. 
1955. 

3. SHASHKOV, I. E. On the stability of a bar of arbitrary section in compression 
and torsion. Inzh. sborn. 7 (1950). 

4. MAKUSHIN, V. M. Investigation of the stability in torsion of a bar with equal 
principal bending stiffnesses. Sb. ‘‘Raschety na prochnost’’’, No. 2, Mashgiz, 1958; 
see also the book: PoNomareEV, S. D., BIDERMAN, V. L., LIKHAREV, K. K., MAKU- 
SHIN, V. M., MALININ, N.N., Feopos’ev, V.I. Strength Analysis in Mechanical 
Engineering (Raschety na prochnost’ v mashinistroenii), Vol. II, Mashgiz, 1959. 

5. ZIEGLER, H. Knickung gerader Stébe unter Torsion. Z. angew. Math. Phys. 
3, No. 2 (1952). 

6. Beck, M. Knickung gerader Stabe durch Druck und konservative Torsion, 
Ing.-Arch., 23, No. 4 (1955). 
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If the end section can rotate, then with an arbitrary choice of func- 
tions wu, Ug,.v, and vg we have 4 + 0. The boundary-value problem 
proves to be non-self-adjoint. 

Consider a moment, the vector of which remains in a direction 
parallel to the undeformed axis. Such a moment could be produced 
by forces with fixed lines of action in space (an axial moment; see 
Fig. 55b). In this case L,() = Lu'(D, L,() = —Lv'() and con- 
sequently the quantity 

A=EJuyu + EJvgo, = Ludo) — Lod) ud) 


has the same value as for a tangential moment. 


Fig. 56 


The non-conservative nature of tangential and axial moments 
can also be seen from the following elementary considerations 
(Fig. 56). If we transpose a solid body, on which a tangential or 
axial moment Z acts, into a new position, rotating it through an 
angle mz about the z axis, the work done by the moment will be aL. 
We could have arrived at the same state by rotating the body first 
through an angle x about the axis Ox and then through an angle z 
about the axis Oy. The work done is zero both in the case of a tan- 
gential moment and in the case of an axial moment. We see then 
that the work done by the moment in -passing from one state to the 
other depends on the path followed, which proves that the external 
forces have no potential. 
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We will show now that in the case of a tangential moment there 
can exist no deformed states of the bar in equilibrium. close to the 
rectilinear form. Following the method proposed by E. L. Nikolai, 
Jet us consider the system of equations 


EJu'" —Lv"’ + Pu’ = —56dP,, 

EJv"+Lu’+ Pou = —dP,. 
We shall first find the general solution to these equations for 6 P, + 0, 
6P, + 0. Making use of the symmetry of the system, we introduce 


a complex deflection w = u +iv and a complex force 6P = 6P, + 
+ idP,. In this way we obtain the equation 


w —iBw" tow = — dp, (2.64) 
where 
PP LI, 6 PR z 


The corresponding characteristic equation 
P—ipr+tar=0, 


apart from the root r = 0, has two purely imaginary roots: r = ir, 
and r = ir,. Here | 


2 
roe = f ae Vi(5) + x]. (2.66) 
The general solution to Equation (2.64) is of the form 
; 6p: 
w= Cen + Cre’? + Cs — a (2.67) 


The boundary conditions for a bar clamped at one end and sub- 
jected at the other to a tangential moment and a compressive force 
are given by 
dw(0) _ dw(i) _ 


w(0) = 


Hence we find 
C, + Ce + C, = 0: Soe | 


r? Cie’ + r3 Cy ett: = 0. 


(2.69) 
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For this system of equations to have non-zero solutions, it is necessary 
and sufficient for its determinant to be zero, i.e. 


1. 1 1 
A > i ry I lo 0 = 0. 
ree’ r2etts 0 
By definition r, and r, are real. Expanding the determinant, separating 
the real and imaginary parts, and taking the modulus of the complex 
expression, we find immediately that 
|A| = ry ro[r? + r2 — 2r, r, cos(r, — r,)]. 


There are two possible ways of satisfying the condition |4| = 0. 
The first is to take r,; = rg. Then, as follows from Formula (2.66), 
2 
a= va 
Thus the boundary-value problem has real values when P is a tensile 
force. Until now this result has passed unnoticed, although it can 
be obtained quite simply from relations derived by E. L. Nikolai. 


The condition that |4| = 0 will also be satisfied if ry = — ra, 
cos 2r, = —1. This corresponds to the assumption that 6 = 0 and 
ao = 77/4 (n = 1, 2,3,...). Whence 

WES 
«= TR? 


i.e. we arrive at a very familiar result. If B + 0, « > 0, then the 
boundary-value problem has no real eigenvalues. 

Analogous results can quite easily be obtained for an axial moment; 
in this case the third of boundary Conditions (2.68) should be replaced 
by w"(1) = if w'Q). 

Since the present problem is non-conservative, the presence or 
absence of branch points in the static solutions should not be taken 
as an indication of stability or instability of the rectilinear form of 
equilibrium. For this reason we shall from now on investigate small 
oscillations of the bar about its position of equilibrium. 


2.12, BAR WITH A CONCENTRATED MASS AT THE END. 
METHOD OF SMALL OSCILLATIONS 


Suppose that a bar has a concentrated mass M at the end (Fig. 57). 
Ignoring the rotational inertia of this mass, we can write down appro- 


132 THEORY OF ELASTIC STABILITY 


ximate equations for small oscillations of the mass as follows: 


d*u d*p 
Mou “Ge + Mba Ge tu= 06 
>. dike oy (2.70) 
Mo, S4 + Mon FE 4 020. | 


Here 6,, and 6,, are the displacements of the end of the bar in the 
directions of the axes Ox and Oy under the action of a unit con- 
centrated force acting in the direction of Ox; 63, and dg, are the 


Fig. 57 


corresponding displacements due to a unit force acting in the direc- 
tion of the axis Oy. These displacements are calculated, of course, 
taking into account the force P and the moment L. 

In an effort to avoid tedious calculations we shall confine our 
attention to the case of a tangential moment, assuming that P = 0. 
Equation (2.64) then becomes 

ww" —iBw"’ = — dp, 
where the definitions of (2.65) still apply. The characteristic equation 
rP— ip r =0 
has a purely imaginary root r = if and a double zero root. Thus 
the general solution to Equation (2.64) will be 
6 pt 


w= Ce + C0 + C3- >. 
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If we now impose the boundary conditions w(0) = w’(0) = w’’(1) = 0, 
we find 


In order to find the unit deflections 5,, and 6,, we substitute the 
value of dp = —/3/EJ into Formula (2.71) and separate the real 


and imaginary parts. In this way we obtain 
_ eee B 
64, = Rew(1) = rat + > cosB — f sinf}, 


6,2 = Im w(1) = — sepy ind — Bcosf). 


We determine the displacements 6,,; and 6g, by setting 
op = —iP/EJ. Thus 


6., = Rew(l) = eET => (sinB — B cos), 


doo = Imw(1) = rat + f — cosp =3 sin). 


Note that 6,, = 63, (which follows also from conditions’ of sym- 

metry), but 6,, = —6,,. This is of considerable significance for the 

problem of stability of the rectilinear form of equilibrium!. 
Substituting the expressions 


u(t) = Ue'®, v() = Ve'#!, 


into Equations (2.70), we obtain an equation for the natural fre- 

quencies 
7 1 — M6,, 2 — M 6; , $2? on 
— M6,, 2 1 — Md,, 2? 

If 8 + 0 the roots of this equation 


Ome |= + bee + V[(is — S20)? + 4010 Saal 
a 2M (0611 0a2 — 512 521) 

1. In order to reduce Equations (2.70) to a form analogous to the equations 
considered in Chapter 1, we simply introduce a matrix 5;;,(8) which is the inverse 
of the matrix M 6;,(8). The equations then become 

d? Uu Rca! & 
Fe +5 bulb) uy = 0. 


Since 6, =—0691, it follows that b,, = — bs. 
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due to the properties of the unit displacements, always include two 
which have a negative imaginary part. Therefore the rectilinear 
form of the rod is unstable for any non-zero value of the moment L. 
This paradoxical result was first discovered by E. L. Nikolai. The 
explanation is, of course, that the system possesses multiple partial 
frequencies (when f = 0), and damping is not taken into account. 
If damping is taken into account the critical moment is found to be 
finite. It is also finite if the bar has unequal principal stiffnesses, in 
which case the partial frequencies are unequal, and the critical 
moment, therefore, is non-zero. 

It is quite certain that non-conservative torsion occurs to some 
extent in all turbines. The fact that no actual cases of instability 
brought about by non-conservative torsion have been discovered 
must be explained, not so much by the effect of dissipative forces 
and slight ellipticity of the shaft, as by the effect of the conservative 
component of the moment. If a follower moment represents a suf- 
ficiently small addition to the conservative component, then it helps 
to stabilize the undisturbed form of equilibrium (or motion). This 
phenomenon, which was encountered in the problem of stability 
of compressed bars (in Section 2.5) and in the problem of stability 
of the plane form of bending (in Section 2.8), occurs also in the 
present problem. 


2.13. EFFECT OF THE DISTRIBUTED MASS OF THE BAR 
AND OF DAMPING 


By including inertia terms in Equations (2.57) we obtain the 
equations of small bending oscillations for a bar in compression 
and torsion: 


4 3 a2 2 

Oz! 6z3 Oz" or 

atv au d2v av es 
EJs haat Papa t mapa =? | 


Making use of the complex deflection w = u +iv, we can write 
Equations (2.72) in the form 


4 oe? akg 2 
oe iL ot Pot moe 20. (2.73) 


ne oz3 6z? 
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The boundary conditions for a bar, one end of which is fixed and the 
other subjected to a compressive force and an axial moment, are 
given by 


Oz 
2 
py Otay 26. Ge Pai: 
Oz Oz 
ae w _. @w Ow 
EI, iL— P- =0 at /=0 


The last condition can be interpreted as the requirement that the 
reactive forces 6P, and 6 P, applied to the end of the bar are zero}. 
Making the substitution 


w(z, t) = W(z) sin(Q t + gp) 
we reduce Equation (2.73) to the form 


aw .,8@W aw 
“aee “at & ga ee = (2.74) 


where the definitions given by (2.65) for the non-dimensional quan- 
tities still apply, as well as the additional definition 
m [4 


2 2 
w ¥ Q, 


The boundary conditions are 


10) a ae OG O| 
dW) ,@WQ), dW) _, | ep 
ar se 1 de +a dt =O. 


and the characteristic equation is 
r—ipe+ar—ow=0. 


Its roots will be denoted by r,, rg, 73, rz. Subjecting the solution 
to boundary Conditions (2.75), we obtain the following equation for 


1. See Equations (2.61). 
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the non-dimensional frequencies w: 


1 1 1 1 
ry Ps rs Yq 
(r} — iBrye™ (73 —iBre)e™ (73 —iBrs)e™ (7G — iB rs) e*| = 0. 
a Dig 1 jn 
NY rg rg V4 


The difficulties involved in expanding this determinant and finding 
jts roots are considerable; for this reason we shall confine our atten- 
tion to the case of « = 0. Since we expect that the critical values of 
the parameter f are fairly small, we shall assume that 8 < w*. Then 
approximately, we have 

r=f ag 
— 19 + “4 + abt} 
where ry is one of the roots of the equation r4 — w? = 0. The general 
solution to Equation (2.74) is of the form 
Be 4 
Wh=e* SC, +--+. 
f=1 

Taking into account the boundary Conditions (2.75), we obtain 

‘an approximate equation (where 4 = )w): 

ip 
2 Yo 
Its smallest root is fw = 1.875 + 0.14478 + ---. Thus for any non- 
zero value of § the frequency of oscillations 2 will contain an imagi- 
nary part, and the rectilinear form of equilibrium of the bar will be 
unstable. 

An analogous result is obtained for the case of boundary Con- 
ditions II (Fig. 58). In the case of boundary Conditions III and IV 
loss of stability occurs by bifurcation of the forms of equilibrium 
(in spite of the fact that in case III the torsion is non-conservative). 

We shall now consider briefly the effect of damping when P = 0. 
If in Equation (2.73) we add a term containing the first derivative 
with respect to time of the complex deflection, we obtain the equation 


ofw _. Ow Ow ow 


1 + cosAcoshaé + 


(cosA sinhA + sind coshA) = 0. (2.76) 


1. We follow here the presentation of Troesch (see reference on p. 87). 
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We now substitute in this expression 
w(z, t) = W(z) e**. 


The problem of investigating the stability of the undisturbed form 
of the bar reduces to a study of the complex eigenvalues w of the 
boundary-value problem 

aw ,,aw aw 


oF iz ae Tee tea =O (2.77) 


Fig. 58 


with Conditions (2.75) at the ends. In this case 
w? = —(o2 + go), (2.78) 
where 
ee _e _ 14/EJ 
SO SO ee ~ Vm 
The equilibrium is stable if all the characteristic exponents o lie 
in the left-hand half-plane of the complex variable. The left-hand 
half-plane can be transformed by means of Formula (2.79) into the 
internal region of a parabola, the equation of which is given by 


Im w? = g(Re w?)"', (2.80) 


If Imw? < g(Rew?)", the rectilinear form of the bar is stable. The 
area outside the parabola represents the region of instability of the 
rectilinear form of the bar (Fig. 59). 

An exact analysis of the complex eigenvalues of the boundary- 
value problem requires very laborious calculations. We shall limit 


2 (2.79) 
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ourselves to an approximate solution, assuming that there is only 
slight damping and starting from a stability condition in the form 


Reo < 0, where 
2 
a -£2)(%-@%). (2.81) 


We see from Formula (2.81) that if there is only slight damping, or 
more exactly, if g < (Rea, 


WY 


the following inequality holds on the boundary of the stability para- 
bola: Imw? < Reo”. 


Thus from Formula (2.81) 


4 . . Ima 
ie 24 assis 7 
Co + iReo(1 + ip) 


The stability condition now becomes 
g>2Imo. (2.82) 


We have already given an Expression (2.76), for w which is applicable 
for small moment parameters 8, Using this expression, we find that 
Imow & 0.548, from which the critical value of the parameter 
Bux * 0.93g. As in the case of a system with two degrees of freedom 
(Section 1.16), we have established that for multiple partial frequencies 
the critical parameter is proportional to the degree of damping. 

The foregoing calculations have been carried out for the case of 
an axial moment. Analogous results would be obtained if we con- 
sidered the case of a tangential moment, replacing the third of the 
boundary Conditions (2.75) by the condition W” (1) = 0. 


CHAPTER 3 


STABILITY OF FLEXIBLE SHAFTS WITH 
CONTROLLED SPEED OF REVOLUTION 


3.1. INTRODUCTORY REMARKS 


Among the components of machines designed to transmit power 
the most important are shafts. As regards stability of shafts the 
following remarks are of some importance. Under constant condi- 
tions of loading the speed of rotation of a shaft can be kept constant 
within certain limits. In the most simple cases, when the changes 
in required power output are small and when they take place about 
some mean value, the revolutions can be controlled by a fly-wheel 
with a sufficiently large moment of inertia; in other cases a shaft 
can act as a link in an automatic control system. One of the problems 
facing the designer is to avoid dangerous transverse vibrations of 
the shaft induced by some part of the power in the rotational motion. 
A shaft with a controlled speed of revolution is a typical example of 
a non-conservative system, and the problem of the stability of the 
rectilinear (purely rotational) form of the shaft is a typical non- 
conservative problem of elastic stability. 

The most simple example of this problem is illustrated by a weight- 
less shaft of circular cross-section with one concentrated disk attached 
with its plane at right angles to the shaft (Fig. 60). The elementary 
theory for this case was given by Rankine, Laval and Stodola during 
the first stages of the development of steam turbines and reduces 
briefly to the following. 

1. There exists a certain critical. speed of rotation of the shaft 
at which the amplitudes of transverse vibrations resulting from 
eccentricity assume maximum values; this critical speed coincides 
with the frequency of natural oscillations of the non-rotating shaft 


a= V5 G.1) 
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(M is the mass of the disk, c the stiffness coefficient, equal to the 
force required to give unit deflection). 

2: With further increase in angular velocity after transition through 
the critical value, the amplitude of the oscillations decreases, i.e. the 
disk tends towards a self-centering state. In actual rotors, which 
have not one but a whole spectrum of critical velocities, this self- 
centering process continues, of course, until the angular velocity 
approaches the next critical value. We see here the complete analogy 
with the problem of the oscillations of a ‘usual elastic system under 
the action of periodic external forces. 


Fig. 60 


Experiment shows, however, that flexible shafts often display a 
tendency to self-induced transverse vibrations at speeds other than 
the critical. These vibrations are certainly not associated with any 
eccentricity or other disturbing effects. The first explanation of self- 
induced vibrations which occur beyond the critical speed of rotation 
was given by Kimball}, who was able to show the effect of internal 
friction.. 

Internal frictional forces within the shaft assist in damping vibra- 
tions if the shaft is rotating at a speed less than the lowest critical 
velocity. At velocities higher than the critical the internal frictional 
forces act in the direction of rotation and not in the opposite direction. 
If these forces are large enough compared with the forces of internal 
resistance, they can excite undamped vibrations. 


1. KimsaLL, A. L. Internal friction theory of shaft whirling. Gen. Elec. Rev., 
27, No. 4 (1924); Internal friction as a cause of shaft whirling. Phil. Mag., ser. 6, 
54 (1925). 


The causes of self-excitation become clear if it is remembered that 
a shaft rotating at a constant angular velocity, independently of 
its state, is a non-conservative system. In the present problem there 
is an external energy source, a motor, which maintains a constant 
speed and transmits to the shaft the additional power necessary to 
maintain the vibrations. Internal friction acts as a transmitter of energy 
from the undisturbed (purely rotational) motion to the disturbed 
motion. We note the analogy here with the problem of stability of 
laminar flow of a viscous fluid, where the viscosity forces also contri- 
bute to the transmission of energy from the undisturbed (laminar) 
motion to the disturbed (turbulent) motion and are, therefore, an 
indirect cause of instability. 

After the work carried out by Kimball, the theoretical aspects 
of the problem were investigated by Robertson’, Smith?, Nikolai%, 
Kushul’*, Leonov, Chaevskii and Bespal’ko® and others. The most 
thorough investigations are those carried out by Dimentberg®. A 
critical summary of the literature on this subject up until 1956 has 
been compiled by Pozniak’. 


1. ROBERTSON, D. The vibrations of revolving shafts. Phil. Mag., ser.7, 13, 
No. 8 (1932); Hysteretic influences on the whirling of rotors. Proc. Inst. Mech. 
Engrs., 131 (1935). 

2. SmitH, D. M. Motion of a rotor carried by a flexible shaft in flexible bearings. 
Proc. Roy. Soc..142, No. 846A (1935). 

3. Nixoual, E. L. On the theory of flexible shaft. Tr. Leningr. aie. in-ta, 
razd. fiz-mat. nauk, No. 6, issue 3 (1937); see also N1KOLAI, E. L. Studies in Mecha- 
nics (Trudy no mekhanike), Gostekhizdat, 1955. 

4. KusHuv’, M. Ia. Transverse vibrations of rotating shafts in the presence of 
internal and external friction, Izv. Akad. Nauk USSR, No. 10 (1954). 

5. LEoNov, M. Ia. and Cuaevskn, M. I. Experimental checking of the stability 
of rotation of shafts beyond their critical velocity. Sb. “Voprosy mashinovedeniia i 
Prochnosti v mashinostroenii”, No. 3, Izd-vo. Akad. Nauk USSR, 1955; LEonov, 
M. Ia. and BEsPAL’ko, L. A. On the investigation of the stability of a shaft rotating 
at a supercritical velocity, ibid; CHAEvskil, M. I. Investigation of the stability of 
rotation of flexible shafts beyond the critical velocity. Izv. Akad. Nauk USSR, 
No. 9, 1955. 

6. DIMENTBERG, F. M. Transverse vibrations of a rotating shaft with disks 
attached, in the presence of frictional resistance. Sb. “‘Poperechnye kolebani’a 
i kriticheskie skorosti”, No. 1. Izd-vo. Akad. Nauk USSR, 1951; On the stability 
of a flexible shaft with an unbalanced disk under the action of internal and external 
friction. Izy. Akad. Nauk USSR, OTN, No. 10 (1954); Bending Oscillations in 
Rotating Shafts (zgibnye kolebaniia vrashcha’ushchikhsia valov). Izd-vo. Akad. 
Nauk USSR, 1959. 

7. Pozniak, E. L. Influence of resistance on the stability of rotating shafts. Sd. 
“ Problemy prochnosti v mashinostroenii”, No.1, Izd-vo. Akad. Nauk USSR, 1958. 
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The references listed above were concerned with the investigation 
of the stability of rotation with respect to small disturbances, and 
with finding the conditions under which self-excitation becomes 
possible. Recent research has been directed at finding the ampli- 
tudes of self-oscillations beyond the critical velocities; this requires 
the solution of non-linear equations?. 

Apart from internal frictional forces, there are a number of other 
factors such as aerodynamic, hydrodynamic and electromagnetic 
forces which can cause instability of a rotating shaft. Kapitsa? 
investigated instability caused by friction in bearings and: by aero- 
dynamic friction from the medium surrounding a rotor. Another 
familiar type of instability is that caused by hydrodynamic friction 
in the oil-film in bearings. This problem is of extreme importance 
in the design of modern high-speed turbines, and a great deal has 
been written on the subject.? Similar phenomena are encountered in 
rotors carrying a ferromagnetic core situated in a magnetic field and 
also in rotors containing a liquid with a free surface. Research into 
these problems has been carried out by Pozniak and Epishev.* 

The present chapter deals in general terms with instability of 
rotors caused by the factors listed above; the close relation between 
these problems and other non-conservative problems of elastic sta- 


1. BoLotmn, V. V. Investigation of self-oscillations of a flexible shaft caused by 
internal friction and allied effects. Nauchn. dokl. vyssh. shkoly, ser. ‘“‘Mashino- 
stroenie i priborostroenie’’, No. 4 (1958); Non-linear vibrations of shafts beyond 
their critical speeds of rotation. Sb. “‘Problemy prochnosty v mashinostroenii’’, 
No. 1, Izd-vo. Akad. Nauk USSR, 1958. 

2. Kaprisa, P. L, Stability and transition through the critical speed of revolving 
rotors in the presence of friction. Zh. tekhn. fiz.,.9, No. 2 (1939). 

3. NEWKirK, B.L. and Tayitor, N.D. Shaft whirling due to oil action in 
journal bearings. Gen. Elec. Rev., 28, No. 8 (1925); Haaa, A. C. The influence of 
oil-film journal bearings on the stability of rotating machines. J. Appl. Mech., 13, 
No. 3 (1946); Poritsky, H. Contribution to the theory of oil whip, Trans. Amer. 
Soc. Mech. Engrs., 75, No.6 (1953); NEwkirk, B. L. and Lewis, J. F. Oil-film 
whirl—an investigation of disturbances due to oil-films in journal bearings. Trans. 
Amer. Soc. Mech. Engrs., 78, No.1 (1956); Bocxer, G. F. and STERNLICHT, B. 
Investigation of translatory fluid whirl in vertical machines, ibid. 

4. Pozniak, E. L. Some questions on the stability of a steel core in a magnetic 
field. Nauchn. dokl. vyssh. shkoly, ser. ““ Electromekhanika i avtomatika”’, No.2 
(1958); On the stability of an iron core in a magnetic field. Izv. Akad. Nauk USSR, 
No. 10 (1958); Stability of a rotating iron core in a magnetic field. Izv. Akad. Nauk 
USSR, ser. Energetika i avtomatika, No. 3 (1959); EpisHev, L. V. On the dynamic 
instability of a revolving rotor partly filled with a liquid. Nauchn. dokl. vyssh. 
shkoly, ser. “‘Mashinostroenie i priborostroenie”’, No. 2 (1959). 
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bility will be illustrated. Considerable attention will be devoted to 
the non-linear treatment. Some use will also be made of the experi- 
mental results obtained by Pozniak and Epishev, published here for 
the first time. 


3.2. EQUATIONS OF MOTION OF A FLEXIBLE SHAFT 


Let us derive the equation of motion for a flexible shaft carrying 
a concentrated disk (Fig. 60). We shall assume that the shaft is sym- 
metrical, that the disk is attached at the center and that it vibrates 
only in a vertical plane, i.e. we shall not take into account the gyro- 
scopic effect of the disk. In addition, we shall assume that the shaft 
is weightless and has an infinitely large torsional stiffness; this is 
equivalent to the supposition that the principal frequency of trans- 
verse natural oscillations of the shaft is much less than its higher 
frequencies and its frequency of natural torsional oscillations. The 
weight of the disk will not be taken into account, which corresponds 
either to the case of a vertical shaft or to the case of a sufficiently 
high speed of rotation. In these cases the effect of forces due to weight 
becomes negligibly small. 

Let O, be the point at which the disk is attached to the shaft and C 
the center of mass of the disk. The distance e = O, C, called the 
eccentricity, is assumed to be small. Within the limits of the fore- 
going assumptions, the deformed state of the shaft will be fully 
defined if the coordinates u and v of the point of attachment of 
the disk (i.e. the components of the deflection of the shaft at mid- 
span) and the angle » which the line O, C makes with the axis O x 
are all known (Fig. 60). 

To obtain the equations of motion of the disk we make use of 
d’Alembert’s principle. The projections of the inertia forces on the 
axes O x and O y are given by 


~u [SY - £9 erin ae cose] 
WP ap ° Sp Ape 

o dy dy dp\? 
fy <x t GPecose - (*) esin g], 


P, 


where M is the mass of the disk. The first terms in the brackets 
represents the linear acceleration, the second the angular acceleration 
and the third the centripetal acceleration. 


ee eee eee ea RRA 


The moment of the inertia forces about the axis O z is given by the 
formula 
da "+ Ga Met apa 
where r is the radius of gyration of the disk about an axis through 


the point C perpendicular to its plane, u, and v, are the coordinates 
of the point C, where 


2 2 2 
1, = -M(-5 d*v 2). 


ue = ut ecosg, 
wv. =v+ esing. 


The equations of motion of the disk are 


(3.2) 


du, d®v, 
‘isin v. —) —_—__! 
dt? dt? 


= M( u.) eh ee. 3G) 
Here L, is the active (driving) moment transmitted to the shaft from 
the motor, L; is the resistance moment and c is the stiffness coefficient 
of the shaft. 

Consider the equation of rotary motion (3.3). We see from this 
that rotation at a constant angular velocity 


—+—=o= 3.4 
77 = © = const (3.4) 
is possible if 
du, - d*v. 
en ee M (Se v. - SS He) 


ie. if the active moment varies in a suitable manner. Condition (3.4) 
is satisfied to some degree of accuracy in all automatically controlled 
machines. Even if the speed of rotation is controlled by a fly-wheel. 
Condition (3.4) is satisfied approximately, at any rate, for time inter- 
vals of quite considerable duration. 


1. Systems with a limited power supply and falling characteristic are the subject 
of special consideration. See, for example: KONONENKO, V. O. On the transition 
through resonance of a mechanical system containing a motor. Sb. ‘Problemy 
Prochnosti v mashinostroenii”, No. 5, Izd-vo. Akad. Nauk USSR, 1959. 
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Suppose that the resistance moment exactly balances the active 
moment (L, = L7). Denoting the characteristic value of the ampli- 
tude of transverse vibrations by a, we note that d*u, /dt? ~ aw, 
d*v,/dt® ~ aw. Thus from Equation (3.4) we obtain 

d*p ea, 

de ~ Pp °° 
But d?y/dz2 = dw/dt, and consequently, for the change in angular 
velocity A w during one revolution we find that 


— aw Ix. (3.5) 
69) 


According to the data presented by Biezeno and Grammel!, eccen- 
tricities in steam turbines, even in the worst case, never exceed a 
few thousandths of the radius of gyration r of the disk. We shall 
therefore put e = 10-*r. Suppose also that a ~ 10e ~ 10-*r. We 
then find from (3.5) that 

Aw 


=~ ~ 10-4, 
@ 


i.e. during the course of one revolution the angular velocity does 
not vary by more than 0.01 %. 

By virtue of (3.4) Equations (3.2) can be written in the very much 
simplified form: 


d? 
M—> + cu= Meow'*coswt, 
d? , 
M—; + cvu= Meow’sinwt, 


or, after substituting 2,, the frequency of natural oscillations, in 
the form . 


qd? 
Gat Bu =ewrcos wt, 

3.6 
d*v 5 bak 8) 
qe t Miv=ew sin wf. 


The self-centering effect of the disk after transition through the 
critical speed of rotation can be immediately established by con- 
sidering the particular solution of Equations (3.6). 


1. Brezeno, .C. B. and GRAMMEL, R. Engineering Dynamics. Vol. 2, p. 225, 
Gostekhizdat, 1952. (English translation: Blackie, London 1955.) 
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3.3. Viscous INTERNAL FRICTION. INSTABILITY CAUSED 
By INTERNAL FRICTION 


As was pointed out by Kimball, in a consideration of the questions 
associated with instability in rotating shafts, the frictional forces 
must be divided into two categories. The first includes forces caused 
by contact of the rotating shaft with adjacent fixed components, 
as well as frictional forces from the surrounding medium if the latter 
can be considered to be stationary. The second category includes 
frictional forces set up by hysteresis in the material of the shaft, 
as well as certain other forces (for example, the frictional force 
between the shaft and a firmly seated disk). The distinguishing 
characteristic of the second category of forces is that they depend 
on the relative displacements and relative velocities of the rotating 
parts of the shaft, and consequently they must be introduced by 
means of a rotating coordinate system. Similar properties are to be 
found in the frictional forces in bearings containing an oil-film 
partially rotating with the shaft, and also in the forces between 
a rotor and medium partially rotating with the rotor. It is usual 
to define forces belonging to the first category as external fric- 
tional forces, and those of the second category as internal frictional 
forces. 


Whereas external frictional forces. always assist in damping the 
oscillations, internal frictional forces, under certain circumstances, 
can be the cause of instability, brought about in the end by transfer 
of part of the energy of rotation into energy of transverse vibrations. 
A very important feature of this phenomenon is to be found in the 
simple example of the case when the external and internal frictional 
forces are proportional to corresponding angular velocities of the 
disk. 


Consider the case of the slightly disturbed motion of an ideally 
balanced shaft, when we must set e = 0 in Equations (3.6). In order 
to incorporate internal frictional forces proportional to velocities 
measured relative to the rotating shaft, we introduce a system of 
coordinates rotating at an angular velocity w (Fig. 61). We pass 
from the new variables &, 7 to the old variables u, v by means of the 
formulae . 

u=Ecoswt—ysinwt, 


(3.7) 
v=€snwt+ycoswt. 
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Applying the transformation (3.7) to Equations (3.6), we immedi- 
ately obtain 


d* d 
Te ~ 20-Gh + (08 ae =0,| 
| (3.8) 
2 
#0. 29H (05 wh) =0.| 


Fig. 61 


We introduce into these equations the terms ¢,(d&/d/) and 
€,;(dy/dt), which take into account internal frictional forces (¢, is 
the coefficient of internal friction). Then, after returning to a fixed 
system of coordinates, we obtain the equations 


d? du 
Ga tei gp t Gut woo =0, 
d*v dv 
a ea, t Mov — weu=0. 


We now have to introduce the external frictional forces e,(du/dt) 
and «,(dv/dt), which are proportional to the velocities of the disk 
in the fixed system of coordinates (e, is the coefficient of external 
friction). The equations of disturbed motion now become 


2 
ms + (e+e) Se + Ou + we,0=0, 
(3.9) 
2 d 
Se + ee tel + Mv — we,u=Q. 
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From the point of view of stability the presence in Equations (3.9) 
of pseudo-gyroscopic terms which comprise the antisymmetric 
matrix 
0 we, 


—wée, 0 


is of considerable importance. In this sense Equations (3.9) are 
analogous to the equations of small oscillations of a bar subjected 
to non-conservative torsion, or alternatively, to the equations which 
describe the oscillations of a strip under the action of a “follower” 
force. The angular velocity of the shaft can be considered as a para- 
meter to the accuracy of which the pseudo-gyroscopic terms are 
defined. 

It follows that the problem of the stability of the rectilinear form 
of a rotating shaft under the effects of internal friction can be treated 
as a particular case of the non-conservative problems considered 
in Chapter 1. The present problem, however, has two distinguishing 
properties. 

In the first place the pseudo-gyroscopic terms and the dissipative 
terms contain one and the same parameter. In this respect internal 
friction here induces two completely opposite tendencies—damping 
and instability, of which for sufficiently small angular velocities the 
former predominates, and for large angular velocities, the latter. 
It should be pointed out that certain other non-conservative problems 
of elastic stability possess the same property. For example, in the 
case of a body situated in a flow of gas, in addition to forces due to 
instability of the flutter type, the body is also subjected to forces of 
aerodynamic damping. At sufficiently high flow velocities destabilizing 
forces begin to dominate. 

Secondly, in the case of a shaft of circular section there is a pair 
of multiple natural frequencies. 2, and, in general, the whole spec- 
trum consists of frequencies equal in pairs. Thus, what in the general 
theory was treated as an exception now becomes a rule. The problem 
remains non-conservative, of course, if the principal bending stiff- 
nesses are not identical. This case will be dealt with briefly in Sec- 
tion 4.3. 

Since in this problem both coordinates (x and y) are of equal 
importance, it is expedient to pass to a complex representation of the 
displacements. Introducing the complex displacement 


w=ut+in, 
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we replace (3.9) by a single equation 
d* w 


Se + eet) + Bw -iwew =O. (3.10) 


The solution to this equation is 
w= aeet, (3.11) 


where {2 is the complex frequency. 

The rectilinear form of the shaft is stable if ImQ > 0. Substituting 
(3.11) into (3.10), and taking into account that on the boundary of 
the stability region Im2 = 0, we obtain the two equations 


O-O=0, (4 +6)Q-—ae,=0. 


It follows from the first equation that 2 = {p, i.e. that on the 
boundary of the region of instability oscillations take place at their 
natural frequency. From the second equation we obtain an expression 
for the critical velocity.? 

Ee 


Oy = 2,(1 + =}, (3.12) 


It should be noted that Formula (3.12) can be derived from the 
more general relations given in Chapter 1. With the definitions 
given in Section 1.16, taking into account that if 6 = w/{Q), then 


@, = wo, = 1, 


fi 
bie = — be; = Q” 
Qo 
Bo a & > 
Ee t &; 


and making use of Formula (1.96), we easily arrive at Formula (3.12), 
The graph of the variation of the characteristic exponents s = i 2, 
which is analogous to Figs. 5, 21, etc., is shown in Fig. 62. 


1. This formula can be found in the following references: SMITH, D. M. The 
Motion of a rotor carried by a flexible shaft in flexible bearings. Proc. Roy. Soc., 
Ser. A 142, 92 (1933); DiwenTBERG, F. M. Transverse vibrations of a shaft with 
disks attached in the presence of frictional resistance. Sb. ““Poperechnye kolebaniia 
i kriticheskie skorosti’’, No. 1, Izd-vo. Akad. Nauk USSR, 1951. 
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According to Formula (3.12) the rectilinear form of an ideally 
balanced shaft becomes unstable at a velocity which exceeds the “‘clas- 
sical” critical velocity 2, by an amount which increases with increase 
in the ratio of external to internal friction. Qualitatively this formula 
accurately reflects the stabilizing role of the external frictional forces, 
but quantitatively it is not confirmed by experiment, due to the as- 
sumption made concerning the nature of the frictional forces. 


Fig. 62 


3.4. FRICTION INDEPENDENT OF VELOCITY 


It has been established by numerous experimental studies that the 
forces of internal friction within a material are practically independent 
of velocity, at any rate over.a fairly wide range of frequencies. In other 
words, the area of the hysteresis loop is practically independent 
of the deformation rate. For this reason it is of particular interest 
to study the case when frictional forces are independent of velocity. 

The. detailed way. in which the frictional forces vary during an 
oscillation period has very little effect on the process as a whole, 
but the resultant effect of frictional forces, measured by the energy 
dissipated over a cycle, is of paramount importance. In terms of 
hysteresis this means that damping depends principally on the area 
bounded by the hysteresis loop; the actual shape of the loop is of 
third-order importance. In studying the vibrations of shafts in the 
presence of frictional forces, it is therefore expedient to introduce 
the following integral characteristics—the magnitudes of the relative 
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dissipation of energy due to internal and external friction during one 


cycle: _ AW. . AW, 

amar ae ay (3.13) 
Here AW, and AW, represent the absolute dissipation of energy 
during a cycle, and W is the total energy of the cycle, for example, 
the potential elastic strain energy at the maximum deflection from the 
equilibrium position. In the present section we shall consider the case 
when y, = const and y; = const. 

There are several ways in which the characteristics (3.13) can be 
introduced into the equations of oscillatory motion. One of them, 
indeed the simplest, is as follows.1 Suppose first of all that the dissi- 
pative terms contain first derivatives of the displacements with respect 
to time multiplied by certain coefficients. For these terms to be 
independent of the frequency of vibrations, however, (or more 
precisely, for such dependence, if it exists, to appear exclusively in 
the expressions for y, and y,) these terms must be divided by the 
frequency. For example, in the case of forced oscillations of a system 
with one degree of freedom under the action of an harmonic force, 
the oscillations being expressed by the equation 


li cid ee eile +cu= Pcos(Qt — »), (3.14) 
de dt . ; 
the coefficient € must be taken in the form 
ra A 24 
f= 579 (3.15) 


where y is the relative dissipation of energy per cycle. 
In fact Equation (3.14) has the solution 


u=acos(Qt — »). 
Thus the relative a i of energy over one cycle is 


‘ey du (du dines 
em [etl + at) = Paes 


1. PaNovxo, Ia. G. The effect of hysteresis losses in problems of the applied 
theory of elastic vibrations. Zh. tekhn. fiz. 23, No.3 (1953); Soroxin, E.S. 
A method of taking into account non-elastic resistance of a material in vibration 
analyses of structures. Sb. “‘Issledovaniia po dinamike sooryzhenii’’, Stroiizdat, 
1951, and others. 
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whereas the total energy of the cycle is 


W= Feat 


Consequently A W/W = y, i.e. Equation (3.14) with the coefficient 
(3.15) does in fact describe oscillations which take place with a 
relative dissipation of energy y. 

Note that when the coefficients of the inertia terms in the equations 
of motion are unity, we must replace (3.15) by the expression 


_ By 
~ InQ° 


é 


(3.16) 


We shall now derive the equations of disturbed motion of an 
ideally balanced shaft when the internal dnd external frictional forces 
are independent of frequency of oscillation. We consider first the 
equations in a rotating system of coordinates: 

DS 555 tt 6 (ay = wih 
d2y dé | 


aa 2a —— + (25 — w%)y = 0. 


(3.17) 


We introduce into these equations terms which take into account 
internal friction. Let 2 be the complex frequency of oscillations in a 
fixed system of coordinates appearing in the solutions 


u=uei® y= v, ef, 


Since in the coordinate system rotating with the shaft the frequency 
is w — 2, then from Formula (3.16) the dissipative terms must be 
written in the form 


ei, OT 
22|0 —Q| dt’ 2x|o —@®| dt” 


If we add these expressions, respectively, to the first and second 
of Equations (3.17), return to a fixed system of coordinates and then 
substitute the terms containing the external friction, 


2 Ye du QS Ye dv 
2nQ dt?’ IwnQ dt’ 
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we alrive at the equations 


du L/w, Wi du w 822 y; a a! 

dt rt see +t St eae (ula aaa ee 
dv ao (t+ WY a w 22 y, u+ Qv=0 © ) 
dt 2x Jo — Q] 22a — 2| 7 : 


Here again the possibility of instability can.be seen from the 
presence of pseudo-gyroscopic terms with the antisymmetric matrix 


0 wo LB y; 
2x|o —2| 
22x\|o — Q| 


Strictly speaking Formula (3.16) is valid only in the case of steady 
oscillations, when the frequency {2 is a real quantity. In the case 
when 22 is a complex quantity, but Im 2 < Re Q, i.e. when the motion 
differs only slightly from a closed cycle, it can be looked upon as an 
approximate formula, and Equations (3.18), which are based upon it, 
can be treated as approximate equations. From now on, however, 
we shall use Equations (3.18) only to find the boundaries of regions 
of stability. On these boundaries we have the condition that Im 2 = 0, 
and consequently Equations (3.18) correspond completely to the 
assumptions on which Formula (3.16) is based. 

Passing to complex variables, we obtain in place of (3.18) the single 
equation 


d*w Q2 / We Wh dw ia 2}, 20, — 
dt? +52 (4 dene |. a) at ~ Tapw aj” + 98" = °- 
(3.19) 
We shall seek.a solution in the form 
w= we? (3.20) 


The rectilinear form of the shaft is stable if Im 2 > 0, and is unstable 
if ImQ <0. On the boundary of the region of stability Im 2 = 0, 
Re Q = Q. Substituting (3.20) into (3.19) and equating in turn the 
real and imaginary parts of the result of this substitution to zero, 
we obtain the two equations 


Q- 
2 OF 
28 — 22 = 0, Vee Vi ool a = 0. 
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According to Formula (3.12) the rectilinear form of an ideally 
balanced shaft becomes unstable at a velocity which exceeds the ‘‘clas- 
sical” critical velocity 2, by an amount which increases with increase 
in the ratio of external to internal friction. Qualitatively this formula 
accurately reflects the stabilizing role of the external frictional forces, 
but quantitatively it is not confirmed by experiment, due to the as- 
sumption made concerning the nature of the frictional forces. 


Fig. 62 


3.4, FRICTION INDEPENDENT OF VELOCITY 


It has been established by numerous experimental studies that the 
forces of internal friction within a material are practically independent 
of velocity, at any rate over.a fairly wide range of frequencies. In other 
words, the area of the hysteresis loop is practically independent 
of the deformation rate. For this reason it is of particular interest 
to study the case when frictional forces are independent of velocity. 

The. detailed way in which the frictional forces vary during an 
oscillation period has very little effect on the process as a whole, 
but the resultant effect of frictional forces, measured by the energy 
dissipated over a cycle, is of paramount importance. In terms of 
hysteresis this means that damping depends principally on the area 
bounded by the hysteresis loop; the actual shape of the loop is of 
third-order importance. In studying the vibrations of shafts in the 
presence of frictional forces, it is therefore expedient to introduce 
the following integral characteristics—the magnitudes of the relative 
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dissipation of energy due to internal and external friction during one 
cycle: AW. AW, 
ce ye (3.13) 


Here AW, and AW, represent the absolute dissipation of energy 
during a cycle, and W is the total energy of the cycle, for example, 
the potential elastic strain energy at the maximum deflection from the 
equilibrium position. In the present section we shall consider the case 
when y, = const and y; = const. 

There are several ways in which the characteristics (3.13) can be 
introduced into the equations of oscillatory motion. One of them, 
indeed the simplest, is as follows.1 Suppose first of all that the dissi- 
pative terms contain first derivatives of the displacements with respect 
to time multiplied by certain coefficients. For these terms to be 
independent of the frequency of vibrations, however, (or more 
precisely, for such dependence, if it exists, to appear exclusively in 
the expressions for y, and y,) these terms must be divided by the 
frequency. For example, in the case of forced oscillations of a system — 
with one degree of freedom under the action of an harmonic force, 
the oscillations being expressed by the equation 


d*u du 
M—_— 72 et cu = Pcos(Qt — »), (3.14) 
the coefficient ¢ must be taken in the form 
en 
¢= nD” (3.15) 


where y is the relative dissipation of energy per cycle. 
In fact Equation (3.14) has the solution 


u=acos(Qt — v). 


Thus the relative dissipation of energy over one cycle is 
27/2 


cy du [du Jes 3 
ihe | azo ae lar p= aoe 


1. PANovxko, Ia. G. The effect of hysteresis losses in problems of the applied 
theory of elastic vibrations. Zh. tekhn. fiz. 23, No.3 (1953); Soroxin, E. S. 
A method of taking into account non-elastic resistance of a material in vibration 
analyses of structures. Sb. “‘Issledovaniia po dinamike sooryzhenii”, Stroiizdat, 
1951, and others. 
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whereas the total energy of the cycle is 


Consequently 4 W/W = y, i.e. Equation (3.14) with the coefficient 
(3.15) does in fact describe oscillations which take place with a 
relative dissipation of energy y. 

Note that when the coefficients of the inertia terms in the equations 
of motion are unity, we must replace (3.15) by the expression 


_ By 


oe 22 f° 


(3.16) 


We shall now derive the equations of disturbed motion of an 
ideally balanced shaft when the internal and external frictional forces 
are independent of frequency of oscillation. We consider first the 
equations in a rotating system of coordinates: 


dé dn 


(3.17) 
d? d 
=r +t 20 4 (22 — w®)n =0. 


We introduce into these equations terms which take into account 
internal friction. Let 22 be the complex frequency of oscillations in a 
fixed system of coordinates appearing in the solutions 


a iQt = iQ@t 
game. vv, e**. 


Since in the coordinate system rotating with the shaft the frequency 
is w — 2, then from Formula (3.16) the dissipative terms must be 
written in the form 


By, dé Ry dn 
22% |0 —2| dt’ 2x|ma —@®| dt~ 
If we add these expressions, respectively, to the first and second 
of Equations (3.17), return to a fixed system of coordinates and then 
substitute the terms containing the external friction, 


Qey, du QRw. dv 
222 dt’ 222 dt’ 
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we arrive at the equations 


du 2 /y Yi du wo 25 Yi 

ce ep a of ee Sy paneer UE SS Oey = 

ae tse tea teat em a 

d*y QB ly Wi dv w 22 y; : 
cea EN, eins ee O25 = 0. 
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Here again the possibility of instability can. be seen from the 
presence of pseudo-gyroscopic terms with the antisymmetric matrix 


0 w 22 y, 
22|o0 — Q| 
22%\|o — Q| 


Strictly speaking Formula (3.16) is valid only in the case of steady 
oscillations, when the frequency {2 is a real quantity. In the case 
when {2 is a complex quantity, but Im 2 < Re 2, i.e. when the motion 
differs only slightly from a closed cycle, it.can be looked upon as an 
approximate formula, and Equations (3.18), which are based upon it, 
can be treated as approximate equations. From now on, however, 
we shall use Equations (3.18) only to find the boundaries of regions 
of stability. On these boundaries we have the condition that Im 2 = 0, 
and consequently Equations (3.18) correspond completely to the 
assumptions on which Formula (3.16) is based. 

Passing to complex variables, we obtain in place of (3.18) the single 
equation 

aw 2 (4s 7 dw iw Qo; 


d@ *on\aqt dt 2n|lo —2| 


2 = 


(3.19) 


We shall seek.a solution in the form 
w = w,e!#, (3.20) 


The rectilinear form of the shaft is stable if Im 2 > 0, and is unstable 
if ImQ< 0. On the boundary of the region of stability Im2=0, 
ReQ = Q. Substituting (3.20) into (3.19) and equating in turn the 
real and imaginary parts of the result of this substitution to zero, 
we obtain the two equations 

2 — w 


2 2— —_—_—__- = 
3 22 0, Yet Vit a] 0. 
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From the first equation, as in the case of viscous friction, we find 
that the frequency of oscillations 2 = 2). The second equation can 
be re-written in the form 


Ye — Yi sgn(w — Q) = 0, (3.21) 
where sgn represents a change-of-sign function 
| 1, if x>0, 
0, if x=0, (3.22) 
| —1, if x<0O. 


Equation (3.21) can be satisfied only if two conditions are fulfilled 
simultaneously. The first is that the angular velocity must be higher 
than the “‘classical”’ critical velocity 2,. The second condition is 
that the magnitudes of the relative dissipation of energy due to 
external and internal friction must be equal. 

Thus if w < §2,, the rectilinear form of an ideally balanced shaft 
is always stable. If w > 2,, however, it can easily be shown that 
two cases can arise. If y, < y, the rectilinear form is stable, and if 
Ww; > we it is unstable. . 

‘Equation (3.21) can be looked upon as an energetic relation between 
the forces of internal and external friction, the function sgn x re- 
presenting the different effects of internal friction at pre- and post- 
critical velocities. If w < 2,, internal friction acts together with 
external friction, i.e. in a direction opposite to the direction of motion 
(Fig. 63a). In this case it has a stabilizing effect. If w > Q, the internal 


sgnx = 


(a) (0) 
Fig. 63 


and external frictional forces act in opposite directions, and con- 
sequently self-excitation of the vibrations becomes possible (Fig. 63b). 
The intermediate case, when w = 22,, corresponds to the case of 
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so-called synchronous precession, when the deformed shaft rotates 
about a longitudinal axis without undergoing further deformations 
dependent on time, and thereforé when internal friction is absent. 


3.5. THE CASE OF ARBITRARY DEPENDENCE OF 
FRICTION ON FREQUENCY! 


The case when external and internal friction depends in an arbi- 
trary manner on the frequency of the vibrations is of particular 
interest since, as can easily be shown, even when these forces are 
only slightly affected by the frequency, the nature of the problem in 
a qualitative sense can. be altered quite considerably. 

If the magnitudes of the relative dissipation of energy depend 
on the frequency, then Equations (3.18) remain valid; however, in 
these equations we must put 


Pe = pe(2), 
Yi = plo — Q)). 
Following the procedure of the preceding section, we obtain 
. OQ —- Q=0, 
pl) — p(w — 2) sgn(w — 2) = 0, 


from which it immediately follows that the onset of instability occurs 
when the conditions 


wo > Q), 


Pe(Qo) < yi(w — 2). 
are satisfied. 
These conditions can conveniently be represented graphically if 
we introduce the function 


p(m) = pe(2o) — y, sgn(@ — 25), 
gf 


Fig. 64_ 


1. Pozniak, E. L. See reference on p. 141. 


which, as we see, is the total relative dissipation of energy. Assume, 
for example, that y, is independent of the frequency and that the 
relation y, = y,(Q) is of the form shown in Fig. 64. The graph 
for the total dissipation of energy for this case is shown in Fig. 65. 
If w < Q, the external and internal losses add; if @ > 2, they sub- 


Fig. _ 
tract. Here again a number of different cases can arise. Ify, > maxy;, 
then the rectilinear form of the shaft remains stable for any post- 
critical velocity. If y. < miny,, then everywhere beyond the “classi- 
cal”’ critical velocity we shall have instability. If miny; < y. < maxy,, 
then at a certain angular velocity w, > Q, instability occurs, but after 
the velocity w,.,,isexceeded stability once moresets in (Fig. 65). This latter 
case is often encountered in everyday practice as well asin model tests. 
The case considered in Section (3.3) of forces of viscous friction 
can be solved by using the general relations. If we express the relative 
dissipation of energy in terms of the coefficients e, and ¢,, we obtain 
2m, Q 20 &|o — 2Q| 
Ye 23 > Y= 2 


A‘ graph of the function y = y(w) is shown in Fig. 66. 


Fig. 66 
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3.6. GENERALIZATION OF THE PROBLEM TO THE CASE 
OF UNEQUAL PRINCIPAL STIFFNESSES AND AN 
INFINITE NUMBER OF DEGREES OF FREEDOM 


In the preceding sections we have considered a shaft of circular 
cross-section. If the principal stiffnesses are not the same, the problem, 
of course, is still non-conservative. We shall make a brief study of 
this problem, confining our attention to the case of external and inter- 
nal viscous friction.+ 

So as to obtain equations with constant coefficients we shall employ 
a coordinate system which rotates together with the shaft. Ignoring 
anisotropy of the coefficients of friction, in place of Equations (3.9) we 
obtain 


d2 
Sate te) - 201 + (4 - wtf - e070 =0, 
7) 
<1 + (€ + &) 4 + 20 + (Qh = a) 9 + ee F = 0. 


Here 2, and Q, are the partial frequencies of the non-rotating shaft 
(evaluated, of course, without taking friction into account). The 
corresponding characteristic equation is given by 


S* + 2(e, + &,) 8? + [Q, + 22 + 2m? + (Ee, + €;)*] 5? + 


+ [(€. + &;) (Q3? + 232 — 2m?) + 4e, a] 5 + 
+ (QE — w*) (Q3 — w*) + ew? = 
Of the Routh-Hurwitz conditions, two are non-trivial for ¢, > 0, 
€,; > 0. The first 
(22 — mw) (Q3 — w?) + 2a? > 0 
enables us to find the boundaries of the region of instability, which 
is situated in the interval between the partial frequencies. This form 
of instability is brought out by different principal stiffnesses; it has 
been studied in detail and we shall not consider it further here?. 
The second non-trivial condition 


~2(€_ + &)* (D3 + QB + (Co + &:)* (QR — QD? + 
+ 4e%(e. + &,)? [2(Q? + 2) + 22] — 16e? wt > 0 (3.23) 


1. DIMENTBERG, F. M. See reference on p. 141. 

2. See, for example, the book: BoLotin, V. V. Dynamic Stability of Elastic 
Systems (Dinamicheskaia ustoichivost’ uprugikh sistem). Gostekhizdat, 1956, 
which considers the corresponding non-linear problem. 
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corresponds to the specific instability caused by ‘internal friction. 
If 2, = 2, = 25, then Condition (3.23) leads to a critical velocity 
given by Formula (3.12). If 2, + ,, but the internal and external 
frictions are sufficiently small, then we can use the simple formula 


(- a | 
2 2 2 
(1 +2) eens ( | ia il 
Q é, \" 
(1 + =] | 
&; 

So far we have considered a weightless shaft with a single concen- 
trated disk, treating it as a system with two degrees of freedom. To 
generalize this problem to the case of many or even an infinite number 
of degrees of freedom presents no serious difficulties, if the analytical 
expressions for terms which take into account internal and external 
friction are known. 

As an example, consider the case of a shaft of constant section, 
assuming that the material of the shaft is visco-elastic. In this way the 


law governing forces. of internal friction will be specified. We can 
therefore take the relation between the stress o and the fiber strain « as 


cus E(e - no), (3.24) 


where x is some constant which takes into account internal friction. 

Consider first the case of a stationary shaft. Let u(z, 2), v(z, 2) be 

the projections of the displacements of an arbitrary point on the axis 

of the shaft onto the fixed axes of coordinates. Then, within the 

limitations of the assumption that plane sections remain plane, 

we obtain a formula for the longitudinal strain of an arbitrary fiber 
eu C7 


é=- 3.5) -35% 


oz? Oz? 


Taking into account (3.24), we readily obtain formulae for the bend- 
ing moments on sections of the shaft 


ee 
Z 


joe EI( 


STABILITY OF FLEXIBLE SHAFTS 159 


The equations of natural oscillations for the non-rotating shaft 
become 


oe Pu Oru . 
dtu dev Cv 
EJTG tn ES a t+msz = 0, 


where m is the mass per unit length of the shaft. We see then that 
inclusion of the effect of internal friction leads to the appearance 
of the additional terms 


Ou Ov 
wi I aaa wn EI 


in the oscillation equations. 

Now consider the case of a rotating shaft. In this case the forces 
of internal friction must, obviously, be introduced in a rotating 
system of coordinates, and they must be expressed in terms of the 
projections of the displacements &(z, ¢) and 7(z, £) on these coordinate 
axes (Fig. 66). We transform the equations 


Of u Cu 


Elza tmy_ = 9, 
o*v Ov 
EJ 7a +m>3y = 0 


to a rotating coordinate system. Setting 
u=€coswt—ysnwt, 


v= €sinwt+ycoswt, 


in these equations, we obtain 


eee ee ace 


0g 0*n on oe 
EIs1 + 20 + m( at y) = 0. 


We include the additional terms 


QsE ar 
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in these equations, return to a fixed coordinate system and then 
add the terms au a 

E¢ OL > Ee OL E) 
which take into account viscous external friction. The final equations 
are found to be? 


O1u o*v Ou Ou Ou 
EIS = + wn BIZ + nET oe Hop op ap ise 
O*v Oty fv Ov C2 pv . 
EJ74— On EIZ| g txEIAGe a5, +f Sag tae 


In the case of a shaft simply supported at the ends the system of 
Equations (3.25) has a particularly simple solution. Setting 


u(z, t) = u;(t) sin 2 “= : 
v(z, t) = v,(t) sin 


OSH 12) 24), 
we see that the boundary conditions will be satisfied. Substitution 
into (3.25) yields 


oe + (x 2? +0) oh + OP uy + woxQv, =0, 
Fes e O OF», — wx Qu, = 0 
qe + & + 6) Bb 4 — wx Qu; 
ee eee 
where iy EJ 
a _ : 


If we omit the subscript j and put a = €,, we obtain a system 
identical to (3.9). Hence, applying Formula (3.12) and returning 
to our previous notations, we find that the critical velocities are 
given by 


eee (1 + cs) no ae 


1. Equations of this type were first derived by DumENTBERG (see, for example, 
the book: Bending Oscillations of Rotating Shafts (Izgibnye kolebaniia vrashchaiu- 
shchikhsia valov). Izd-vo. Akad. Nauk USSR, 1959. 
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It will be seen then that in the present problem there is no connec- 
tion between the various modes of oscillations and instability, for 
a particular form occurs independently of the other modes of oscilla- 
tions. In order for instability to occur the angular velocity must exceed: 
the corresponding “‘classical”’ critical velocity (equal to the frequency 
of natural oscillations of the non-rotating shaft) by an amount which 
increases with increase in the external resistance. 

The result is based on our assumptions concerning the nature of 
the internal and external frictional forces. It is not difficult to genera- 
lize this result to the case of an-arbitrary relatidn between frictional 
forces and frequency, as was done in Section (3.5) for a shaft with one 
concentrated disk attached. Let 22 be the frequency of vibrations. 
Then we can take the following expression for the stresses 


_ Yi Oe 
o=E(e+ 57 ey a 


where y, is an arbitrary function of the frequency in a rotating system 
of coordinates w — Q. With such a choice for the law governing 
internal friction, the relative dissipation of energy is the same for 
all forms of oscillations and is equal to y,;. 


3.7. NON-LINEAR PROBLEM 


So far we have investigated the stability of the undisturbed (i.e. 
purely rotational) motion with respect to small disturbances. It is 
of interest to investigate the non-linear problem for two reasons. 
In the first place, such an investigation enables us to find the ampli- 
tudes of self-oscillations which occur as a result of internal friction, 
and in this way to. decide how dangerous these oscillations are and 
what measures can be taken to reduce them to acceptable values. 
Secondly, a non-linear investigation enables us to solve the problem 
of stability with respect to finite disturbances, i.e. the problem of 
stability “in the large”. The fact that the question of stability “in 
the large” is of more than purely theoretical interest will be seen 
from what follows. As far back as 19241, it was noticed by Newkirk 
that a shaft, which maintains its rectilinear form beyond the critical 
velocity, starts to experience considerable vibrations if it is given 
a slight impact. Thus, motion which is stable ‘in the small” can be 


1. Newxiex, B. L. Shaft whipping. Gen. Elec. Rev., 27, No. 3 (1924). 
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unstable “‘in the large”’. Transition to instability requires a disturbance 
which, although finite, is small enough from the practical point of 
view. We have here a practical case when it is insufficient to assess 
stability solely with respect to small disturbances. 


In the next few sections we shall make a non-linear study of the 
problem of vibrations in a flexible shaft of circular cross-section 
rotating at velocities beyond-the critical+. Since our aim is to estab- 
lish general principles associated with the effect of internal friction 
at post-critical velocities, we shall strive to simplify as far as possible 
the remainder of the problem. As in our analysis of the linear pro- 
blem, we shall consider a weightless shaft with one attached disk, 
and we shall confine our attention to a mode of oscillation which 
does not allow the disk to warp and set up gyroscopic moments. This 
sort of shaft can be conveniently represented by our previous shaft 
simply supported at the ends with the disk at mid-span (see Fig. 60). 
We shall assume that the disk is ideally balanced initially, and in 
general we shail ignore the effect of its self-weight. 


Let us consider the vibrations of the rotating shaft with finite 
amplitudes, treating the shaft initially as a system with a finite number 


Fig. 67 


1. BoLotin, V. V. An investigation of self-oscillations of a flexible shaft induced 
by the effect of internal friction and related factors. Nauchn. dokl. vyssh. shkoly, 
ser. ‘“Mashinostroenie i priborostroenie’’ No. 4 (1958); Non-linear oscillations of 
shafts beyond their critical speeds of rotation. Sh. ‘Problemy prochnosti v mashino- 
stroenii”, No. 1, Izd-vo Akad. Nauk USSR, 1958. 
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of degrees of freedom (Fig. 67). In contrast to the elementary for- 
mulation of this problem, we shall employ the exact (non-linear) 
expressions for the curvature of the elastic line of the shaft, and we 
shall also take into account forces of inertia, elasticity and resistance 
resulting from axial displacements of points in the shaft. It can 
easily be shown that to take these forces into account is equivalent 
to taking into account non-linear terms in the corresponding com- 
ponents of the finite strain tensor (1.4). 

Let u and v be the projections of the displacements of points 
on the shaft onto the fixed axes of coordinates Ox and Oy, 1/o, 
and I/o, the projections of the curvature vector onto these axes, 
EJ the bending stiffness of the section of the shaft, m its mass per 
unit length and NW a longitudinal force. Then the equations of oscil- 
lations of the shaft in a fixed system of coordinates become 


CEJ 0 Ou C*u 
—, (—— | + —(N——] +m =0, 
Os" \ 0, Os Os Ot? 
; (3.26) 
ees a 7) N Ov cee 67 0 
as* \ oy ds\ as ot ; 


Here s is the arc length measured along the deformed axis of the shaft 
(assumed inextensible); the terms which take into account external 
and internal friction will be introduced later. In the case when the 
deformed axis of the shaft is a plane curve we obtain . 


O*r/ds* 
Vl — (@r/ds)*]’ 


x 
0 


where r? = u? + v*, From this, taking into account that 


I_eotu 1i_iio Cr Pur vr 
Og or 0 er’ és? 6s? us Gs?’ 
we find that 


i. oe Ould s* il 0* v/0 s* 
o, Vl — (r/és)?]’ @y ~ Yl — @r/és)*]" 


_ The longitudinal force N is composed of inertia forces due to the 
axial displacements of the disk w(//2), frictional forces in the fixed 
support and the reaction of the elastic coupling (Fig. 68). Let M be the 
mass of the disk, k the resistance coefficient and c the stiffness co- 
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Fig. 68 


efficient of the coupling. Then, assuming that the axis of the shaft 
is inextensible, we find 


l 
aw(s, q 
_M 2 dwil, £) 


ip —k ae w(l, t) 
NG DS (0 <s< 5) 
= 2 ? 
dwi(l,t) _ ae 
oer rae cw(, t) (5<ss/). 


Here w(s, f) is the axial displacement of points on the shaft, ive. 


w(s5,th=s - {Vf - (=) | ds. 
0 


To the accuracy of second-order quantities 


: L pyar\? 
w(s, t) = sf (<) ds. 
0 
In order to pass from Equations (3.26) to ordinary differential 
equations, we set 


u(s, t) = u,(t) sin ar 


v(s, 1) = v, (2) in, 


r(s, t) = r4(0) sin 


STABILITY OF FLEXIBLE SHAFTS 1605 


and apply Galerkin’s variational method. In Equations (3.26), 
putting m(s) = M6(//2 — s), where 6 is the delta function, we 
obtain 


d*u d*r 
— + Out Bus(r, Z , Tr) =0. 

3.27 
O° 6 oy + ohes| " a de 
de" O°" ar ae) = 


Here 2, is the approximate value (in the Galerkin sense) of the 
frequency of natural small oscillations given by 

we 

2M I?’ 


f is a non-linear function, which to the accuracy of second-order 
quantities is of the form? 


He Se) (Beret) 

> dt? d®}] \8P ' 4Es 

MI {/dr dr kl dr 
SET (a) | + 2ES at 
The indices of u,, v,,and r,; have been omitted. 

The first term on the right-hand side of (3.28) takes account of the 
non-linear expression for the curvature and the effect of the longi- 
tudinal elastic coupling, the second takes account of the inertia force 
of the disk due to its axial movement, the third term takes account 
of the frictional force in the longitudinal coupling. From now on we 
shall speak of non-linear elasticity, non-linear inertia and non-linear 
damping, respectively, writing the non-linear function in the form 


2 2 
f(r, Sr) art (a) + a z| + 2607 a 3.29) 


Q = 


(3.28) 


dt? ae dt 
‘Here 
7 cl MI kd 
veep tga “—aegr “ge ~ 80 


1. A non-linear function of the type (3.28) in connection with the problem of 
shaft vibration for the case of unequal. principal bending stiffnesses was given in: 
Bo.otin, V. V. On the bending oscillations of flexible shafts with cross-sections 
of unequal stiffness Inzh. sborn., 19, izd-vo. Akad. Nauk USSR, 1954; Dynamic 
Stability of Elastic Systems (Dinamicheskaia ustoichivost’ uprugikh sistem). 
Gostekhizdat, 1956. 
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We now introduce into Equation (3.27) terms which take account 
of internal and external friction. Transforming Equations (3.27) to 
a coordinate system which rotates together with the shaft, and sub- 
stituting the terms . 


Oy, — ab Ry. dn 
2na\|o—2| dt’ 2nx|o—2| dt’ 


into the transformed equations, then returning to a fixed system of 
coordinates and substituting the terms 


Qype du Bve dv 
2272 dt’ 2nQ dt’ 


we obtain 
Pui QB [Ve Yt ea) oo 25 Yi 
tes Olde Omer? 
dr d?*r 

+ Du + Gus(r Tr Sa) = 9 
dy + fh(& 4 Yi 1) - w 22 y, si (3.31). 
dt ae F lo — Q| 2n|o —-2|" 

450 4.07 ae a)=0 


Here p; and p, are arbitrary functions of the amplitude and frequency, 


1.€. 
vy, = vi(r,|o — QI), Ve = welr, 22). 


3.8. STEADY ASYNCHRONOUS PRECESSION 


Among the. solutions to the system of Equations (3.31), let us exam- 
ine a particular class which in the case of a sufficiently well-balanced 
shaft is of the greatest interest from a practical point of view. These 
will be the solutions which correspond to steady asynchronous pre- 
cession, i.e. to circular motion of the center of the disk at a constant 
amplitude and angular velocity which, in general, is not the same as 
the speed of rotation of the shaft (if it is the same the precession is 
synchronous). It was evidently this mode of self-oscillation that 
Newkirk observed in his widely known experiments on the stability 
of flexible shafts. 
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Let r be the amplitude and 2 the frequency of the oscillations 
(Fig. 69). Then the solutions mentioned above can be written in 
the form 


u=rcosQt versinQt. (3.32) 

Substituting (3.32) into the first of Equations (3.31), we obtain 
(22 — Q%)r + Q2r f(r, 0,0) = 0, (3.33) 
Ye — yr sgn(m — Q) = 0. (3.34) 


Substitution into the second equation gives the same results; the 
reason for this becomes clear if we remember that Equations (3.31) 


are symmetrical with respect to u and v (or, more precisely, altering 
one to the other corresponds to reversing the direction of rotation) 
and that the required solution (3.32) is independent of the initial 
conditions. 

We obtain the same results if we use complex variables for the 
displacements w = u+iv and write the required solution in the 
form 

w= ret, 


Substituting this expression into the equation 


Bw 8 | pe Yi dw io 
tse +l In joo 
dr dr 
2 2 eee 2ee Sex Wi ta 
+ QBw + Qrf(r a, 7) 0, 


we readily obtain Relations (3.32) and (3.33). 
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It should be emphasized that Relations (3.32) and (3.33) give an 
exact solution to the non-linear system (3.31). This is made possible 
by the fact that the non-linearity is introduced into Equations (3.31) 
in the total deflection 

r= Y(u’.+ v%), 


which in the case of steady precession is independent of time. 

Let us examine Equations (3.33) and (3.34) in more detail. The 
first is a relation between inertia and elastic forces; the second is a 
telation between internal and external friction. Suppose that y, > 0, 
y, > 0 and f(r) > 0 (this corresponds to the assumption that the 
dissipation of energy due to internal and external friction is positive, 
and that the non-linearity of the system is “hard’’). With these 
tather unessential reservations, Equation (3.33) can be satisfied only 
if Q > Q, (if r + 0), and Equation (3.34) only if 2 < w. It follows 
that the system has non-zero solutions only if w > 25. 

Thus self-excitation resulting from internal friction is possible only 
if w > 25, and the frequency of steady asynchronous precession lies 
within the limits Q) < 2 < o. 

This conclusion is invalid if the non-linearity is ‘“‘soft’’, since, as 
can be seen from (3.33), if f(r) < 0, solutions can exist also for 
w <2). This, however, does not contradict the general conclusion 
that instability caused by internal friction is possible only in the post- 
critical region. The point is that in the case of “soft” non-linearity 
the natural frequency of oscillations with finite amplitudes is lower 
than the frequency of natural small oscillations 2), which is usually 
looked upon as the critical velocity. 

Equations (3.33) and (3.34) also enable us to find the upper limit 
of the frequency of vibrations during steady asynchronous pre- 
cession. Indeed, since in this case we always have 22 < a, it follows 
that r < R, where R is defined by the equation , 


223 — w® + 23 f(R, 0, 0) = 0. (3.35) 
Thus, if f(r) = y r?, then 


eee eet 2.36 


Relation (3.36) is shown by the dotted line in Figs. 71, 73, 76, 82 
etc. 
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Let us determine the order of possible amplitudes. Suppose initially 
that the movable support allows free axial displacement (c = 0). Then 
according to the first of Formulae (3.30) 

702 
’= 3B 


Rae) Ve a 1). (3.37) 
\ #29 


and consequently 


It 


Now consider thé opposite case when both supports permit no 
displacement, i.e. when bending can occur only at the expense of 
axial extension of the bar. In this case we need to replace c in the 
formula by 


C=, 


i 


where c, is the stiffness of the shaft in tension. From Formula (3.37) 


we then find 
d1// w* 
R= 3 Var 3) 


(here d is the diameter of the shaft). 

We see then that the upper limit of the amplitude of vibrations of 
the shaft in a state of instability caused by internal friction varies 
form quantities of the order of the diameter (if the ends are fixed 
against axial displacement)-to quantities of the order of the length 
of the shaft (if axial displacements are not inhibited). It is true that 
Formula (3.37) has been derived by retaining terms of an order not 
higher than the third, and in the case of large deflections gives too 
large results. 

The results obtained correspond to only one of the possible regimes 
of self-oscillations. If the inequality »,; > y, holds for all values of {2 
and r, Equation (3.34) cannot be satisfied, and therefore a regime 
of steady asynchronous precession is unattainable. It has been shown 
in a paper by the author! that in this case the oscillations will be of 
the beat type. The same paper investigates the stability of steady 
solutions. 


1. BoLotin, V. V. Non-linear oscillations of shafts beyond their critical speeds 
of rotation. Sb. “Problemy prochnosti v mashinostroenii’’ No.1, Izd-vo. Akad. 
Nauk USSR, 1959. 
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An exact investigation of stability can to some extent be replaced 
by very simple “bifurcation”? concepts. Already Poincaré}, in his 
investigations of the forms of equilibrium of a rotating liquid estab- 
lished a very elegant theory for assessing stability purely from the 
shape of a “‘displacement-parameter”’ curve (in the present problem 
the displacement could be taken as the deflection r and the parameter 
as the angular velocity w). Poincaré showed that if two branches 
of the curve intersect at some point, then bifurcation (branching) of 
the forms of equilibrium occurs at this point: a solution which is 
stable up to this point becomes unstable after it, and vice versa 
(see Fig. 70a where the stable branches are represented by thick 
lines and the unstable branches by thin lines). Another point at 


ad 


@ 


(@) (b} 
Fig. 70 


which transition from stability to instability also occurs is the limiting 
point, where the tangent to the curve becomes vertical (the points M, 
and M, in Fig. 70b). Bifurcation curves can also be used to investigate 
stability “‘in the large”’: the unstable branches can be looked upon as 
“‘waterdivide’’ which divide the direction followed by two very 
close stable solutions. This provides us with an easy method for 
finding the magnitude of the disturbance required to switch the 
system from one stable branch to another. 

Poincaré derived his theory in the first place to investigate the 
equilibrium of systems subjected to conservative forces. Andronov? 
developed it to cover the case of a self-oscillatory system with one 


1. APPELL, P. E. Equilibrium Diagrams for a Rotating Homogeneous Liquid 
(Figury ravnovesiia vrashchaiushcheisia odnorodnoi zhidkosti), ONTI, 1936. 

2. ANDRONOV, A.A. Application of Poincaré’s theory of ‘bifurcation points” 
and “stability change” (échange des stabilités) to simple self-oscillatory systems, 
Collection of papers. Izd-vo. Akad. Nauk USSR, 1956. 
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degree of freedom, dependent upon a parameter and possessing 
slight non-linearity. He showed that all the principal theorems of 
Poincaré can be applied to this problem if the characteristic dis- 
placement is taken to mean the amplitude of the limit cycle. These 
results have recently been generalized by Neimark?. In the sequel, 
in order to select stable and unstable branches, we shall use bifur- 
cation principles which have the advantage of being intuitively 
convincing. 


3.9. EXAMPLES OF AMPLITUDE RELATIONS 


Proceeding now to a detailed analysis of the relation between 
amplitude and angular velocity after loss of stability, we shall first 
consider the case of linear friction: 


Equation (3.32) becomes 


2n7Qe,  2n(w— Qe; a6 


whence the frequency of self-oscillations is found to be 


aan (3.38) 


From Equation (3.33) we find that 


= Va) 

PVN) 
Substituting (3.38) into this equation and taking into account that 
from Formula (3.12) 


Ee 
2, (1 + =) => Ox» 


r= oV& Z 1). (3.39) 


1. Nemarx, Iu. I. The method of point transforms in the theory of non-linear 
oscillations. Izv. vyssh. uchebn. zaved., ser. Radiofizika 1, Nos. 1, 2, 5, 6 (1958). 


we obtain 


. Relation (3.39) is plotted in Fig. 71. The greater the internal 
friction, the further away the region of instability of the rectilinear 


form moves and the smaller the amplitudes of self-oscillations be- 
come. The dotted line represents the solution r = R given by For- 
mula (3.36). 

So far we have assumed that the coefficients of friction s, and ¢, 
are independent of both the amplitude and the frequency of the 
oscillations. We shall now extend the theory to the case when 


é, = k, + K,(r), 
E. = Ke + K.(r), 


where k, and k, are constants and K;(0) = K,(0) = 0. 
Formula (3.38) for this case assumes the form 


(43) 
O57 ht KO)’ vo 
k, + K,(r) 
and we find from Equation (3.33) that 
Q=o, yl +f). (3.41) 


Here the function f(r) can be different in form from (3.29). 


DAALALA VR LPeLAmWLi, Jars iv afa 


The amplitude curve can be constructed most easily by graphical 
methods. We simply find the points of intersection of the curves 
defined by Formulae (3.40) and (3.41). Fig. 72 shows the construc- 
tion for the case when f(r) =yr?, K; =o, 77, K, = a,r® («;, > 0, 
«, > 0). If the angular velocity is small enough there are no non- 
zero real roots. If w = w,, > 25, there exists a pair of multiple 
roots r=r,,,- With further increase in the angular velocity, one 
of the roots increases; the other decreases until it vanishes when 
w = o,.I1f w > wy there is only one real root. 

The realtion between amplitude of the vibrations and angular 
velocity is shown in Fig. 73. Nis the point of bifurcation (herew = @,, 


2 


a Pun Ux r 


Fig. 72 
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where w = w,, is the critical velocity according to the linear theory). 
M is the limiting point: on passing through this point the unstable 
solution NM becomes stable (here, and also in subsequent diagrams, 
stable solutions are denoted by thick lines). 

If the angular velocity is gradually increased from zero, the follow- 
ing events take place. The rectilinear form of the shaft remains stable 
while w < w,. When w = w,, “hard” disturbance of the oscillations 
occurs with a steady finite amplitude r,. With further increase in 
angular velocity the amplitude increases (Fig. 74a). If the angular 
velocity is decreased, the oscillation regime is maintained as far as 
® = @,, Where the oscillations “break off” and the initial un- 
distorted form of the shaft is restored (Fig. 74b). Here we have a case 
of “entrainment”, typical of many problems of non-linear oscillations. 


Tr r 
ry 
Oe" 
0  » 47) 0 aw, * @ 
(a) (b) 
Fig. 74 


The above remarks refer to the case when the disturbances acting 
on the shaft are sufficiently small. If, however, the disturbances are 
not small we must consider the likelihood of loss of stability “‘in the 
large”. For example, if a rectilinear shaft working within the range 
Oxy <@ <@, iS given a sufficiently strong lateral impact, the 
shaft might not return to its initial position, although it is in fact 
stable. On the other hand, a shaft vibrating in the interval w,, < @ 
< @,, can be returned to its rectilinear form by imparting a large 
enough disturbance. The order of the disturbance needed to cause 
transition from one stable branch to another depends on the position 
of the unstable branch which acts, as already mentioned, as a water- 
divide. Roughly speaking we have to “throw” the system through 
the unstable branch.} 


1. Here we are referring to disturbances of one specific type (amplitude disturb- 
ances). In order to answer this question completely we should have to consider 
the phase trajectories of the system in a four-dimensional space, which in practice 
would hardly be possible. 
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An analysis of the non-linear problem leads once more to an in- 
vestigation of the problem of the stability of the rectilinear form of the 
shaft. It appears that a consideration of the “‘variational equations” 
for the zero solution is still insufficient to enable us to assess the 
likelihood of instability. A shaft which is stable with respect to 
extremely small disturbances can prove to be unstable with respect 
to finite disturbances, although they maybe quite small from the 
practical point of view. 

This will be made clear from the following example. Suppose 
that the internal friction has no linear part, i. k,; =O and 
K;,(r) = «, r2. This case is very similar to what we have in practice 
(the area of the hysteresis loop tends to zero as the stresses become 
infinitely small). Then, calculating the critical velocity from For- 
mula (3.12), we find that w, — ©, i.e. that the shaft remains stable 
for any angular velocity. 

This case is shown graphically in Fig. 75 and the results are shown 
in Fig. 76. The rectilinear form of the shaft, stable with respect to 
small disturbances for all angular velocities starting from w = o,, 
can prove to be unstable “‘in the large”. The magnitude of the dis- 
turbance required to cause vibration will be smaller the higher the 
angular velocity. 

The velocity w = w,, at which the rectilinear form of the shaft 
ceases to be the only stable form, can be considered as the “lower” 


2 


Fig. 75 


critical velocity (in contrast to the “upper” critical velocity w,). We 
have here a very close analogy with the theory of flexible shells, where 


Fig. 76 


the “‘lower”’ critical load assumes considerable practical importance 
and the “‘upper”’ critical load, determined from the linear theory, to 
a large extent loses its significance. 


3.10. FRICTION CAUSED BY MACROSCOPIC THERMAL DIFFUSION 


In what follows, instead of considering various laws governing the 
behavior of external and internal friction, we shall simply select 
those which correspond most closely to experimental observations. 

A large part of all internal losses results from irreversible processes 
associated with macroscopic thermal diffusion. We shall look at this 
problem in a little more detail. 

It is an established fact that when a bar made of a material with a 
positive thermal expansion coefficient is extended it cools slightly, 
and when it is compressed its temperature rises (this can be proved 
from purely thermodynamic concepts). Therefore, if a bar undergoes 
bending oscillations, fibers will be subjected to alternate rises and falls 
in temperature. There will consequently be a flow of heat from the 
heated (compressed) fibers to the cooled (extended) fibers which, as a 
result of the periodicity of the temperature changes, is also periodic. 
The process of heat transfer from a cold to a hot region is not re- 
versible, and the oscillations are therefore accompanied by a certain 
dissipation of energy: part of the mechanical energy of the elastic 
oscillations is transformed into heat and dissipated. 
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Zener! considered the process of heat diffusion during bending 
oscillations and derived the formula 


Es =_ Ey o, 2 


PS OTE En) oF + OF oan 


Here Es, and E; are the adiabatic and isothermal moduli of elasticity, 
w, is the relaxation frequency, which for a bar of circular section is 
given by 

D 


a (3.43) 


W, & 
(D is the coefficient of macroscopic thermal diffusion). 

Relation (3.42) is shown in Fig. 77. In the case of very small 
frequencies ({2 <,) the process takes place almost adiabatically. 


Fig. 77 


Conversely if 2 > w, the temperature barely has time to change, i.e. 
the process is almost isothermal. In both cases loss of energy due to 
thermal diffusion is extremely small, as can be seen from Fig. 77. The 
greatest losses take place when 22 = w, and are given by 


maxy, = 2 Az, (3.44) 
where 4, is the so-called degree of relaxation 


fencer ere oy Bs ae 
V(Es Er) Es; 


1. ZENER, C. Elasticity and Anelasticity of Metals, University of Chicago Press, 
Chicago 1948. 
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It follows from thermodynamic principles that 


2 
ASR p= ee 
c oor 
where T is the absolute temperature, c the heat capacity, A the co- 
efficient of heat conduction, « the coefficient of linear expansion and 
go the density. 
For steel these formulae give se room temperature) 


Ag = 0.0024, = 0.20 cm?/sec. 


The values found for y; from these results coincide satisfactorily with 
the experimental results of Benewitz and R6tger!. Substituting these 
values into Formulae (3.43) and (3.44), we obtain (with d = 20 mm) 
max p; © 0.0075, w, = 0.05l/sec. 

The fact that the relaxation frequency is extremely small would 
seem to indicate that these effects cannot significantly influence the 
stability of the shaft. This, however, is not so. Since internal friction 
is associated with deformation of the shaft, i.e. depends on its be- 
havior in a rotating system of coordinates, we must replace 2 in 
Formula (3.42) by the frequency |w —2|. In other words, the re- 
laxation frequency must be compared not with w, but with |w — 2|. 

It follows from Equations (3.33) that 2 = w, [1 + f(r]. But in 
the case of small oscillations f(r) <1, Q = Q, © w. It will be seen 
rasta that at least on the boundary of the region of stability 
| ~ Q| ~ Wy. 

Macroscopic thermal diffusion only partially explains the dissi- 
pation of energy during vibration. If the stresses are large enough, 
losses of energy due to irreversible plastic strains and elastic hysteresis 
begin to play an important part. These losses, which are independent 
of the frequency of vibrations, depend on the peak values of the 
stresses, i.e. they depend ultimately on the vibration amplitude r. 
Therefore the total expression for the internal dissipation of energy 
can by written in the form . 

w,|@ — 2 | 
Here C and n are constants found experimentally. According to a 


number of results the power index n for steel has a value somewhere 
between 2 and 3. 


yi = Cr°+ 2adg (3.45) 


1. See reference on p. 177. 
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The problem of finding the amplitudes and frequencies for steady 
asynchronous precession reduces to one of solving Equations (3.33) 
and (3.34) on the assumption (3.45). For brevity, setting 


(wm — 2) + w = F, (3.46) 
we can write Equation (3.34) in the form 


Cr°+2naAg F We. 


Solving this equation for F, we find 


_ 2a Aw? = Ye Ere ) 
ee maemo ! + yi +a) 


whence, after making use of (3.46), we obtain 


Lal &-SV LI 
2 aa 
r a 


(3.47) 
Here we have introduced the definitions 
As 
=, 3.48) 
We ( 
\e a, (3.49) 


Formula (3.47) is valid only when 2 < w, i.e. only beyond the critical 
speed of rotation of the shaft. 

Considering now Formula (3.47), we shall attempt first of all to 
find the boundaries of the region of stability. On these boundaries 
r — 0, and thus the frequency of vibration is given by 


oo effor[tey(-2])-} 


On the other hand, it follows from Equations (3.33) that as r > 0, 
Q > Q,. Thus the critical frequencies are 


ones aw, |/f2 a E + ne = =)| = 1}. (3.50) 
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Formula (3.50) gives in general two critical frequencies w), and 
@,, and as a result of the inequality w, <Q, they are both of the 
order of the “classical” critical velocity 2,. In the interval between 
these velocities the undisturbed motion of the shaft is unstable and 
outside them it is stable. Thus there is a region of instability lying 
completely beyond the velocity 2, (Fig. 78). 

If «<1, ie. if Ag < y,, Formula (3.50) does not give real 
values for w,,, i.e. the region of stability disappears. This case evidently 


@ 


Fig. 78 


corresponds to a sufficiently large external friction. If however 
o* >> 1, then Formula (3.50) can be replaced by the simpler expressions 


wo, © 2,, of ~ Q) + 2«a,. 


The two possible cases are shown in Fig, 79, where the total dissi- 
pation of energy 


Y= Ye + yi sen(w — 2) 


as r - 0 is measured along the vertical axis. These cases are also 
illustrated in Fig. 80 which shows the relation between the cha- 
racteristic exponents s and the angular velocity w. 

Let us now determine the amplitude of the vibrations. We first 
establish the meaning of the constant r, given by (3.49). Suppose 
that w — 2, ,, which corresponds to very high post-critical 
velocities; Expression (3.45) then becomes 


py, & Cr’, 
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Thus, making use of Equation (3.32), we find that 


re te sig. (3.51) 


i.e. ry is the amplitude of vibrations at extremely high post-critical 
velocities. 


0 Res 


g Res 
Fig. 80 


Formula (3.47) gives real values for Q if 


r”® : 
—=-1lsx«%. 
im) 


The amplitude 


is the greatest possible amplitude of vibration (for steady asynchro- 
nous precession, to which the solution under consideration corre- 
sponds). 

In order to establish the relation between amplitude and angular 
velocity w, we must find a compatible solution to Equations (3.33) 
and (3.34). This is most easily carried out graphically, by finding the 
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points of intersection of the curves 


Q—w= —-o, ——§_——|]1 + 1- 


Q- w= QV +f) - &. 
§-w@ 


vs +s 


Fig. 81 


The construction for the case when « > I is shown in Fig. 81. The 
system of equations can have as many as five real roots. In this case 
the angular velocities w,, @y, and @y4 Correspond to a change in 
the nature of the vibrations. 

The amplitude curve is shown in Fig. 82. As before, the stable 
branches are indicated by thick lines (the division of the solutions 
here into stable and unstable solutions has been carried out not by an 
exact analysis, but on the basis of bifurcation concepts). 

Depending on the direction of the change in angular velocity 
(acceleration or deceleration) and also on the magnitude and nature 
of the disturbances, different experimental curves, as shown in 
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Fig. 83, are possible. In spite of all their differences one thing 
is Clear: at low post-critical velocities we have a relation of the type 
(3.39), and at high post-critical velocities the amplitudes of steady 


Fig. 83 


vibrations are reasonably constant and have a value approximately 
equal to (3.51). 

If « < 1 the undisturbed motion is stable “in the small” at all 
speeds of rotation. In order to set up steady vibrations the system must 
be subjected to a sufficiently large disturbance. This case can also be 
represented by several types of experimental diagrams. 
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3.11. EFFECT OF FRICTIONAL FORCES IN THE CASE OF 
COMPONENTS SHRUNK ON A SHAFT 


So far we have considered the case when internal friction depends 
on amplitude according to a very simple power law. We could consider 
the more general case, assuming an arbitrary dependence on amplitude 
both of internal and external losses. The form of resonance curves 
varies according to the assumed law governing frictional forces. In 
particular, the number of stable solutions of the type AB in Fig. 82 
can vary (if external friction increases with amplitude more rapidly 
than internal friction, then such solutions, in general, do not exist). 

It is well-known that the most pronounced cases of instability are 
observed when a disk is shrunk on a shaft, and particularly when 
the disk is mechanically fastened onto the shaft. The frictional forces 
produced at the contact surface between the bore and the shaft have 
the same effect as internal frictional forces within the material, except 
that in this case the effect is more severe. 


000 


Fig. 84 


Frictional forces depend on the state of the contact surface, and in 
general, as the shaft bends, they increase in magnitude. However, it 
appears that what is more important is the effect of the relative velocity 
between the bore and the shaft on the frictional forces, i.e. ultimately 
the effect of vibration frequency in a rotating system of coordinates. 
The existence of these effects has been confirmed by experiments 
carried out by Pozniak at the MEI, (Moscow Energetics Institute). 
Figure 84 shows the experimental relation between the apparent de- 


crement (or increment) of damping and angular velocity derived for 
a shaft with two bearings and with a disk attached by means of two 
fasteners. Up to the critical velocity of approximately 900 rev/min 
the external friction and the “rotating”’ friction in the fasteners add, 
and beyond the critical velocity they subtract. The assumed relation 
follows curves a and 5 in Fig. 85, although in principle a relation of 
the type c is possible. For the falling part of any one of the curves 
we take the expression 


A(r) 


iq 
W? 


yl(rjo — Q)) = (3.52) 


where w, and n are constants, A(r) is some function of the displace- 
ment. 
i 
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Fig. 85 


From Equation (3.32) 
yilr, |o — 2|) = y(r) 


Gen “WV (S0 = 1). (3.53) 


We shall also assume that the friction in the fastener increases 
rapidly for small amplitudes, but that its increase becomes less when 
the amplitudes become sufficiently large. Conversely, the increase in 
external resistances becomes significant only for large amplitudes. 


we easily obtain 
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Figure 86 shows the amplitude curve for this case. Instability of the 
rectilinear form of the shaft occurs immediately after the classical 
critical velocity 2 is reached, and in this region self-oscillations of 
small amplitude are induced, which add together to give synchronous 
precession with amplitude r = R. With further increase in angular 
velocity a cross-over occurs onto the other branch corresponding 
to steady asynchronous precession. Beyond the velocity w,,,, the 
rectilinear form of the shaft is stable both “in the small”? and “in 


0 25 Dy » Gy Dy rn a) 


Fig. 86 


the large’. Within the interval w, < w < o,,, the rectilinear form 
of the bar, although stable “‘in the small’’, is unstable with respect 
to fairly large disturbances. 

There is undoubtedly a great need for further theoretical and 
‘particularly experimental research into the behavior of shafts rotating 
at speeds beyond the critical. The results given here should contribute 
‘to a fuller understanding of the phenomena associated with the 
‘post-critical region, and assist in the design and interpretation of 
experimental work. In addition, further theoretical research is 
Tequired into the various laws governing frictional forces, into 
multi-disk and gyroscopic systems and into quasi-periodic regimes 
‘and their stability, etc. 


3.12. INSTABILITY OF ROTORS DUE TO THE EFFECT OF AN 
Oi LAYER IN THE BEARINGS 


Phenomena very similar to self-oscillations caused by internal 
‘friction in the material of a shaft can result from frictional forces in 
the layer of oil in its bearings. A wide range of publications exists on 
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this subject, and much has been written in recent years due to the impor- 
tance of these phenomena in relation to modern high-speed machines. ! 

_ Consider a rigid rotor of diameter 2R rotating at a constant angular 
velocity w in a bearing with an initial clearance A < R filled with oil 
(Fig. 87). The oscillatory properties of such a rotor result from the 
elasticity of the oil film. While the rotor rotates coaxially with the 
bearing the frictional forces in the bearing reduce to a couple of forces 
acting in a direction opposite to motion. Suppose now that the center 
of the rotor O, is displaced relative to the center of the bearing O 
through a distance r = /(u? +r?) <A and performs precessional 
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motion at an angular velocity 2. After the center of the rotor is 
displaced, the friction is no longer uniform over the circumference; 
it will be larger on the side where the gap is reduced and less where it 
is increased (Fig. 88). Thus a frictional force will be induced in a 
direction perpendicular to the displacement r, and to a linear approxi- 
mation proportional to this displacement. Under certain conditions 
friction can induce self-oscillations analogous to the oscillations of a 
shaft resulting from hysteresis. 

A formal description of self-oscillations can be given based on the 
concept of “rotational”’ friction. The velocity distribution in the film, 
which can be taken as linear to a high degree of accuracy, will be 


1. See reference on p. 142. 
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replaced by a uniform distribution with a mean velocity w R/2. We 
transform the equations of oscillation of the rotor 
d*u dv 
Qu = = 0, Lev =0 
dt ou dt c 


to a system of coordinates rotating at the mean velocity w/2: 


d@& dn a Oe 

ae ~ Oget (@-The=0, : 
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at oS, + (-F)n= 
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Fig. 88 


Introducing into these equations the terms k,dé&/dt and k, dn/dt, 
which take into account viscous friction in the film, returning to a 
fixed coordinate system and adding terms which take into account 
external (“‘non-rotational’’) resistance, we obtain 


au 25 Ye du zy ic Ma 
qe t (ae otha) Sp + bu 5) o=0,| 


d*v Q2 Ye dv 0, kao | | 
Srt(s 0. + ka) > qt + Qy 5 u=0. 


We shall try to find a solution to this system of equations in the form 
(3.20), where, as before, w = u + iv. On the boundary of the region 


(3.54) 


DLABILILY UF FLEAIDLo .»mALiy aus 
-of stability 
Q2 


Bs oto Ver og | Oe )= 3 
Q-or=0, = ka (5 Q)=0. (3.55) 


Consequently, the critical speed of rotation of the rotor is 
R200: (1 + Po¥e), (3.56) 
4 


If the external resistance is small, w, * 2.5. 
In spite of the assumptions made, the foregoing theory gives results 
which agree satisfactorily with experiment.- Figure 89 is based on the 
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experimental results obtained by Newkirk and Lewis}, and shows the 
variation of the non-dimensional critical velocity with change in the 
viscosity coefficient of the oil wu, expressed in centipoises. The results 
refer to shafts of various ratios of diameter to bearing length and to 
various values of pressure in the bearing. It can be seen from the 
graph that the critical velocity w, does not exceed twice the value of 
the “classical” velocity and approaches this value when the viscosity 
of the film decreases. This is in full agreement with Formula (3.56), 
which can also be written in the form 


const 
x= 2.2(1 + ). 


1. See refcrence on p. 142. 
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Figure 90 shows the recently published results of another investiga- 
tion?. The first amplitude maximum corresponds to forced oscillations 
caused by eccentricity. The frequency of these oscillations coincides 
with the angular velocity of rotation. Starting approximately from 
w = 2Q,, vibrations are set up due to the effect of the oil film. The 
frequency of these vibrations remains approximately constant and 
equal to the natural frequency of oscillation of the rotor over a 
wide range. This is an indication of the self-oscillatory nature of the 
phenomenon and agrees closely with theoretical results. 
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A more exact theory of instability resulting from friction in an oil 
layer is based on a consideration of hydrodynamic effects within the 
layer. The usual assumptions of the hydrodynamic theory of lubrica- 
tion are made, namely that the thickness of the oil layer is sufficiently 
small for the effect of curvature and pressure changes within its 
thickness to be ignored; that the forces due to inertia of the oil are 
negligibly small compared with viscous forces, and that in the bearing 
the flow is planar. When the liquid completely fills the gap between the 
journal and the bearing, the radial and tangential components of the 
frictional force are given by the formulae 


Be 127 pu R® V, 
r= BW ar? 
122 p R? c 2R 
me A (2 0%) — 2) (U-=- Ya). 


1. Hort, Y. A theory of oil whip. J. Appl. Mech., 26, No. 2 (1959). 
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Here U = w R is the rotational speed of the rotor, V, = rQ is the 
speed of precessional motion, V, = dr/dt, b is the width of the 
bearing and c = r/A is the relative eccentricity. If c < 1 these formulae 
can be written in the form 


dr w 
Pa - KT, Pye K( = 2) a (3.57) 
where ae 12a wRe 


We see from the second of Formulae (3.57) that the tangential com- 
ponent P, acts in the direction of motion provided w/2 — 2 > 0. 
We therefore conclude that the critical angular velocity cannot be 
less than twice the natural frequency of oscillation. 

It is quite likely that self-oscillations of the rotor are accompanied 
by separation of the oil layer. Stability of rotational motion under 
the conditions that the oil only partially fills the gap and that there is 
an initial eccentricity rp has been investigated by Hori and described 
in his paper. It should be pointed out, however, that theoretical 
investigations give inconsistent and even contradictory results.1 There 
is considerable scope for refinement of the hydrodynamic aspect of 
this problem if the problem of self-oscillations of rotors caused by oil 
layers is to be successfully solved. ? 


3.13. INSTABILITY IN CENTRIFUGES INCOMPLETELY 
FILLED WITH LIQUID 


It is wellknown? that centrifuges containing a small amount of 
liquid can undergo dangerous oscillations, the amplitudes of which 
exceed considerably the amplitudes of oscillation of the empty or 


1. Core, J. E. Extent of the oil film and shaft vibrations in a solid bearing. 
Collection ‘‘Machine design’’, No. 3, IL 1958. 

2. We mention the following publications, which appeared during the past 
years: Hoimes, R. The vibration of a rigid shaft on short sleeve bearings, J. Mech. 
Engng. Sci., 2, No. 4 (1960); KesTens, J. Stabilité de la position de l’arbre dans 
un palier a graissage hydrodynamique, Wear, 3, No. 5 (1960); FLosErG, L. Attitude- 
eccentricity curves and stability conditions of the infinite journal bearing, Chalmers 
tekn. hégskol. hande, No. 235 (1961); See also the book: KAMERON, A. Theory of 
lubrication in Engineering, Mashgiz, 1962. The hydrodynamic phenomena, taking 
place in the layer, are considered in the paper: Pozniak, E. L. Dynamic properties 
of the oil layer in slide bearings, Izv. Akad. Nauk SSSR, OTN, Mekhanika 7 
-mashinostroenie, No. 6 (1961). 

3. See the paper by EpisuEv, L. V. referred to on p. 142. 


completely filled centrifuge. These oscillations take place at frequencies 
close to the natural frequencies of the centrifuge, and are of a distinctly 
self-oscillatory nature. The energy absorbed in maintaining the 
oscillation is provided by the motor; the energy is transmitted by 
frictional forces in the layer of liquid in the centrifuge. We see here 
a complete analogy with the effect of internal friction in a material or 
of friction in the oil layer in bearings. 

The concept of “rotational” friction can also be successfully 
applied to the present problem. Suppose that the length of the rotor 


Fig. 91 Fig. 92 


of a centrifuge rotating at a constant angular velocity w is small 
compared .with the distance from the fixed support (Fig. 91). The 
problem can then be reduced to an investigation of the plane motion 
of the rotor with elastic supports. We shall assume that the mass of 
the liquid is negligibly small compared with the mass of the rotor, and 
that the thickness of the layer J < R (Fig. 92). We can make an 
approximation by assuming that in the undisturbed state of motion 
the whole of the liquid filling the rotor rotates at an angular velocity w. 
In the case of small disturbances with components uw and », the rotor 
will be subjected to frictional forces which depend on the velocity of 
the rotor relative to the rotating liquid. These forces must be intro- 
duced in a coordinate system rotating at an angular velocity w. The 
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equations of disturbed motion are 


2 2 
a+(s Ye + ka)-E + kyo + u=0, 


d@® ‘\2n Q 
d? v $22 yw dv aa 
GU fo. Ve. ee a 
at (= ve + kg] o — ky ou + Div =0, 
from which we find that the critical velocity is 
Qo We 
4 = 2,(1 + ae}, (3.59) 


ie. instability caused by a film of liquid can occur only beyond the 
“‘classical”’ critical velocity Q,. 
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Figure 93 gives the results obtained from a model centrifuge with 
a rotor of approximately 1600 cm? capacity. Curve 1 corresponds to 
an empty rotor, and its maximum to oscillations caused by eccentricity 
near w = {,. Curve 2 corresponds to the addition of 50 cm of liquid 
to the rotor and curve 3, to the addition of 600 cm? of liquid. Oscilla- 
tion commences immediately after the velocity 2, is reached, and is 
maintained over a wide range of angular velocities, the frequency being 
close to the natural frequency. When the rotor is completely filled 
with liquid (curve 4), the oscillations are considerably reduced. 

From theoretical considerations we might expect that by putting 
baffles in the rotor, designed to restrict movement of the liquid, we 
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could make centrifuges run more smoothly. This has been confirmed 
by experiment. The incorporation of four solid radial baffles totally 
eliminates self-oscillation. Even if these baffles are fairly shallow and 
do not reach the free surface, the centrifuge runs more smoothly. 

Self-oscillations do not occur in the rotors of separators, the plates 
of which are immersed in liquid. If, however, filling of the separator 
takes place while it is rotating at a speed beyond the critical, then at 
the moment just before the liquid reaches the plates, conditions are 
prevalent which are likely to give rise to dangerous oscillations. 

It will be noted that the stability of rotating, (or in particular 
gyroscopic), systems containing a liquid with a free surface is of 
interest from the point of view of a number of other applications. A 
series of experiments have been carried out in this field’. The usual 
‘approach is based on the assumption that the liquid is non-viscous 
and that the disturbances are small. Starting from this assumption 
and expanding the vector of the displacements of particles of liquid 
into series in a complete system of functions, we can obtain an in- 
finite system of ordinary differential equations containing pseudo- 
gyroscopic terms (i.e. terms with generalized coordinates the matrix: 
of which is antisymmetric). The presence of these terms makes, the 
present similar to other problems considered in this book. 


3.14. INSTABILITY OF ROTORS IN A MAGNETIC FIELD 


A further type of non-conservative problem of elastic stability con- 
cerns the action of magnetic and electrodynamic forces on rotating 
rotors”. As a simple example, consider the motion of a flexible shaft 
carrying a ferromagnetic core situated in a constant magnetic field 
(Fig. 94). In addition to forces of magnetic attraction, the core is 
subjected to forces produced by the motion of the core relative to the 
field. These forces are associated primarily with losses in magnetic 
hysteresis and Foucault currents. If the rotor and the magnetic field 
are not rotating, then these forces assist in damping the natural 
oscillations of the rotor. However, if the rotor rotates relative to the 
field at a constant velocity, then under certain conditions these forces 


1. See, for example, NARIMANOV, G. 8S. On the motion of a symmetrical gyro- 
scope partially filled with liquid. PMM, 21, No. 5 (1957). STewartson, K. On 
the stability of a spinning top containing liquid. J. Fluid. Mech. 5, No. 4 (1959) 
and others. 

2. See the paper by Pozniak, E. L. referred to on p. 142. 
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can cause a sudden transfer of the energy of the field or motor from 
a purely rotational form to an oscillatory form of motion, and in 
this way induce self-oscillations of the rotor. 

In order to explain this phenomenon, we make use, as before, of 
the concept of “‘rotational”’ friction. Let w be the speed of rotation 
of the rotor and w, the speed of rotation of the field. In the same way 
that internal frictional forces were introduced in a coordinate system 


rotating at a speed w, the forces of magnetic friction will be introduced 
in a system of coordinates rotating at a speed w,. After the usual 
transformations, we afrive at a system of equations analogous to 
(3.18): , 
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Here y,, y; and yy represent the relative dissipation of energy caused 
by external, internal and magnetic friction respectively, 2 is the pre- 
cession frequency. Hence we obtain a stability condition of the type 
(3.21), namely 


We — yp, Sgn (w — 25) — yy sgn (Wy — 2) > 0. (3.61) 


Let us consider Condition (3.61) in more detail. If w@ < 29, @, < {%p, 
then both internal and magnetic friction assist in stabilizing steady 
rotation, and the rectilinear form of the shaft is stable. If w < 2, 
®, > 25, then instability can be induced by forces of magnetic 
friction if yy > ye + y;. If m > 2), wo, < Qo, instability will occur. 
if y: > wm + ye. Finally, if wo > 2), w, > Qo, instability occurs if 
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Figure 95 shows some experimental results relating to the behavior 
of a flexible shaft with an iron rotor situated in a two-pole field. The 
magnitude of the maximum induction in the gap, B (in gauss) is mea- 
sured along the horizontal, and the decrement (or increment) in the 
small bending oscillations is measured along the vertical. The shaft 
was fixed to prevent rotation (w = 0), and the magnetic field was 
rotated at an angular velocity w,, = 3000 r.p.m. The natural frequency 
of the rotor in the absence of the field was 1460 cycles/min and fell 
slightly with increase in induction!. Oscillations of the core caused 


1. Due to the effect of magnetic attraction. 
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by a lateral impulse are damped if the induction in the gap is small. 
This implies that the stability condition py ~ y. + y; is fulfilled. If 
B = 2000 gauss, self-oscillations are induced with precession in the 
direction of rotation of the field; their frequency is approximately 
1330 cycles/min, (i.e. equal to the natural frequency in the case of a 
fixed field). 

Similar phenomena are observed not only in the case of rotors 
carrying a ferromagnetic core, but also in the case of a rotor carrying 
a coil. Consider the forces acting on a rotating coil in the magnetic 


field of a stator (Fig. 96). Suppose the induction in the gap is B. Then, 
considering that the ampere force is proportional to the rate of inter- 
section of lines of force in the field and to the square of the induction, 
we find that on the conductor of the coil there acts a force 


P = y(w — wy) B, 


where y is some coefficient of proportionality. If the rotor is positioned 
centrally, the forces acting on the coil form a couple which makes a 
considerable contribution to the turning (or braking) moment. How- 
ever, if the coil is displaced, the forces are not identical, with the 
result that a component appears which acts in a direction perpendicu- 
lar to the plane of the coil. 
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Assuming that induction is inversely proportional to the air gap 4, 
we find that 


A 
BO 20 pe ucosy — vsing’ 


Thus for small displacements 
P(g) % y(w — wz) B3(1 + 2— cos + 2+ sing). 
\ 


The projection of the resultant of the forces applied to the rotor onto 
fixed coordinate axes can be found from the formulae 


an 
P, = { P(y) singe) dg, 
0 


an 
P, = { P(g) cose(y) dg. 
0 


Here c(¢) is the coil density (the number of turns on the average per 
radian). In particular, if c = const, B, = const, then 


P, = —yne(w — oq) Byv = —y,(@ — wy) 0, 
Py =yxc(w — wy) Bu = y,(w — wy) u. 
Substitution of these forces in the equations of disturbed motion of 


the rotor will also lead (under certain conditions) to instability of 
purely rotational motion. 


CHAPTER 4 


STABILITY OF ELASTIC BODIES 
IN A GAS FLOW 


1. SHORT HISTORICAL INTRODUCTION 


One of the most important non-conservative problems of elastic 
stability is the problem of the stability of elastic bodies situated in a 
flow of gas or liquid. The forces exerted on the body by the flow 
depend on the elastic deformation of the body, and for this reason 
the solution of problems such as these requires the use of the equations. 
both of the theory of elasticity and of the theory of aerodynamics. 
This has resulted in the growth of a new branch of mechanics—the 
theory of .aeroelasticity—which has led to the development of effective 
analytical and numerical methods, and which now possesses a wide: 
and ever expanding literature. 

The problems of aeroelasticity are of interest mainly in the fields: 
of aeronautical and rocket engineering and to a lesser extent in civil 
engineering, power generation, etc. It is to be expected that the first 
problems of this sort were encountered and formulated from the 
needs of aeronautical engineering. Aeroelastic phenomena (wing and 
tail flutter and divergence) were probably the cause of numerous. 
accidents in the very early stages of aviation development; an accurate 
understanding and theoretical explanation of these phenomena came 
very much later. The theory of wing divergence (i.e. the torsional 
form of loss of static stability) was first proposed by Reissner+. An 
analysis of wing flutter in a flow of incompressible fluid based on the: 
so-called ‘“quasi-stationary”’ theory was derived by Frazer and. 
Duncan*, Rauscher* and Grossman‘. Another approach based on: 


1. ReIssNer, H. Neuere Probleme aus der Flugzeugtechnik. Z. fiir Flugtechnik 
und Motorluftschiffahrt, Bd. 17, No. 7 (1926). 

2. Frazer, R.A. and Duncan, W.J. The flutter of airplane wings. Brit. 
Aeronaut. Res. Couns. Rep. and Mem., No. 1155, 1928. 

3. Rauscuer, M. Uber die Schwingungen freitragender Fliigel. Luftfahrt- 
forschung. Bd. 4, No. 3 (1929). 

4. Grossman, E. P. Flutter. Trudy TsAGI, No. 284 (1937). 
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a more exact definition of aerodynamic forces and forming the basis 
of the “‘non-stationary”’ theory of flutter was proposed by Kiissner}, 
Keldysh and Lavrent’ev? and Theodorsen?. 

Advances in aviation during the second world war, and particularly 
during the post-war period, gave considerable stimulus to the develop- 
ment of the theory of aeroelasticity. The main aim was to take into 
account compressibility and to study flutter and divergence at tran- 
sonic and supersonic velocities. These developments were reflected in 
the methods of determining aerodynamic forces. As a result of changes 
in aircraft design the “‘elastic’’ aspect of the problem changed (the 
effect of sweep, chord bending, etc. was considered). Nowadays it is 
an almost impossible task to list the vast amount of literature on the 
application of the theory of aeroelasticity to the design of aircraft 
wings and tail units; a number of books, some devoted almost 
exclusively to this question, provide some guide to this literature’. 

In recent years a great deal of attention has been given to problems 
on the stability of plates and shells at high supersonic speeds. These 
problems are important in connection with the vibration of the skin 
of modern aircraft (panel flutter). A number of papers have beén 
written on the flutter of flat panels in a supersonic potential flow.® 
The stability of an infinitely long circular cylindrical shell in a flow 
of gas, the undisturbed velocity of which is in the direction of the 
generators, has been studied by the author®. The flow was assumed 
to be potential (subsonic and supersonic) and the disturbances were 


1. KUssNER, H.G. Schwingungen von Flugzeugfliigeln. Luftfahrtforschung, 
Bd. 4, No. 3 (1929). 

2. KeLpysu, M. V. and LAVRENT’EV, M. A. On the theory of a vibrating wing. 
Tekhn. zametki TsAGI, No. 45 (1935). 


3. THEODORSEN, T. General theory of aerodynamic instability and the mechanism 
of flutter. NACA Rep. No. 496 (1935). 


4, BISPLINGHOFF, R.L., AsHLey, H. and Harman, R.L. Aeroelasticity 
Addison-Wesley, 1955; FuNG, Y. C. Introduction to the Theory of Aeroelasticity 
Wiley, 1955. 


5. GOLAND, M. and Luke, Y. L. An exact solution for two-dimensional linear 
panel flutter at supersonic speeds. J. Aeronaut. Sci., 21, No. 4 (1954); HEDGEPETH, 
J. M., BUDIANSKY, B. and LEONARD, R. W. Analysis of flutter at supersonic speed. 
J, Aeronaut. Sci., 21, No.7 (1954); Netson, H.C. and CUNNINGHAM, H. J. 
Theoretical investigation of flutter of two-dimensional flat panels with one surface 
exposed to supersonic potential flow. NACA Rep. No. 1280, 1956. 


6. BoLotin, V. V. Oscillations and stability of an elastic cylindrical shell in 
compressible gas flow. Inzh. sborn., 24 (1956). 
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assumed to be small. The same problem, but in a slightly different 
form, was subsequently investigated by Miles?. 

The particular difficulties of flutter problems result from the fact 
that aerodynamic forces cannot in general be sufficiently simply 
expressed in terms of the disturbances of the surfaces exposed to the 
flow. In the case of high supersonic velocities, however, considerable 
simplifications are possible, which are based on the asymptotic 
properties of supersonic flow. Starting with the work of Hayes?, 
who formulated the conditions of similitude of a hypersonic flow for 
thin bodies, a number of approximate methods have been suggested 
for determining aerodynamic forces. The most simple variant is 
known as the “law of plane sections’, or the “piston theory”; 
it provides a formula relating the local pressure on the body to the 
normal component of the velocity of the surface at the point con- 
sidered. Assuming that the disturbances are small, we can linearize 
this problem and thus reduce many studies of panel flutter to an 
investigation of the characteristic values of certain ordinary linear 
differential equations with constant coefficients®. 

In addition, approximate methods have been derived based on the 
reduction of the elastic system to a finite-dimension system®. The 
question of the range of application of these methods, which is closely 
linked with the well-known membrane flutter paradox, is discussed 


__ 1. MIs, IW. Supersonic flutter of a cylindrical shell. J. Aeronaut. Sci., 24, 
No. 2 (1957); 25, No. 5 (1958). 

2. Hayes, W. D. On the hypersonic similitude. Quart. Appl. Math., 5, No.1 
(1947). 

3. IL’vusuin, A. A. The. law of plane sections at high supersonic velocities. 
PMM, 20, No. 6 (1956). 

4. LIGHTHILL, M. J. Oscillating airfoils at high Mach number. J. Aeronaut. Sci., 
20, No. 6 (1953); AsHLEY, H. and ZARTARIAN, C. Piston theory—a new aerodyna- 
mic tool for the aeroelastician. J. Aeronaut. Sci., 23, No. 12 (1956). 


5. HEDGEPETH, J. M. On the flutter of panels at high Mach numbers. J. Aeronaut. 
Sci., 23, No. 6 (1956); Movcuan, A. A. On the oscillations of a plate moving in 
a gas. PMM, 20, No. 2 (1956); On the stability of a panel moving in a gas. PMM, 
21, No. 2 (1957); Stability of a blade moving in a gas, PM™M, 21, No. 5 (1957); 
MAKHOoRTYKH, Zh. K. Stability of a multispan panel moving in a gas. Izv. Akad. 
Nauk. USSR, OTN. “‘Mekhanika i mashinostroenie, No. 2 (1959). 

6. Bototin, V. V. On the stability of a plate in a flow of compressible gas. 
“ Voprosy prochnosti materialov i konstruktsii”’, Izd-vo. Akad. Nauk USSR (1958); 
HEDGEPETH, J. Flutter of rectangular simply-supported panels at high supersonic 
speeds. Journ. Aeronaut. Sci., 24, No. 8 (1957). 
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in a paper by the author’. Some experimental results have also been 
published ®. 

The references listed so far have all referred to the linear treatment 
of flutter. The non-linear treatment is of interest in two respects. In 
the first place it enables us to evaluate the amplitudes of deflections 
and stresses when the critical flutter velocity is exceeded, and in this 
way to decide to what extent this is dangerous. Secondly, it is to be 
expected that in certain problems (especially with hypersonic flow) 
non-linearity of aerodynamic forces can introduce new aeroelastic 
effects not observed at moderate velocities. These aspects. of the 
problem have been considered in a paper by the author®. This paper 
deals in particular with examples of problems in which the aero- 
dynamic forces are able to maintain undamped motion at velocities 
less than the critical velocities determined from the linear theory. 
Subsequent papers* have investigated flutter of flat and curved panels 
taking into account geometrical and aerodynamic non-linearity, 
aerodynamic heating and the interaction of the panel with. stiffeners. 
It has been shown that as a result of considerable geometrical non- 
linearity steady flutter of panels acting together with stiffeners takes 
place at moderate amplitudes. In other cases (for example, in the 
cylindrical bending of a flat panel with free edges) “hard” excitation 
of flutter can occur on the boundary of the region of stability. Non- 
linear problems of flutter of flat panels, when geometrical non- 
linearity alone is taken into account, have also been investigated by 
Fung® and Shen®. 


1. BoLotmy, V. V. On the application of Galerkin’s variational method to 
problems of flutter of elastic panels. Izv. vyssh. shkoly, ser. ‘‘Mashinostroenie”’, 
No. 11 (1959). 

2. MikisHev, G. N. Experimental investigation of self-oscillations of a square 
plate in a supersonic flow. Izv. Akad. Nauk USSR, OTN, “‘ Mekhanika i mashino- 
stroenie”, No. 1 (1959). 

3. BoLotn, V. V. On critical velocities in the non-linear theory of aeroelasticity. 
Nauchn. dokl. vyssh. shkoly, ser. “Mashinostroenie i priborostroenie”’, No. 3 (1958). 

4. BoLotin, V. V., GAVRILOV, Iu. V., Makarov, B. P. and Suverxo, Iu. Iu. 
Non-linear problems of the stability of flat panels at high supersonic velocities. 
Izv. Akad. Nauk USSR, OTN, ‘“ Mekhanika i mashinostroenie”, No. 3 (1959); 
Bo.otin, V. V. Non-linear flutter of plates and shells. Inzh. sborn., 29 (1960). 

5. Funa, Y. C. On two-dimensional panel flutter, J. Aeronaut. Sci., 25, No. 3 
(1958). 

6. SHEN, S.F. An approximate Analysis of Nonlinear flutter problems. J. 
Aeronaut. Sci., 36, No. 1 (1959). 
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4.2. FLUTTER OF A WING AS A NON-CONSERVATIVE. 
PROBLEM OF ELASTIC STABILITY 


In order to show the close relation between problems of flutter of 
elastic elements in a flow of gas and the non-conservative problems 
of elastic stability already discussed, let us consider the simple problem 


Fig. 98 


of the bending—torsional flutter of a cantilever wing. This problem 
has been investigated in considerable detail and is dealt with in 
special texts.1 For this reason we shall not go too deeply into technical 


1. See, for example, reference 4 on p. 200. 


details or detailed calculations; instead we shall confine our attention 
to a comparatively simple form of the problem. 

Consider a wing with a straight bending-center axis lying perpen- 
dicular to the flow (Fig. 97). We shall treat the wing as an elastic bar, 
the stiffness of which in the direction of flow is a maximum and very 
large compared with its other bending stiffness and also with its tor- 
sional stiffness. Under these conditions the deformed state of the wing 
can be defined by the displacements of the centers of bending v(z, 2) 
and by the angles of rotation of lateral sections @(z, t). These displace- - 
ments are shown in Fig. 98. The equations of small oscillations of 
the wing are 


e ey Cay 6 
oz (2! aa) Maa mga = ae): 
a2 az a 06 6*v 
as (Ege) — ae (Cae) Get | OD 
076 
= mre a A(z, t) 


Here EJ, GJ,and EJ, are the bending, torsional and sectorial stiffnesses, 
respectively, mis the mass per unit length of the wing (along its span), 
X, is the distance from the bending center to the mass center, r is the 
radius of gyration of the section about the bending center, g and yu 
are the aerodynamic force and aerodynamic moment, respectively, 
per unit length of the wing. 

Certain difficulties are involved in determining the aerodynamic 
forces acting on an oscillating wing. One simplification which is often 
introduced is to calculate the aerodynamic forces for the case of 
plane flow. If the wing is long enough and if its parameter changes 
only slightly along its span, then this approximation is reasonable. 
Then in the linear approximation 

q(z,t) = Ais + By So + By, | 
| (4.2) 


) 06 
H(z, t) = Agyv + Ago 9 + Bay — + Baa 


Here A;, and B,, are coefficients which, in general, depend on the 
velocity of the approaching flow U and in general on the coordinate z 
as well. In addition, in some cases they also depend on the nature 
of the motion under investigation. For example, if the motion is 


periodic with frequency 2; then the coefficients in Expressions (4.2) 
can also depend on the non-dimensional parameter, the reduced 
frequency {2 b/U (here b is the chord length). 

We shall not bother to give the explicit expressions for the coeffi- 
cients A;, and B,,, simply observing that they are of a very simple 
form in two cases: if they are calculated according to the ‘quasi- 
stationary theory’’, and also if high supersonic velocities are considered | 
and the “piston theory” is used. 

Consider first the stationary solution of the system of Equations (4.1). 
‘Then v.= 0 and the second equation can be written in the form 

d* d*6 d J d8\ dc, @ UB 
TEL a) een Ge) a) 


6=0. (4.3): 


Here the coefficient Ag, has been expressed in terms ofthe empirical 
value of the derivative of the coefficient of the aerodynamic moment 

Cy; @ is the density of the approaching fiow. For a cantilever wing the 
boundary conditions are 


_ d0(0) a6) _ a0(1) 


dz dz 7 a (4.4) 


If U = 0 the boundary-value problem has no solutions other than 
the trivial solution 6 = 0. The minimum value of the velocity U for 
which the boundary-value problem has a non-trivial solution corres- 
ponds to bifurcation of the forms of equilibrium; in addition to the 
trivial (untwisted) form, there appears another very close form of 
equilibrium which is accompanied by twisting of the wing. An investi- 
gation of the appropriate non-homogeneous problem shows that as 
the velocity indicated is approached, a sharp increase in the angle of 
twist, or divergence (overtwist) of the wing, occurs. Wing. divergence 
is completely analogous to normal static instability in elastic systems, 
and the method of finding the critical divergence velocity is com- 
pletely analogous to Euler’s method in the theory of elastic stability. 

In the case of a wing of constant section with zero sectorial stiffness, 
the problem is considerably simplified: 

d*6 _ d6(0) 


where 
oU*h* dc, 


a 7 Spent 
= 2GJ, 60° 
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Non-trivial solutions exist of cosk/ = 0; thus the critical velocity 
of divergence is 
It 2G Ja 
Us= ap \/ a 45) 


Consider now the problem of wing flutter, referring again to the 
system of Equations (4.1), putting 


v(z, t) = V(z)e™, 
6(z, t) = O(z) e*, 


‘where V(z) and @(z) are certain functions of the mode of oscillations 
and s is a characteristic exponent. Substitution Jeads to the equations 


d? dV : +e 
aa (Ege) + mt - m8 8 = 
=A,,90+ BysV+ Bs 9, (4.6) 
4 
d? PO\ d dO ; eae 
a ( oar) 7 ag (Fs =) MX»2?V+tmrsO= 


= (Az; + Boi 5) V + (Age + Bass) O 


and to boundary conditions of the type (4.4). 

The problem consists of investigating the behavior of the exponents 
in relation to the velocity U. The equilibrium of the wing in a gas 
flow is stable if all the exponents s lie in the left-hand half-plane of 
the complex variable. The lowest value of the velocity U at which 
even one of the exponents crosses into the right-hand half-plane is 
the critical velocity. Transition into the right-hand half-plane indicates 
instability of the oscillatory type (flutter). The one exception is when 
transition takes place through the point s = 0; this case obviously 
corresponds to divergence. 

We see then that there is a complete analogy with the non-conser- 
vative problems of elastic stability already considered. As before, the 
coupled interaction of different degrees of freedom is of considerable 
importance also in the case of bending-torsional flutter. This aspect 
of the problem becomes clear if we pass from a system with an infinite 
number of degrees of freedom to a system with a finite number. The 
usual approach is to assume that the motion of the wing is defined 
in the following way: 


vz, t) = DS) ge) v2); OZ. 0 = SAOYW-E. (4.7) 
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Here g, and /;, are generalized coordinates, the first of which corres- 
ponds to bending, the second to torsion, 9,(z) and y,(z) are functions 
which satisfy the boundary conditions (for example, “beam” func- 
tions). Substituting Expressions (4.7) into Equations (4.6) and using 
.Galerkin’s variational method, we arrive at a system of two ordinary 
differential equations in g,(¢) and /,(t). These equations have the same 
structure as Equations (1.79); however, the loading parameter is now 
replaced by the velocity U. 


-80 -60 -40 = - 20 0 20 Res Vmin 


Comparison shows that if we retain the first term in both of the 
series (4.7), we obtain perfectly satisfactory results. Bending-torsional 
flutter is thus maintained by the interaction of the basic modes of ben- 
ding and torsional oscillations. The relation between the partial natural 
frequency of bending oscillations 2, and the partial natural frequency 
of torsional oscillations Q, has a considerable effect on the critical 
flutter velocity, which is to be expected from general considerations. 
Figure 99 shows the behavior of the characteristic exponents for two 
different ratios of the partial frequencies*. As the ratio 2,/{2, increases 


1. GoLanp, M. and Luxe, Y.L. A study of the bending-torsion aeroelastic 
modes for an airplane wing. J. Aeronaut, Sci., 16, No. 7 (1949). 


from 0.34 to 0.91 the critical velocity parameter falls from 740 to 250. 
Figure 100 shows one example of the way in which the critical velocity 
varies with the ratios x,/b and 2,/2,. The magnitude of the critical 
velocity of divergence is also shown. Depending on the relation between 
the parameters, the critical flutter velocity can be either smaller or. 
larger than the critical velocity of divergence. 


pena s ee ~~ 


ans 4 


Fig. 100 


4.3. GENERAL FORMULATION OF PROBLEMS OF STABILITY 
OF ELASTIC BODIES IN POTENTIAL GAS FLOW 


Aeroelastic problems can be formulated in general terms with the 
widest assumptions concerning the properties of the elastic body and 
the way in which the body interacts with the flow. We shall now con- 
sider the case when the flow is potential and continuous everywhere, 
except perhaps at a finite number of discontinuity surfaces, and when 
the disturbances are small. 

Consider an elastic body of volume V and surface area S situated 
in a steady potential flow of gas. We take this as a steady state of 
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undisturbed motion and choose a Cartesian system of coordinates 
X14, Xq, X, connected to the body!. We shall assume that the undis- 
turbed velocity has potential p(x, xg, x3) i.e. that the components of 
velocity v,, 0g, vs can be expressed in terms of » in the following 
manner: 
0g 
vp = a 
The disturbed state can be defined by the displacement vector of 
points in the body wu, and by the potential of the disturbances 9, i.e. 


Op 
te Ue > 
k 

Uy, = Uy 


(the symbol ~ refers to the disturbed parameters). We shall assume 
that the disturbances causing the deformations of the body are suffi- 
ciently small for their squares and higher powers to be ignored. Then, 
starting from the equation for the potential flow of a compressible 
fluid ?, | 


Oxp = c®,— Ox, Ot ch. dx, Ox, - ch, OF 


we obtain the following linearized equation for the potential of the 
disturbed velocities 

Op ao Op 

© Ox8 itgp ome 


OD, dv;\ Op OP 
= ve ( ae a) Ox, of oy ASS) 


Here c,, = )/(@p/é¢@) is the velocity of sound forthe undisturbed flow, 
p is the pressure and g is the density. For example, if the direction 
of the undisturbed velocity is along the axis of x,, i.e. if v, = U, 
Vy = v, = 0, then, introducing the notation for the Mach number 


1. From now on we shall observe the usual convention regarding summation 
with respect to ‘dummy’ (subscripts) (see page 28). 

2. See, for example, FRANKL’, F.I. and Karpovicu, E. A. Gas Dynamics of 
Thin Bodies (Gazodinamika tonkikh tel). Gostekhizdat, 1948. 


210 THEORY OF ELASTIC STABILITY 


of the undisturbed flow 
U 


Cx 


? 


we can write Equation (4.8) in the form 


2 tp OM «ORG 1 ay 
Set Gt a aed geno (4.9) 


For the elastic displacements u,; we have the system of equations 


Ou 
Lint — ae = 9, (4.10) 


where og, is the density of the material of the body. For example, in 
the case of an isotropic body, 


0? ¢ 
SA ae a Oi Cao) Pr 


where A and yw are the Lamé coefficients and 6,, is the Kronecker 
delta. 

Now consider the boundary conditions which we shall split into 
two categories—general and special conditions. General conditions 
are those that are satisfied at any point of the contact surface S$ 
between the body and the gas. Special boundary conditions take into 
account the way in which the body is supported, the conditions at 
infinity etc., and vary from problem to problem. Here it is clearly 
sufficient to consider the general boundary conditions. 

We now impose the condition of impermeability of the surface of 
the body. Let F (a,, a, a3) be the equation of the surface of the body 
in Lagrangian coordinates, and x,, X,, x, the Eulerian coordinates. 
We then obtain the following equation for the disturbed surface 


F(x, — Uy, X_ — Ug, Xq — Ug,) = Fy(X1, Xe, X3, ) = 0. 


The material derivative of the function F must be zero (there is no gas 
flow through the disturbed surface), i.e. 


Thus the condition 
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where n, are the components of the vector of the external normal to 
the surface of the body, must be satisfied over the whole of the sur- 
face S. After linearization we obtain 


=—)|n, on S. (4.11) 


The dynamic condition on the surface S is of the form o;, m = p;, 
where o;, are the components of the stress tensor within the body, 
Pp; = pn, are the components of the pressure p. Composing the Cauchy 
integral for disturbed motion 


oy Ly kt 


0 3 


where F(f) is a function of time, we find, after linearization, that 


rae og op 
p= o(=t +n 3e. (4.12) 
Consequently 
Oi, = —@ n (So + 4 52) on S. (4.13) 


By supplementing boundary Conditions (4.11) and (4.13) by the 
special boundary conditions, we obtain the complete formulation of 
the problem. 


The potential of the disturbances g@ can always be expressed in 
terms of the normal component 0¢/déu of the velocity on the surface 
of the body, as follows: 


(A) = J K(A, B) 22) oe dS». (4.14) 


Here K(A, B) is a kernel which depends on the coordinates x,, x4, X3 
and é,, &,, &, of two arbitrary points A and B on the surface of the 
body. If the fluid is incompressible, K(A, B) is Green’s function for 
Neumann’s problem (in an actual construction of this kernel the 
conditions on discontinuity surfaces would have to be eliminated), 
In the case of a flat plate exposed to two-dimensional supersonic 
flow, when the plate lies in the plane of undisturbed flow and oscillates 
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at a frequency 2, the kernel K(A, B) assumes the form? 


Aone ee 
re NP = ae 7 || i Sle 


a for OSE Sx, 


0 for > x, (4.15) 


where J, is a Bessel function of zero order. 
By using Relations (4.11) and (4.14), we can eliminate the potential o: 


ree | K(A, 5) | ss p, Se) mae Sp. 


The problem can then be described by the usual Equations (4.10) of 
the dynamic theory of elasticity with the boundary condition o;, m, = 
= pn,. Then 


p=- o(= + am) K(A, 5) [rm a 
+ a2 


We express the displacement vector u, in the form of an expansion 
in the modes of natural oscillations of an elastic body in vacuo: 


Uj (X41. Xe, X39. 8) = D) fa) Pin%r, Xe, X3)- 


We write the equations of Galerkin’s variational method in the form 
of (1.64): 


I Bx, ~ Go sat) vim a — | f (oun — PN) Vin dS = 0 (4.16) 
a Ss 


On 1523 223); 
and transform the integral 


[Jpn VimaS = 


=e ff(S+m8)| [fa 


+ 0,(B) 4 aaa mdSp {mi Yin(A) dg = 
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1. See Section 4.7. 
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Here 


ann = ff [ [KA B) ven(B) és, Yim(A) m dS4, 
Bese xo S/ [[xae) [eee | nase 


0 
+ 0A) = [[ KA, B) Yen(B) te dS i vim(A) 4S, 
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1 
nn = Ge ff 
S 


(A) i: | K(A, B) 6,(B) x 


A “ 
x a Vim(A) dS, 
Jj 


Equations (4.16) become 


2 \ Ph e5,,) th 
3 (Bun + © tans) GE + (Emde + 20 Lb) SE 


+> (2% jes U2 enn) f 20 Gre aes: (4.17) 
0 


Here g, @, and U represent certain characteristic values of the density 
of the gas, of the elastic body and of the undisturbed velocity of flow, 
respectively, and 2,, is the natural frequency of oscillations in vacuo. 
In Equations (4.17) terms containing the matrix «¢,,6;,, have been 
introduced, which take into account damping induced by the structure. 

From Equations (4.17) we obtain a formulation of the basic 
problems of small deformations of an elastic body in a potential flow 
of gas. The equation of the natural undamped oscillations in a gas at 
rest is given by 


i mn (Sun Ss © ang) = 
0 


(4.18) 


from which we see that the matrix a,,,, characterizes the attached mass 
of the medium. Bifurcation of the forms of equilibrium (divergence) 
occurs at a velocity U, which is the smallest root of the equation 


22 ban — yet oom" = 0. (4.19) 


Es 15 
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Finally, in order to determine the critical flutter velocity we substitute 
the expressions for f,, = F,, e*’ in Equations (4.17) and consider the 
determinant 


(Sn or = ans) s? a (En Owais 1 2U© bay) s a 
Qo Qo 


+ (22, Omn ae ur © c,,) 


Go 


= 0. (4.20) 


The undisturbed form of equilibrium is stable if all the characteristic 
exponents s lie in the left-hand half-plane of the complex variable. 
The smallest value of the velocity U at which one of the characteristic 
exponents s crosses over into the right-hand half-plane, whilst still 
remaining complex, is the critical flutter velocity. An actual deter- 
mination of this velocity might be complicated by the fact that the 
coefficients @,.,, 5, and C,, can depend on non-dimensional combina- 
tions of the velocity U and the frequency of oscillations of the body 
2 on the boundary of the region of flutter. 


4.4, STABILITY OF AN ELASTIC CYLINDRICAL SHELL 
IN COMPRESSIBLE GAS FLOW 


We shall illustrate the foregoing general principles by taking as 
an example the problem of the stability of a circular cylindrical shell 
in a flow of gas (Fig. 101). In doing so. we shall for the most part 
follow the procedure outlined in a paper by the author’. We postulate 
a potential flow with velocity of undisturbed flow U; inside and U, 
outside the shell (where U; 2 U,). The radius of the middle surface 
of the shell will be denoted by R and its thickness by A, and we shall 


1. Bototin, V. V. Oscillations and stability of an elastic cylindrical shell in a . 
flow of compressible gas. Inzh. sborn., 24 (1956). Further developments may be 
found in the following works: BoLoTin, V. V. On the applications of the “law 
of plane sections” for the determination of aerodynamic forces, acting on vibrating _ 
shells. Izv. Akad. Nauk SSSR, OTN, Mekhanika i mashinostroenie, No.1 (1961); - 
DzyGaDLo, Z., KALiskt, S. Self-exited vibrations of a stiffened inelastic shell in a* 
linearized supersonic flow, Proceedings of vibration problems, 1, No.3 (1960); © 
Liprescu, L. Vibratiile structurilor elastic subtiri de forma cilindrica circulara, 
plasate intr-un curent fluid supersonic, Studii si cercetari de Mecanica Aplicata, 12, — 
No. 1 )1961); Lrsrescu, L. Vibrations of non-homogeneous circular cylindrical :: 
shells in supersonic fluid flow, Revue de Mecanique Appliquee, 6, No.5 (1961); ° 
Lisrescu, L. Vibratiile si stabilitatea aeroelastica a structurilor cilindrice subtiri, 
neomogene plascte intr-un curent fluid compresibil, Studii si cercetari de Mecanica 
Aplicata, 13, No. 4 (1962). 
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make the assumption that the equations of the bending theory are 
applicable. 

We shall employ cylindrical coordinates (x, r, 6), taking the x-axis 
as the axis of the cylinder. The displacements of the middle surface 
from the membrane state are defined by the tangential displacements 
u(x, 6) and v(x, 6) and by the normal displacement w(x, 6). The 
positive directions of the displacements are shown in Fig. 101. 

The equations of motion of the shell are 


Lyut Lyvt Liyw = —- "qe, (4.21) 
GuutLZ g eee 
31 U + L320 + ao = ER? 


where ,, are differential operators defined as follows: 
ae lI-up 
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Gx» 99> Gr are loading components per unit area of the middle surface, 
1s Poisson’s ratio and 
h oh GC? 


= _- | amie aracmlee 
pe’ °° “tet Zs 
Let p, be the internal and Pe the external pressure on the shell. 
Then obviously 


O7u O70 C2 w 
qx = —OhaF> Jo= — Goh =F q, = — Qohae + Di — De- 


(4.23) 


It is well-known that for modes of oscillations with a sufficiently large 
variability characteristic the effect of the tangential components of 
the inertia forces is negligibly small. It can be shown that the lowest 
critical flow velocities correspond to motions with a half-wave length A, 
which is of the order A ~ (Rh). Thus, if the shell is thin (h/R < 1), 
the most significant motions are those which are characterized by 
a large variability characteristic and for which, consequently, tangen- 
tial inertia forces can be ignored. In this case, introducing the function 
@(x, 6, t), which is related to the displacement w in the following way 


w= RVD, (4.24) 


s=R6, a (4.22) 


we can reduce the system of equations (4.21) to the single equation 
1-w@e®@_ 4g, 


272 V2 V2 a 
V2 V2 V2 V2@ + ZR ae RD’ 


(4.25) 
Here D = E£A*/12(1 — pz?) is the cylindrical stiffness; in writing down 
E quation (4.25), we omitted terms the effect of which for states with 
a high variability characteristic is also negligibly small. Taking into 
account (4.23) and (4.24) we obtain 


2 


a>@ 
Gr = —Qoh R*V? V? ape + Pt Be: (4.26) 


Consider now the equations of motion of the fluid. The velocity 
field for disturbed motion is given by 


= OD: | _ 1 6g, . _ OO”; | 
Gg SO ag na Hi | 
Op 1 0¢ O¢ a) 
; —_ Pe a Pe a Pe 
Dx U, +f a ’ vg = r FT) F) v, or ? | 
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where %, (x, r, 9, 2) and @-(x, r, 9, #) are the potentials of the disturb- 
ances for the internal and external regions, respectively. (The 
suffixes 7 and e, which indicate whether a quantity belongs to the 
internal or external region, will be omitted where there is no likelihood 
of ambiguity.) 

If the deformations of the shell are small enough, the disturbed 
motion caused by them will differ only slightly from the given flow 
with constant velocities U, and U.. With this restriction concerning 
the smallness of the disturbance, the potentials y, and », satisfy the 
linearized Equation (4.9)?: 


ep 8p 1 dm 
_ We pe A eee, 
CaM) ax ats or 
1 @oy 2M @o 1 Op _ 
+7 Oc, oxor oe ae 9 8) 


In this equation c, and c,, the velocities of sound in the undisturbed 
flow, are substituted for c,,; M,; = U,/c,, M. = Uz/ce. 

Apart from the special boundary conditions, the solutions to 
Equations (4.21) and (4.28) must satisfy the general boundary condi- 
tions on the oscillating wall of the cylinder. The condition of imper- 
meability (4.11) in this case becomes 


ol a "Ow Ow es ] 

90 Soe an Se | 

; : (4.29) 
Pe _ w WwW. = 

ap =U. er Ta (atz=R+0). | 


In addition, the potential »,, must satisfy the condition of decay of 
the disturbances at infinity 
6 
YO, <fe +0 (as r — 00). 

If the potential », follows a wave process, these conditions are in- 
sufficient for a complete determination of the solution; they must be 
replaced by the conditions of radiation. These require that the poten- 
tial y, satisfies the condition 


Q. = O (rh), 


1. Equation (4.9) is written in rectangular Cartesian coordinates; Equation 
(4.28) is written in cylindrical coordinates v, = U, v, = vg = 0. 
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i.e. that it describes the propagation of waves the intensity of which 
decreases with increase in distance from their source as r-”*, Further- 
more, and this is the most important feature of the radiation conditions, 
the potential must describe divergent waves if the shell emits energy 
and convergent waves if the shell absorbs energy from the flow. 

The dynamic condition on the oscillating wall of the cylinder 
follows from the general condition (4.12): 


_ (8G; 291) foe (22: ve 
rae(e+ use), Pe = — Oe ay + US): (4.30) 


4.5. CASE OF AN INFINITELY LONG SHELL. 
VARIOUS TYPES OF FLOW 


We shall now consider an infinitely long shell and seek a solution 
in the form of waves travelling along the shell. Equations (4.21) can 
be satisfied by setting 

u = 1& &-» cosn 8, 
vp =n eK sinn 8, (4.31) 
w= el8-k* cosy 8. 


Here &, 4, ¢ are coefficients, in general complex, the wave number 
k = x/A, where A is the half-wave length in the direction of the genera- 
tors, n = 0,1,2,3,... We have the following expression for the 
potential o: 

@ =f(r) e'"™ cosnd, (4.32) 


where f(r) is a function to be determined. Substitution into Equa- 
tion (4.28) gives 


a al a ae a 


We introduce the notation V = 22/k for the phase velocity of propa- 
gation of an elastic wave in the shell, together with the notation 
_|Uu-+V| 


Co 


M, (4.34) 


for the Mach number in the relative motion of the gas and the elastic 
wave. If M, < 0, then setting ry) = » r, where 


»y=ky|M2—- 11, (4.35) 
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we obtain, instead of (4.33), the equation 


ef 1 df al 7 
Ra eae 


This equation can be integrated in Bessel functions of purely imaginary 
argument of order 7: 


F (ro) = Cy Ino) + Cz K,(1o)- 
If M, > 1, then in the same way we obtain the equation 


af 1 df BY 
mone aot 


the integral of which can be expressed either in terms of Bessel func- 
tions of real argument of order n: 


S(T) = Cy J,(vo) a C, N, (Yo); 
or in terms of corresponding Hankel functions of the first and second 
kinds: 

f(r) = Cy Hy (ro) + Cy HP (79)- 


If M = 1, degeneration into power functions occurs 
Pee © 
F (ro) = Cy rg + 


In general, f(rp) = C Z, (1), where Z,,(ro) is a cylindrical function of 
order n. Consequently 


@ = CZ, (vr) e“-*™ cosné. (4.36) 


In order to find the constant C, we use Condition (4.29). Substituting 
(4.31) and (4.30), we find 
C= i(Q-k Uj) 
ep Ziy RY” 
where 
Ziv R) = dZ, (19) 


dr 0 To=9R 
Returning to (4.30), we obtain 


Z,(v R) 


o = — —~ ie i(Qt—kx) 
Pp y Zi R) i(2—kU)Cle cosn@. 
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We can now use Formula (4.30) to determine the pressure on the 
internal and external surfaces of the shell. Setting 

Z,(% R) Fi ae Z,(Ve R) 
M4 R Zn(% R) : es Ve R Z,(%e R) 


where », and v, are given by (4.35) by substituting c;, M, and c., Me, 
respectively, we find immediately that 


(4.37) 


a; 


Bi = 0, Ra (Q — k U;)2C ef Ft-*» cosnd, (4.38) 
De = —0,Ra«,(Q —-k U,)*6 et @t-*) cosn O. ; 
Formulae (4.38) can also be put in the form 
eu: é a\ 
p= teyRa(- + UZ) wo), (4.39) 


where the upper sign refers to the internal pressure, the lower sign 
to the external pressure. 

The form of the function Z,(rg) can be established by considering 
the boundary conditions for %. It is well known that the functions 
K,(r,) and N,,(7) are singular at the origin of coordinates. Therefore, 
for the internal region we must set C, = 0, or, more exactly, 

es | L@r) (M, <1), silane 
Jr) (M,> 1). 

For the external region the function is chosen from the conditions 
of damping of the disturbances at infinity or from the conditions of 
radiation. If M@, S 1, the damping conditions at infinity can be satisfied 
by setting C, = 0. The problem becomes more complex if M, > 0. 
From the asymptotic expressions for the Bessel functions 


Jlrs) = |/ (=) £08(r — 4,) + Olre**), 
NACHE Vez) sin (ro ~ &y) + O(ro77) 


6, = nx, — 2/4) it can be seen that as rg © both functions 
decrease as 79 !". Therefore, the conditions of damping of the disturb- 
ances at infinity are insufficient in this case to find a unique solution. 
The radiation condition can be easily obtained from physical con- 
siderations. If V > U, then the oscillating shell radiates energy into 
the surrounding space. Conversely, the motion which occurs V S U 
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(this case is of immediate interest from the point of view of flutter) 
can be maintained only if energy is absorbed by the shell from the 
flow. Consider the asymptotic expressions 


H® (ro) & V( 2 Jett +0 (ro), 


I Vy 


(0) = Yay, erie? + OC". 
} 0 


It will be seen that if V > U the radiation conditions are satisfied 
by the second function only, ie. that C, = 0. In fact, with the time 
factor e'*', the first function gives a solution of the type f(r, + 20d, 
i.e. convergent waves, whereas the second function gives a solution 
of the type f(r, — 22). Analogous reasoning: for the case of V < U 
leads to the conclusion that C, = 0. 

Thus, for the external region 


Kv r) (M, < 1), 
Z.~r)=) Hr) (M,>1,V> 0), (4.41) 
H®(vr) (M,>1,V < U). 


It should be noted that the author’s paper' considered only one 
case, namely when the shell radiates energy into space; therefore the 
latter case (M, > 1, V < U) was not identified. 

Using the well-known formulae of differentiation of cylindrical 
functions, we obtain 


, yR—— -— 1 (M, < 1), 
ta} (4.42) 
, oo —n (M, > 1). 


n 


Similarly, for the external flow we find that 


K,. 
yR aoe (M, < 1), 


I H®, 
a ae vy R FTO) (M,>1,V> 0), (4.43) 
AY, 
n—wR WO (M,>1,V<U). 


1. See reference on p. 214. 
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In Formulae (4.42) and (4.43) (and also in those that follow) the 
cylindrical functions are calculated for rp = v R. 
The coefficients «, for M, > 1 are complex. We note also that 


1 J, +iN, 
| - ox tee Lie 
nx, = 
i 1 J, —iN, 
— Se 


Separating the real and imaginary parts, we can express the coefficient 
a, in the form 
oe = a, —iBsgn(V — VU), 


where 
— 1 II tNANy pa JaNn = No dn 
oe TR + NDF” VR t+ (NDP 


The coefficient «* > 0 characterizes the reduced mass of the gas and 
B > 0 the damping coefficient.1 Indeed, in the type of motion under 
consideration, with the time factor exp (i 2 2), we have 


Ow aw Ow 
tee = On Be + BQ sen(V — ere 


0g 2 4 & 8 0 0 Z 4 b a 0 


Fig. 102 Fig. 103 


1. The inequality B > 0 follows from the fact that the numerator in the formula 
for 8 is the Wronskian of the Bessel functions _— 


; , 2% 
Jn Na — NnJn = > 0. 
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where the second term takes into account damping (positive if V > Uand 
negative if V < U, which agrees with our principle of energyradiation). 

The coefficients «;,«,,«, and 6 have been evaluated in the paper 
by the author. Figures 102 and 103 show the graphs of the more 
important coefficients. 


4.6. DETERMINATION OF CRITICAL FLUTTER AND 
DIVERGENCE VELOCITIES 


Returning to the equations of oscillations of a shell (4.21)and sub- 
stituting (4.23) and (4.39), we obtain 


_ 42) 92 
_ eo h(t — p*) OE ey + £i,0+ LZi,w =), 


Eh or? 
Ooh(l — pw?) av 
Se Te Gg = 
Eh ae + HyU+ L.vu+ £,,w =), (4.44) 
Ooh — v)[.,  , Pw O*w 2 = 
Eh . ae + 2U naa + Ux zal + 
+ Luu + L3.0+ Ly,w = 0, 
where the notation was introduced 
¥ ee (0; Oi + Ge %e) R p (4.45) 


Ooh 


Substituting Expressions (4.31) into Equations (4.44), we obtain a 
system of algebraic equations 


3 E 
a S086 & 25. = 
Zle R(1 — p?) = il On x(@ si s,| eee 
in which ees SH 
nel fons 2 
ag. = 2 m+n, 
G33 = a*[(m? + n®)? — 2n? + 1) +1, 
Qe = a4, = tH nn, 
2 
aya = das = wm + at m (mt — S/n), 
Ries 
Qg3 = agg =n — - sat mn, . 


1. See reference on p. 214. 


and where m=kR= mw RiA, uy = (€,, €), 333 = (0,0, 1). Con- 
sequently, in this case Equation (4.20) assumes the form 

E aj, 
Qo RCL ~ pw?) 
If U = 0, Equation (4.46) enables us to find the natural frequency 


of oscillation in a fixed acoustic medium. With fixed values of m and n 
the equation 


~ 278,, — 4(Q —k U)*4,3)=0. (4.46) 


— 27 6;, = 0 


es a 
Qo R2(i — pw?) 7* 
has three roots 2,, Q,, 2, corresponding to the natural frequencies in 
vacuo with given wave numbers. Suppose that the matrix of the 


coefficients , 7 and ¢ for natural oscillations in vacuo is of the form 


& mm 1 
& 1m I}. 
E, 3; 1 


Then the matrix 
Evy mm Vr V1 
Vin = |] Fo Ve Ne Vy2 V2 . 


b, Vs UE) Vs Vs 
where 


‘1 
Ye Be + 1’ 
will be an orthonormalized matrix, and will reduce the matrix a,, to 
the diagonal form 

Vas ayy UBk = 2 xp 
Noting also that 
Ux; Oj3 Ups = Yrs Vas = Vyas); 
we obtain in place of (4.46) the equation 
(23 — 27) 6,6 — x(2 — kU! Vy 7—)| = 9. 


This equation can also be written in the form 
3 


Vo 1 
~~ Eo ; 4.47 
A Gee ye-Eo. Yr Os?) 

If x = 0, the number of terms on the left-hand side reduces to two. 
If the wave numbers n are large enough, one of the natural fre- 
quencies (namely the one which corresponds to primarily bending 
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oscillations) is considerably less than the other two. Suppose that 
Q? < Q3, Ot < 22, ys © 1, Then Equation (4.47) can be written in 
the form 

2 — 2 — ¥(Q — k UP = 0. (4.48) 
We can derive Equation (4.48) by starting with Equation (4.30) for a 
shallow shell and substituting in its right-hand side not (4.26) but the 
expression 

7) 0 
= 4 pe 22 
1 -ann[Zar(Z+ogl|rre 


and letting 
@ = G, e! Pt -**) cosn A 
Substitution yields an equation of the same type as (4.48): 


— 42 2 2\2 Rt 
Gt + ntyt ¢ AE yt — So + YE [08 + (OQ -kUV=0 
(4.49) 


where, as before m = k R. The natural frequency of primarily bending 
oscillations in vacuo is given by the formula 


Q,= aS oF )e (m,n): (4.50) 


Here 


F(m, n) = |/| ons + n?)P + oo we. (4.51) 


a (m? + n?)? | 


In order to find the critical velocity of divergence we put 2 = Oin 
Equation (4.47). In this way we obtain the formula 


"fe 
Uy = (lk 12, i) 
By starting from the simplified equation, we find that 
V; 
Uy, —. (4.52) 
eae 
Here V, is the phase velocity of propagation of primarily bending 
waves for natural oscillations in vacuo: 


n= B=%V(Z)aem nt), | 


Fimn) = ype , a sl | 


(4.53), 
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Since the parameter y also depends on the velocity U, the calculations 
need to be carried out by a method of successive approximations: 
Alternatively, a graphical method may be used.?- 

Obviously, a critical divergence velocity exists only when the para- 
meter y is real. In the case of an external supersonic flow (M = M, > 1) 
Formulae (4.43) show that it is impossible for divergence to occur. If 
we confine our attention to forms of loss of stability which are of 
an essentially bending nature, which in any case are of most interest, 
we can impose a further condition that y > 0. 

Calculations show that the minimum velocity of propagation of 
bending waves in vacuo for a shell of thickness h ~ 0.01 R is of the 
order of the speed of sound in a gas and can even exceed this speed. 
Indeed, the function F,(m, m) has a minimum when 


me +t Vo) 1 
m ya ae 


which is given by (Fig. 104) 


(4.54) 


Fig. 104 


1. BoLtotin, V. V. Some new problems in shell dynamics. Sb. “‘Raschety na 
prochnost’’’, No. 4, Mashgiz, 1959. . 
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Suppose that m? > n®, Expression (4.54) then becomes m ~ 1/a’!:, 
which gives an idea of the half-wave length corresponding to the mini- 
mum phase velocity: 

= 1.68(R hh). (4.55) 


The actual velocity is given approximately by 


E hN\Nl:s 
V, = 1.07 ( =) (4.56) 
and the corresponding frequency 2, by 
1 /E\} 
Q, = kV, 199-5 (=) (4.57) 


Suppose, for example, that E = 2 x 10®kg/cm?, e, = 8 x 10 *kgsec?/cm* 
(steel), A = 0.01 R. Then from Formula (4.56) V, = 5.4 x 10* cm/sec, 
which is close to the speed of sound in air (c,, = 3.3 x 104 cm/sec). 
Let us now find the critical flutter velocity for the case when M, > 1. 
In addition to aerodynamic damping we shall also take into account 
structural damping with a coefficient «. Instead of Equation (4.48) we 

obtain 
QQ? + §6Q? —Q? — ¥(Q —k UP =0. (4.58) 


If U = 0, all values of the frequency 2 lie in the upper half-plane of 
the complex variable, which corresponds to damping of the disturb- 
ances of the type (4.31). The flutter velocity is determined here as 
the minimum velocity at which travelling waves of progressing ampli- 
tude occur. Amongst the frequencies 2 there are those which have a 
negative imaginary part, i.e. the corresponding characteristic exponents 
s = iQ have positive real parts. 

The parameter 7 is a complex transcendental function of the velocity 
U and frequency 2. Nevertheless, the critical velocity can be found if 
the well-known Cauchy—Nyquist criteria etc. are applied to Equa- 
tion (4.58). With sufficiently large values of M, the expression for y. 
can be replaced by a more simple asymptotic expression, and it is then 
possible to apply algebraic stability criteria and thus obtain an estimate 
of the critical velocity in explicit form. 

Consider the case when 


M?> 1, yR=kRY(Mi—-1)> a2. (4.59 
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The first condition requires the numbers M, in the relative motion of 

the gas and the elastic wave to be sufficiently large. The second 

requires the variability parameter across the flow to be not too large. 
We shall start from the last of Formulae (4.43): 


1 
HY (v R) 
H® (y R) 


(4.60) 


“4 = 


n—wkR 


(we are not interested in the case when V > U, since the shell does not 
then absorb energy, but radiates it into the surrounding medium). Tak- 
ing into account the asymptotic formulae (4.43), we find that 
_i(n-1)x 4 ‘ 
H®,y~R) e 2 ( z) ( 3) 
ee EN PS es a a ae 3 
HD (y R) aE +O\rR i+ O\yR*}. 
e 


Thus, from Formula (4.60) we obtain the asymptotic expression 


1 
ven —ikRV—) 
or, taking into account Inequalities (4.59) and Formulae (4.34) and 
(4.45), 
a _ 0 Coo i 
°~ERM, *~ oh kKU—-Q° 


(64 


Equation (4.58) becomes 


2 —-iNety)—-B+ivykvu=0, (4.61) 
where 
Q Coo 
= ; 4.62 
eine (4.62) 


Equation (4.61) is an algebraic equation in 2 with complex coeffi- 
cients. The conditions that this equation has no roots with negative 
imaginary parts can be expressed in a form analogous to the well- 
known Routh-Hurwitz criteria.+ 


1. CHEBOTAREV, N.G. and MEIMAN, N.S. The Routh-Hurwitz Problem for 
Polynomials and Complete Functions (Problema Rausa-Hurwitza dlia polinomov i 
tselykh funktsii). Izd-vo. Akad. Nauk USSR, 1949. 


All the roots of the equation 
F(Q) = a) 2" + a, Q?-1 4-5. +a, + 
+ i(by 2" + b, Q"-1 4... + 5,) = 0, 
where dy, @,, +++; Qn, Do, by, ..., 6, are real numbers, have positive 
imaginary parts if all the even-order principal minors of the matrix 


by by... Bn 
are positive. The matrix H in the present case is 
1 0 — 23 0 
0 -(e+y) yk U 0 
H='||_ . : 
0 1 0 — 22 
0 0 —(e+y) ykU 


The stability conditions can be written in the form 
ety>Q, (26 + py)? 22? —(yk UY > O. 
The first condition, which requires the damping (internal and aero- 
dynamic) to be positive, is satisfied in every case. The second gives 
wit 
cap < V,(m, n), (4.63) 
where V, is the phase velocity of propagation of elastic waves in a 
shell, defined by Formula (4.53). Thus, taking into account (4.62), we 
find that the critical velocity is given by! 


fs me VGA: n) (1 + =*), (4.64) 


i= 
i. This formula was derived in the application of the “law of plane sections” 
to aerodynamic forces in the paper: BoLotin, V. V. Some new problems in shell 
dynamics. Sb. “‘Raschety na prochnost’’, No. 4, Mashgiz, 1959. The limits of its 
applicability (4.59) are stated for the first time. 
FS 1A 
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It should be noted that in any case the wave velocity on the boundary 
of the region of stability coincides with the velocity V,. For, by sub- 
stituting in Equation (4.61) according to (4.63), 


ykU 
OF 


we immediately find that 2 = 2,, and consequently that V = V,. 

In this problem the effect of structural damping is considerable. In . 
fact, the second term in brackets in Formula (4.64) can be expressed 
in the form 


et+y= 


where y is the relative energy dissipation resulting from structural 
damping. Substituting the frequency 2, given by Formula (4.57) and 
the velocity of sound in gas 


% Poo 
Coo = — 4.65 
V ; (4.65) 


(p.. 1s the pressure, x is the polytropy index), we obtain 
Gx 2 1.99 h ( E ou" 


2x R \xpo 0 
Suppose that E = 2 x 10° kg/cm?, @9 = 8 x 10-® kg sec?/cm4 (steel), 
Po = lkg/cm’, 90 = 1.3 x 10-®kgsect/em4, »=1.4 (air under 
normal conditions) k = 0.01 R, y = 0.02 (comparatively little struc-~ 
tural damping). Then from Formula (4.66) we find that G = 2.99. 
From this example we see that the critical velocity of the gas must 
usually be several times larger than the minimum velocity of bending- 
wave propagation in the shell, in order for excitation of wave motion 
to be possible. The Mach number M,, in relative motion for shells . 
which are not too thin, would be very much larger than unity, and 
the first of Conditions (4.59) would thus be satisfied. In fact 
fii Ua Vig, 


Cs Can 
and with Formulae (4.56) and (4.65) we have 
J, cee \" 


‘00 % Poo o R | 
Using the data of the previous example we find that V,/c,, ~ 1.64 
and M,,, = 4.89. 


(4.66) 


~ 1.07( 
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It is important to note that the results presented above refer to the 
case of an infinitely long shell. If the shell is of finite length, then as a 
result of reflection of the elastic waves at its ends, the picture becomes 
much more complicated. For this reason the formulae given here for 
the critical velocities might not, of course, coincide with the corre- 
sponding formulae for finite, although extremely long, shells.* 


4.7. STABILITY OF ELASTIC PLATES IN POTENTIAL FLOW 


Suppose that an elastic plate, one side of which is exposed to a 
flow of gas, performs small oscillations. Let w(x, y, f) be the deflec- 
tion, D the cylindrical stiffness, N, and N, the tensile forces in the 
middle surface, 0, the density of the material, e the damping coefficient, 
B(x, y, t) the component of the aerodynamic pressure caused by the 
deviation of the plate from its undisturbed state. The equation of 
small oscillations of the plate is 


DV Vw ~ (1 


Cw a) O2w 
* Ox? 


+ A ae + Qo hae 
aw 


+ O,he Ot 


+ p(x, y, t) = 0. (4.67) 

Following mainly the procedure adopted by Nelson and Cunning- 
ham, we consider the stability of a flat plate of infinite length in a 
direction perpendicular to the flow, mounted on an absolutely rigid 
diaphragm and undergoing cylindrical deflection (Fig. 105). We 


assume a plane, potential flow. The potential of the disturbances p 
must satisfy Equation (4.9) 


d*p 
Ox? 


= 
(1 — M?) + 


and the condition 


z~—=v(%,t) atz=0. 


1. A discussion of this problem is given in the paper: MILEs, J. W. On supersonic 
flutter of long panels, J. Aerospace Sci., 27, No. 6 (1960). 

2. NELSON, H. C. and CUNNINGHAM, H. J. Theoretical investigation of flutter 
of two-dimensional flat panels with one surface exposed to supersonic potential 
flow. NACA Rep. No. 1280 )1956). 
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Suppose that the plate performs harmonic oscillations with fre- 
quency Q: 
w(x, t) = W(x) ef, 


(:2w + use) ee. | (4.69) 


v(x, t) = V(x) e'## 


I 


Then for the potential o(x, z, t) we can also take the expression 
(x, Zt) = f(x, 2) eft, 
and Equation (4.68) becomes 


2 2 2 
ae pee ue a Q 


fie 0. (4.70) 


Fig. 105 


If x <0 we can set f= Of/0z = 0, which makes the Laplace trans- 
form very convenient. Setting 


f*(q, 2) = f e-** f(x, 2) de, 
0 
we reduce Equation (4.70) to the form 


onf* 2% 2 
AZ = pe f*, b= \(ear — 1) + 2q4 


ce 


oo 


iMQ2 =) 
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Its solution, which is damped as z — oo and which satisfies the trans- 
formed boundary condition, is of the form 


* 
f*@] Zz) = OD oor, 


where V*(q) is the Laplace transform for the function V(x). The 
right-hand side is the product of two functions of q; therefore for 
inversion we can apply the theorem of convolution. After carrying 
out the computations we obtain 


1 _ 
fe, 0) = — Tay [v@x 
0 


iM Q(x — &) Jy | 2(x — &) 
Coo(M? — 1) | °° | coo(M? — 1) 


where J, is a zero-order Bessel function. Thus from Formula (4.12) 
we easily find the pressure on the oscillating plate, namely, 


oh, 0) | 


x exp | - | ae. 


p= -oe* Eee 0+ U 


We see that the analysis of the stability of the plane form of a’ 
panel in a potential supersonic flow reduces to a study of the integro- 
differential equation 

aw aw 
Da a N,-——- ax — Oy h(Q2? F ie Q2) W + 


x 


* Tae jana (i? + Ux }} [2 WE) + ye |x 


iM Q(x — 5) | 22(x — §) 
=| J, | —_ = 
Coo(M? — 1) Coo(M? — 1) 
with the corresponding boundary conditions for W(x). For example, 
in the case of supported edges we have 
PW0) _ dW(a) 
dx?.=;  dx* 
The frequencies 2 for which the homogeneous boundary-value 


problem defined by Equation (4.71) and the boundary Conditions (4.72) 
has a solution other than the trivial are, in general, complex. On the 


x exp {- dé (4.71) 


W(0) = W(a) = 


= 0, (4.72) 
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boundary of the region of stability, however, they assume real values. 
On this basis we can find the critical flutter velocity. 

We express the solution to Equation (4.71) in the form of an expan- 
sion in functions satisfying Conditions (4.72), as follows 


W(x) = 3 fesin 


knx 


a (4.73) 


Substituting (4.73) into Equation (4.71) and adopting Galerkin’s 
method, we obtain a system of algebraic equations 


(of —@ +iga)ft 2 bn, M)=0 G=1,2,...). 474) 
k= 
Here fon Q . 


o=—~, @ 


F) 
0 Qo 


2; are the natural frequencies of the plate in vacuo 


Lge D N, @ 
@) = “a Vics (1 + aarp) 


b,,(w, M) are non-dimensional coefficients given by the formula 


Il 
09 
I 


jJUXx 
a 


2 ff. 
by, = shame | Pax w, M)sin dx. 
0 


In this formula, instead of p,, we substitute the last term of 
Equation (4.71) for the case of 
Woes 


T 


We obtain the equation for finding 2 by equating to zero the deter- 
minant of the infinite system (4.74)?: 


|(@? — w*? + ig &) Om, + 5;,(@, M)| = 0. (4.76) 


1..Miles has shown (Muzzs, J. On a reciprocity condition for supersonic 
flutter, J. Aeronaut. Sci., 24, No. 2 (1957)) that in the case of a quasi-stationary 
approximation to the aerodynamic forces the coefficients 5;, satisfy the “recipro- 

city conditions” ; 
bj = (— 1)'*¥ by, (4.75) 


which are typical conditions also for other non-conservative problems of elastic 
stability. An analogous result was obtained by Hedgepeth (Flutter of rectangular 
simply supported panels at high supersonic velocities. J. Aeronaut. Sci., 24, No. 8 
(1957)) also based on quasi-stationary (although three-dimensional) concepts. 
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The coefficients b,, cannot be expressed explicitly in terms of w and M; 
consequently, the determination of the critical velocity involves 
extremely laborious calculations. Nelson and Cunningham carried 
out these calculations within the interval M = 1.3 to M = 2.0 for 
the case of a simply supported plate and also for a plate with fully 
fixed ends. In the latter case they used “‘beam’”’ functions as approxi- 
mations, which meant that the infinite determinant (4.76) could be 


Stability 


Instability 


c= 
CTNae 
on 


0 
t (2 160 15 200. 225 
Fig. 106 a. 


replaced by a second- or fourth-order determinant. Figure 106 shows 
the results of their calculations in the form of a graph of the ratio h/a 
required to avoid flutter for various values of M. The graph shown 
is for a panel of aluminium alloy at an altitude of 25,000 ft (7.62 km). 
It will be notéd that the smallest thickness corresponds to values of M 
close to ¥2. Experimental points are also shown for flat panels (indi- 
cated by circles) and for convex panels (indicated by squares). 

Exact solutions can be obtained to Equation (4.71) with the aid 
of Laplace transforms. Goland and Luke? have investigated the case 
of a membrane (D = 0). They considered only the limiting case as 
M-— © and showed that at sufficiently high supersonic velocities the 
plane form of the membrane is stable. The problem of the stability 
of a plate presents much greater difficulties. Nelson and Cunningham? 
derived an extremely cumbersome equation for finding the critical 
flutter velocity but did not carry out any calculations. 


1. GoLanp, M. and Luke, Y. L. An exact solution for two-dimensional linear 
flutter at supersonic speeds. J. Aeronaut. Sci., 21, No. 2 (1954). 
2. See reference on p. 231. 


236 THEORY OF ELASTIC STABILITY 


4.8. DETERMINATION OF AERODYNAMIC FORCES IN THE CASE 
OF HIGH SUPERSONIC VELOCITIES. LAW OF PLANE SECTIONS 


The preceding sections have shown that the solution of problems 
on the stability of elastic bodies in a flow of gas is made difficult by 
the complicated expressions for the non-stationary aerodynamic 
forces in a disturbed flow. Fortunately, at sufficiently high supersonic 
velocities, which nowadays present most interest, the aerodynamic 
side of the problem is considerably simplified (provided, of course, 
that we do not take into account factors associated with viscosity, 
dissociation, phase changes on the boundary between the body and 


Pn & 


Fig. 107 


the flow, etc.). In the present section we shall acquaint ourselves with 
a few simplified methods. 

Consider first the steady motion of a thin profile at a supersonic 
velocity U (Fig. 107). In contrast to the subsonic case, in which the 
velocity field at every point depends on the normal component of 
velocity v at all points on the surface of the body, the disturbances 
here are transmitted only in a downstream direction. As the velocity UV 
increases, the disturbances assume a more local character, and in the 
limiting case of very high supersonic velocities each particle of gas. 
moves only in a direction practically perpendicular to the velocity U. 
It is as if the profile cuts through the gas, particles of which move in 
narrow bands bounded by extremely close vertical planes. The greater 
the velocity U, the more exactly does this “‘/aw of plane sections”’ hold. 

Accepting this description of the phenomenon, we conclude that 
the pressure p on the surface of the body can be calculated in the same 
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way as the pressure on a piston moving in a one-dimensional duct:! 
> Qs 
x*—-il vo\*-l. 
P = Pow (1 sae Eee 


(4.77) 


here x is the polytropy index, p,, and c,, are the pressure and velocity 
of sound in the undisturbed gas. If the pressure is required on the 
part of the profile behind the shock wave, p,, and c,, are, in general, 
replaced by the parameters p, and c, for the gas behind the shock 
wave. 

Formula (4.77) and modifications of this formula have been derived 
by a number of authors from different considerations? and have 
proved to be a very convenient means of investigating problems of 
aeroelasticity. They can also be regarded as a corollary of the laws 
of similitude at high supersonic velocities.* Setting aside any discussion 
of the limits of applicability of formulae of the type (4.77), we shalk 
now consider a few particular cases. 

Expanding the binomial in (4.77) in a series, we obtain the Formula 

xv xwet+il/fv\ x%e+1)/ v \' 
P = Pa | eh ee iS) 2S) “ + 


@ @ ie) 


(4.78) 
The linear approximation corresponds to the well-known formula of 
Ackeret* for the stationary pressure on a thin profile in a supersonic 
flow: 
eed, fe EY 
en (CEES 


(y is the angle of inclination of the profile). If we interpret Ackeret’s 
formula in its wider sense, treating 7 as a characteristic of the local 


1. Hence the term “piston theory’”’, which has now been extended to various 
approximate methods relating pressure to a local inclination of the flow. 

2. Ib’yusnin, A. A. The law of plane sections at high supersonic velocities. 
PMM, 20, No. 6 (1956); LigHTuiLL, M. J. Oscillating airfoil at high Mach number. 
J. Aeronaut. Sci., 20, No. 6 (1953); AsHLry, H. and ZARTARIAN, C. Piston theory— 
a new aerodynamic tool for the aeroelastician. J. Aeronaut. Sci., 23, No. 6 (1956). 

3. Hayes, W. D. On hypersonic similitude. Quart. App!. Math., 5, No. 1 (1947); 
Bam-ZELIKOvICH, G. M., BuNtMovicH, A. I. and MixuaiLova, M. P. Thin bodies. 
travelling at high supersonic velocities. Izv. Akad. Nauk USSR, OTN, “‘Mekhanika 
i mashinostroenie”’, No. 1 (1960); CHERNYI, G. G. Flow of Gas at a High Supersonic 
Velocity (Techenie gaza s bol’shoi sverkhzvukovoi skorost’iu). Fizmatgiz, 1959. 

4, See, for example, Ferri, A. Elements of the Aerodynamics of Supersonic 
Flows. Macmillan, New York 1949, 
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“inclination”? angle of attack of the flow which can vary along the 
length of the profile, we obtain the formula 
_, =a YY 
which, if M?>> 1, becomes a linear approximation of Formula (4.78). 
Similarly, the quadratic approximation corresponds to the well-known 
formula of Busemann when M*> 1. 
Let us examine the third-order approximation in a little more 
detail. It is necessary to do so, since the change in entropy in passing 


Fig. 108 


through the shock wave starts with third-order terms. It is therefore 
in these terms that the difference will exist between Formula (4.77) 
and the formula 


= (1+ ae 
P>Pi 2 Cy 3 


(4.80) 


proposed by Il’iushin? (v, is the inclination angle of attack of the flow 
at the leading edge of the profile). 

To compare Formulae (4.77) and (4.80) it is convenient to consider 
the case of a flat plate slightly inclined to the flow (Fig. 108). Ifv = v9, 
then the pressure at every point on the plate behind the shock wave. 
will be constant, and from Formula (4.80) equal to p,, where p, is 
given by 


Bee (es) Pee ae |) 


1. See reference on p. 237. 
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Expanding the right-hand side in a series, we find that 


xv #x#x+1)/0\ x%4+ 1? 7 vw \3 
nen fireeeseeD(e ys secre ys. | 


ao oD 


The first three terms in the square brackets coincide with (4.78); 
the difference between the last terms can be estimated by comparing 
(5 — 3x)/8 with unity. If « = 1.4, the difference between the cubic 
terms is 10°%. Bearing in mind that the contribution of these terms 
to the total pressure is very small, we conclude that it is acceptable 


Fig. 109 


in a large number of cases to use the comparatively simple Formula 
(4.77), instead of the more exact Formula (4.80). 

Figure 109 shows the variation of the excess pressure evaluated on 
the basis of Formula (4.78) for various numbers of terms of the 
series (x = 1.4). We have used the notation 


v 
n=. (4.81) 


Lu TVHEURY UF ELASTIC STABILITY 


The effect of terms of order higher than the third within the range 
0 < My S&S 1.0is seen to be negligible. 

The questions of the limits of applicability of the “law of plane sec- 
tions’? has been considered by a number of authors. Apart from the 
requirement that M*-+ 1, the condition that the disturbances 7 are 
small must also be satisfied. This condition is formulated differently, e.g. 
Mn < 1,7? <1 etc. According to Il’iushin the error in the approxi- 
mate formulae is given by a quantity of the order of 


5 +37) 
Zz M?2}° 


In addition to the limitations expressed in terms of M and n, 
further limitations must be imposed which take into account the 
non-stationary and the three-dimensional nature of the flow. That 
these limitations exist can be seen by comparing the formulae for the 
pressure derived from (4.77) and those by a limiting process from the 
exact relations. 

Consider a linearized flow of gas over a shell through which elastic 
waves are propagated. In this case 


ow ow 
v= ap. + Oe (4.82) 
and consequently, from Formula (4.78), the excess pressure is given 
by 


So ety - 55D LOW =) 
BAP Pe (= ae (4.83) 
Substituting the Expression (4.31) for w, 
w = € ef Gt-k* Cogn 6, (4.84) 
we find that 
b=o0c,i(Q —k U)E ef Pt-*” cosn A. (4.85) 


Taking now the exact Formula (4.39), 


7) 0 \2 
p=eRa(+Uu=) WwW. 


and substituting Expression (4. 84), we find that 
B= -@Ra(Q — k U/C el Pt-** cosn A. (4.86) 


For the case under discussion 

1 

HY. R)” 
n— yRA@ oR) R) 


“= 


where 
— 2 
ditty tele pee 
C.. k 
In order to pass from Formula (4.86) to Formula (4.85) it is not suf- 
ficient simply to set M?>> 1. It is essential that Mj> 1,k RM, > n. 
Only then can we set 


i i 
KRM, R(kU—Q)’ 
which enables us to pass to Formula (4.85). 
The reason for the first requirement, namely that M? > 1, is obvious: 
the gas must move sufficiently fast relative to the waves propagated 


through the shell. The réquirement that M@? >> 1 can be written in the 
form 


On 


M1 — 6) > 1, (4.87) 
where a an Q 
CU ~ EU 


Since 1/k is a characteristic linear dimension of the disturbance, the 
parameter d can be treated as a reduced frequency. Condition (4.87) 
does not coincide with Lighthill’s condition 


M(n + &) <1, 


but it is satisfied if, in addition to Lighthill’s condition, the condition 
M?* > [is satisfied. 

The condition k R M, > nis not included in any of the conditions 
listed above. It provides a relation between the variability characteri- 
stics of the disturbances in the direction of and at right angles to the 
flow. It must be assumed that analogous requirements are satisfied 
in other cases. 

Comparison of the results given by simple formulae of the type (4.77) 
with the results of more exact aerodynamic theories! shows close 


1. See, for example, Moran, H. G., RUNYAN, H. L. and HuckeL, V. Theoreti- 
cal considerations of flutter at high Mach numbers. J. Aeronaut. Sci., 25, No. 6 
(1958). 
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agreement between the two starting with M = 4 and even with 
M = 2. With appropriate corrections depending on the value of 
M? — 1, the range of application of the formulae can be extended 
in the direction of smaller values of M (approximately as far as 
M = /2). The upper limit of applicability of the formulae has so far 
not been established. At very high supersonic velocities it is obviously 
essential to take into consideration the effects of viscosity, dissociation, 
ionization, phase changes on the boundary between the gas and the 
body, etc. However, locally the relation between the disturbances p 
and the inclination of the flow v must, of course, still hold. In parti- 
cular, Formula (4.83) for small disturbances is still valid, although 
the coefficient in front of the brackets is a function of distance 
measured in the direction of the flow and depends on the behavior 
of the boundary layer of the undisturbed flow. 


4.9. STABILITY OF ELASTIC PLATES AT HIGH 
SUPERSONIC VELOCITIES 


Consider the small oscillations of a flat panel, rectangular in plan 
(Fig. 110), taking into account aerodynamic terms in accordance 


zZ ¥ 


Fig. 110 


with the linearized formula of the “law of plane sections” (4.83). In 
place of (4.67) we obtain a very much simplified equation 


Ow 0*w o*w 
ed 


Ow xp, [Ow Ow 
se ar (se + us) 


Here all the notations of Section 4.7 still hold. 


Dv? ve w ~ (Ny 


=0. (4.88) 
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There are two very simple cases when the number of independent 
variables in Equation (4.88) can be reduced to two (namely x and 2). 
These are the case of cylindrical bending and the case of a plate 
freely supported at the two sides parallel to the flow. In the latter 
case, by putting 


w(x, y, t) = w,(x, ¢) sin 2 7 (= 125233) 


we can reduce Equation (4.88) to the form 


d*w 2n 2 ow nt x4 aw n® a 
ae . “Be m) ~ (Megat — a) + 


Oo’ w OW,  #pPy {OW 1) - 
+ ght + ghee + APs (a + Ut) =0. . (4.89) 
The case of cylindrical bending can be derived from (4.89) by a 
limiting process b - oo. 

We try to find a solution to Equation (4.89) in the form 


wy(x, 1) = W(x) ee, (4.90) 
where W(x) is some function which must satisfy the equation 
OW , ew 2 A 
Here? 
ek ga ey bo a 
E a ? k n"eP a 2 N;, b ? 

—  @N, — @N, xp, Ua 
Sep? gee pie 
A=@?+ ad 
d= am +7 o(N, ea N,) 
and also w? = —(o2 + go), (4.92) 

a8 Dae % Po _ 1 D 
aero f= 7 (e+ “Fa, 2 = (4.93) 


The plane form of equilibrium of the plate is stable if all the charac- 
teristic exponents s lie in the left-hand half-plane of the complex 


1. The reasons for splitting the term containing W into two will be seen from 
what follows. 


variable. Comparing Equations (4.91) and (4.92) with Equations (2.77) 
and (2.79), we see that the present problem is very similar to the 
problem of the stability of the rectilinear form of a bar subjected to 
non-conservative torsion. The undisturbed form of the plate is stable 
provided that all the eigenvalues w* of the boundary-value problem 
defined by Equation (4.91) and by the corresponding boundary 
conditions lie inside the ‘‘stability parabola”’, i.e. provided 


Imw* < g(Rew*)', (4.94) 


Thus the problem reduces to one of investigating the complex eigen- 
values w and applying Condition (4.94). 

The laborious calculations can be reduced by replacing the stability 
condition (4.94) by the approximate condition (2.82) or by the suffi- 
cient condition that Imw? < 0. The latter corresponds to solutions 
which do not take into account aerodynamic or structural damping, 
when the “stability parabola” degenerates into a narrow strip either 
side of the positive real semi-axis (Fig. 59). The question of the 
admissibility of ignoring damping in non-conservative problems of 
elastic stability has been discussed in Chapter 1; in Section (4.12) we 
shall return to this question and consider it from the point of view of 
panel flutter. 

The boundary-value problem defined by Equation (4.91) and by 
the corresponding boundary conditions has. been considered by a 
number of authors.! Setting 


W(x) = e”*, 
in Equation (4.91), we obtain the characteristic equation 
(7? — k? a)? + Br-A=0, (4.95) 


where A = w? + 24d. Suppose that r, = uw + ivandr, = u — ivare 
two complex conjugate roots of this equation. Then the other two 
roots, and also the parameters 8 and A, can be expressed in terms of yu 
and » as follows: 


ra = — mt VO*— 40%), | 
B = —4u(? — ut + ka), 


(4.96) 
A= k? xt + (uw + vy?) (? — 3p? + 2k 7). | 


1. See reference 1 on p. 200. The remainder of this Section is based on the 
paper by Movchan. 
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Consider now the boundary-value problem corresponding to the 
conditions W(0) = W’(0) = Wil) = W’(1) = 0. Applying the 
boundary conditions to the solution, we obtain the equation 


I 1 1 1 
rz H rs "4 
A (k, A, B) = e ry e7-"2 ae e7t4 = 0, 


rie“ rie-™ re rie” 
which is extremely cumbersome to deal with. However, if we express 


the exponents r, in terms of the variables uw and v according to (4.96), 
we can reduce this equation to the simplified form 


A(k, u,v) = pw? [cosh2 — cosh y(v? — 2? + 2k x*) cosy] + 
(v? — u? — k 72)? + 2u?(u? — k 2?) siny 

Ve? — 26? + 2k x’) 2» 
Similarly, in the case of clamped leading and trailing edges, i.e. when 
W(0) = W’(0) = W(1) = W'(1) = 04, we obtain the equation 


+ sinh /(v? — 2? + 2k 27) =0. 


l 1 1 1 
ry Pr rg Vg 
A (k, A, p) = e7" e7fs e~r aa 0, 


mre re" ree ree" 
which after rearrangement can be reduced to the form 


A(k, uw, v) = cosh2y — cosh V(x? — 2u? + 2k x”) cosy + 
ka? — 32 siny . 

+ ae ee —, sinh Ve? oe 2 + 2k x”) == 0), 
The calculations are carried out as follows. By a method of successive 
approximations we find the roots yu and » of the equation A (k, py, v) = 0. 
Formulae (4.96) are then used to find the corresponding values of £ 
and A. If 8 = 0 the boundary-value problem is self-adjoint and all 
the eigenvalues / are real. At some value of f one of the pairs of eigen- 
values merges and then becomes complex adjoint (Fig. 111). Since 
A = w* + 2d and d is a real number, the value 8, corresponds to 
violation of the sufficient stability condition Imw* < 0. The corre- 
sponding velocity can be provisionally called the critical flutter velo- 
city, although, as can be seen from (4.92) for example, in order for 


1. We recall that the edges parallel to the undisturbed flow are assumed to be 
simply supported. . 
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flutter to occur the magnitude of Imm? must exceed in modulo some 
quantity which depends on the degree of damping. Negative values of 
w* correspond to divergent instability. The critical divergence velocity 
can therefore be found from the condition that 2 = x‘ d. From the 
equation A(A, u, v) = 0 we can draw certain qualitative and quanti- 
tative conclusions concerning the influence of a number of factors on 


4 


A, 


0 Bs f 
Fig. 111 
the stability of the plane form of the panel. In particular, it is found 
that there are points in the A, 8 plane for which an exact solution can 
be found to Equation (4.91). These points correspond to a velocity 


parameter 873m 
B =— = (mj + mm). 


For a simply-supported plate the solution to Equation (4.91) is of 
the form 
W(E) = sinma&+sin(m a + x) e7™*8, 
where m and n are positive integers, and the number m, and the 
phase y are given by the formulae 
_ i ‘ cae N.} = 1 

my = 3 (2m Bae Gor x hea Stan 

Similarly, for a plate fully fixed at two edges we obtain 
W(E) = sin?m a & e~™78, 


These exact results provide a useful basis of comparison for results 
obtained by approximate methods. 
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In contrast to plates, we arrive in the case of shells at differential 
equations of the eighth order with four boundary conditions to be 
satisfied on each side. A number of papers dealing with panel flutter 
under conditions very similar to those outlined above have aimed. 
at reducing the problem to a fourth order equation, However, we 
shall not study these papers here. | 


4.10, APPLICATION OF GALERKIN’S VARIATIONAL METHOD. 
EFFECT OF DAMPING AND OF FORCES IN THE MIDDLE SURFACE 


We have seen that by iritroducing aerodynamic terms on the basis: 
of the ‘“‘law of plane sections’’, the procedure is considerably simpli- 
fied and in some cases leads to an exact solution of the problem. 
However, when the boundary conditions are complicated and account. 
is taken of the true laws governing structural damping, especially in 
the case of non-linear problems, we find it necessary to resort to 
approximate methods of solution. The usual method is to express. 
the required solution in an expansion in functions which satisfy the: 
boundary conditions and then to apply Galerkin’s variational method. 
In this way the problem is reduced to one of solving an equation 
obtained by equating to zero the corresponding system of homo- 
geneous linear algebraic equations. The present section will deal not 


1. STEPANoV, R. D. On the flutter of cylindrical shells and panels moving in 
flow of gas. PMM, 21, No. 5 (1957); Movcuan, A. A. On the effect of aerodynamic. 
damping on supersonic skin flutter. Izv. Akad. Nauk USSR, OTN, “Mekhanika 
i mashinostroenie”’, No. 1 (1960). 

2. HepGcepPetH, J. Flutter of rectangular simply supported panels at high 
supersonic velocities. J. Aeronaut. Sci., 24, No. 8 (1957); Fune, Y. C. On the 
two-dimensional! panel flutter. J. Aeronaut. Sci., 25, No. 3 (1958); BoLotin, V. V- 
On the question of the stability of a plate in a flow of compressible gas. Sb. ‘‘ Vo- 
prosy prochnosti materialov i konstruktsii’. Izd-vo. Akad. Nauk USSR, 1959;. 
Livanov, K. K. Stability of a clamped panel in a supersonic flow. Inzh. sborn.,, 
25 (1959), and others. Let us mention also the following publications: MAKAROV, 
B. P. On the stability of clamped plates in compressible gas flow, Izv. Vyssh. 
uchebn. zaved. SSSR, Mashinostroenie, No.1 (1961); Ratrayya, J. W. Flutter 
analysis of circular panels, J. Aerospace Sci., 29, No. 5 (1962) and others. The: 
flutter of cylindrical sheils of finite length was considered applying Galerkin’s 
method in the following papers: SHVEIKO, Iu. Iu. Stability of a circular cylindrical 
shell in a gas flow, Izv. Akad. Nauk SSSR, OTN, Mekhanika i mashinostroenie, 
No. 6 (1960); Hort, M., Strack, S. L. Supersonic panel flutter of a cylindrical 
shell of finite length, J. Aerospace Sci., 28, No. 3 (1961); Voss, H. M. The effect 
of an external supersonic flow on the vibration characteristics of thin cylindrical 
shells, J. Aerospace Sci., 28, No. 12 (1961). 
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so much with the calculations involved in the problem, as with a 
description of a number of interesting properties of flutter problems 
which can be readily understood if we pass to a finite system. 

We try to find a solution to Equation (4.88) in the form of a series 


WH, Is 1) = 3A wal W) 


in functions w,(x,y) which satisfy the boundary conditions for 
w(x, y, f). Applying Galerkin’s method, we obtain the system of 
equations . 


d? 
Get ett Sarh+ Pe" Soh =0 
GSH 152.405 
where 
ow 0? w ; 
_[fleren- (w zy = +N, ZH] w,dx dy 
jy = 
JS fest w, dx dy 
og 
Wr 
: if ae w, dx dy ss, ft 
-, = 99 = co co “a 
ee phen. oe 
J [ooh ws w, dx dy 
00 


If for the function w,(x, y) we select the natural modes of the plate 
in vacuo, we have 


= 2 
Ajy = 27 O jn, 


where 2, are the corresponding natural frequencies. After introducing 
the non-dimensional parameters 


(Q, is a characteristic frequency, for example 2) = 2,) we can write 
the system of equations in the form 


Th Les op + 8 S5nK =0 (4.97) 

(j = 1,2, ...). 
The plane form of the bar is stable if all the roots of the equation 
[(oF + 6 + go) dj, + Bd;,| = 0 (4.98) 


lie in the left-hand half-plane. If the effect of damping is not taken 
into account, the stability condition reduces to the requirement that 
all the frequencies w = io given by the equation 
|(w? — w*) dj, + B5;,| = 9, (4.99) 
remain on the real axis. The parameter B corresponding to divergence 
conditions can be found from the equation 
| w? Oj% + Bb;,| = 0. (4.100) 


Consider the case of a simply supported panel.! In this case, for 
a fixed number of half-waves in the lateral direction, we have 


Ww; = sin 2 7* sin _ ; 
b 
af = (72 + ng)? + 7 N, + ng Ny, (4.101) 


where the notations of Section (4.9) still hold: Carrying out the 
necessary calculations, we find that 


J es , 
=—;, if jk is an even number 

by = I > — ke : 
0, if j+k isan odd number 
Note that the reciprocity condition (4.75), which indicates the non- 
conservative nature of the problem, is also fulfilled. In order to deter- 
mine the critical parameter B, we use the results already obtained in 


Sections 1.14-1:16. Taking as a first approximation a second-order 
determinant, we obtain the formula 


~ Bae =F Vl} — oF? + 2¢*(OF + OD], (4.103) 


(4.102) 


1. This problem without the effect.of damping has been investigated in a number 
of papers. See, for example, JoHns, B. J. Some flutter studies using piston theory. 
J. Aeronaut. Sci., 25, No. 11 (1958). 
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which is completely analogous to Formula (1.96). If the. partial 
natural frequencies 2, and 2, are sufficiently far apart, the correction 
to the damping introduced by the second term under the root sign is 
negligibly small. In this case we have the approximate relation 


By = (ot — oj). (4.104) 


Formulae (4.103) and (4.104) give an accurate estimate of the order 
of the critical parameter. Thus, for a plate of infinite span with no 
applied axial forces (NV, = 0,#, =j”) Formula (4.104) gives f,, = 11.25, 


O- & M % 00 ie 
WI 


Fig. 112 


whereas an exact solution gives B,, = 13.9 (if four terms of the series 
are taken the formula gives 6, = 13.6). In spite of their simplicity 
Formulae (4.103) and (4.104) take into account all the main charac- 
teristics of the problem of panel flutter. 

It has been pointed out already that damping only becomes signi- 
ficant when the. partial frequencies are close together. For heated . 
panels elongated in the direction of the flow multiple frequencies are | 
quite likely. Figure 112 shows the relation between the square of the’ 
non-dimensional frequency and the non-dimensional compressive © 
force for a panel with the ratio of its sides g = a/b = 3.0, N, = 0. 


A typical relation between the critical parameter f, and | N,| is shown : 
in Fig. 113. It will be seen that 8, has minima which are close to. 
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values of |V,| corresponding to the multiple frequencies and which 
are of the order of g. It will be seen also that the critical value of the 
parameter does not necessarily correspond to the pair of smallest 
frequencies: the important thing here is not so much the magnitude 
of the frequencies, but the interval between adjacent frequencies 
(Fig. 114). 


2. 
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Fig. 113 
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So far we have assumed that the partial damping coefficients are 
the same. However, it has already been pointed out (Section 2.5) 
that there is no reason for assuming that the coefficients of structural 
damping are equal (aerodynamic damping is the same for all degrees 


of freedom). Instead of (4.98) consider the equation 
. |(o? + 0? + g,0) dj, + BByx| = 0, 
in which 
2 ae 4 
gi “2” 
or alternatively 


z. 
=—-+-(1+G,). 
& 25 ( J 
Here, in the same way as (4.66), 


w, is the relative dissipation of energy due to structural damping 
corresponding to the j-th mode of oscillation; the formula is valid 
for periodic processes with a non-dimensional frequency w. Putting 


_ w4/ D = E ht _ 1/* Po: 
wa VeR Ponda TV 
we obtain the following formula for G;: 
= W; w? _ 1 (=)"( E ea 
= GO? FO EBT A Na) eps On!” 


For a steel plate in air under normal conditions 


h 2 
Gy ® 12.6 x 10*(—) . 
a 
For a square plate without loading w, = 2, w, = 5 and the non- 
dimensional frequency on the flutter boundary is 


[wit w§ 
oO, = |/——— 


~ 3.81. 
If h/a = 0.01, then even if y = 0.10 (a comparatively small structural 
damping) we find that G, = 1.32 and G, = 8.25.. Thus the effect of 
structural damping is no less significant than that of aerodynamic 
damping. | 

It was shown in Section (1.16) that if the partial coefficients of 
damping e, (or g,) are different, the critical value of the non-conser- 
vative force parameter ,,, when damping is taken into account, 
can be less than the value of 8, for a system without damping. This 


De en a ee 


still holds for flutter problems. It will be seen that Condition (4.94) 
is valid only for the case when the damping coefficients coincide; 
therefore the sufficient condition of stability Imw? < 0 and the. 
resulting condition B,, = 8, are valid only for this case. 

The coefficients of structural damping are, in general, different for 
different modes of oscillation. This might account for the decrease 
in the parameter f,, compared with $,. This effect is somewhat 
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LO 


Fig. 115 


reduced by the fact that the coefficients of aerodynamic damping are 
equal. 

Making the quite reasonable assumption that the relative dissipation 
of energy due to structural damping is the same for all modes, we 
find that 


2 

i+KG 
Ox 
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y= 


Here 7 = g,/g, is the parameter appearing in the approximate for- 
mula (1.98): 


2 
Bux * Bx i Be : 


As an example consider a square plate without loading (w, = 2.00, 
w, = 5:00). Letting the parameter G, y vary from: zero to 5.00, we 
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find that f,,.,./8, varies from 1.00 to 0.73. For 4/a = 0.01, this corre- 
sponds to a damping decrement of approximately 0.2. 

On the basis of the general theory (Section 1.15), we can expect 
the addition of aerodynamic forces under certain conditions to contri- 
bute to the stability of a plate compressed by axial forces. Figure 115 


shows the region of stability in the plane of f, |N,| with » = 1 and 


N, = 0. Ifin Equation (4.100) we retain the second-order determinant, 
we obtain the following formula for the divergence parameter: 


3 
Bx = oy V(o, We). 


At the same time the flutter parameter is given by Formula (4.104). 
The lower branch of the curve ABC corresponds to the buckling 
boundary, and the straight line BE corresponds to the flutter bound- 


ary. With increase in the velocity of flow parameter from zero the 
aerodynamic forces slightly increase the stability of the plate against 
buckling over a certain interval. 

In conclusion, we shall consider briefly the problem of the stability 
of a plate clamped at one edge and free at the opposite edge, and 
extending to infinity in the direction perpendicular to the flow 
(Fig. 116). This problem is rather interesting in that when the flow 
is in a direction from the clamped edge to the simply supported edge, 
flutter is possible, and when the flow is in the opposite direction, diver- 
gence is possible. 

We shall consider this problem on the assumption of cylindrical 
bending without taking into account axial forces and damping. Taking 
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as an approximation the beam functions 


coshd, + cos, 
gry Perey aa fe = sind, é), 


W; = 22, A = 1.875, Ay = 4.694, 


w,(&) = coshd, € — cosa, & — 


and noting that 
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[ w;, dé = 1 
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ifj=k 


Wow [— w,(1) we(1) Af + w)'(O) wy (0)] 
ifj + k, 
1. 

fo w, dé = ar) Osx 

0 
we find 6,, = 2.000, by, = 2.000, 5,4 = — 3.450, b,, = 1.055. Thus 
bia ba, <0, although b,, + — b,,. If we limit ourselves to the second 
order determinant, we obtain a simple equation for the non-dimension- 


al frequency w as a function of the velocity parameter? 6’. The results 
of the calculations are plotted in Fig. 117. If B < 0, i.e. if the flow is 


1. Here we have taken. 


in a direction from the free edge to the clamped edge, then as the 
velocity increases, divergence occurs first (when f,, = 6.33). If B > 0, 
divergence is not possible and flutter occurs at #, = 122.7. It should 
be pointed out that an exact solution of this problem? gives a value 
for the divergence parameter which is practically identical with that 
quoted above. In Fig. 117 two further points are given; these refer to 
the exact solution. 
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Fig. 118 


If instead of Formula (4.83) we use the formula 
a. Oo U 5 (Se ow 
PM? — 1) ax” 
we can somewhat extend the field of application of the results. 
Figure 118 shows the relation between the critical Mach number for 


1. Movcuan, A. A. On the oscillations of plates moving in a gas. PMM, 26, 
No. 2 (1956). 
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divergence and the parameter 


po = SH Po — 9 (2). 


The broken line gives the results obtained from the usual formula for 
the pressure (4.83). The smallest relative thickness necessary to ensure 
stability occurs approximately at M = 2, which agrees qualitatively 
with the result obtained for a plate exposed to a potential flow under 
different support conditions (Fig. 106). The solution is invalid at 
transonic velocities. 


4.11. LIMITS OF APPLICATION OF GALERKIN’S METHOD. 
EXPLANATION OF A PARADOX IN THE PROBLEM OF MEMBRANE 
FLUTTER. 


Problems of panel flutter belong to a class of non-self-adjoint 
boundary-value problems, the general properties of which are as yet 
not fully understood. In this connection doubts have often been ex- 
pressed as to the admissibility of Galerkin’s method as applied to 
problems of this sort. The basis of these doubts may be explained as 
follows. 

The linear problem of the stability of a rectangular membrane in 
a flow of gas can be solved without difficulty, and its solution shows 
that for a membrane fixed along its contour no critical flutter velocity 
exists, i.e. the plane form of a stretched membrane is stable at all 
sufficiently high supersonic velocities. It would appear, however, that 
the application of Galerkin’s method to this problem gives a critical 
flutter velocity which tends to some limiting value as the number of 
terms that are taken increases. On this basis the assumption has been 
made? that Galerkin’s method gives an incorrect answer to the 
question of critical flutter velocity, not only for a membrane, but also 
for a plate, and that cases of plate failure observed must be explained 
by other causes. 

On the other hand, in the case of plates there is close agreement 
between the results of exact analyses and those based on Galerkin’s 


- 1. Asavey, H. and ZARTARIAN, C. Piston theory—a new aerodynamic tool for 
the aeroelastician. J. Aeronaut. Sci., 23, No. 6 (1956); BIsPLINGHOFF, R. L. Some 
structural and aeroelastic considerations of high-speed flight. J. Aeronaut. Sci., 
23, No. 4 (1956); see also the book: BIsPLINGHOFF, R. L., ASHLEY, H. and Hate 
MAN, R. L. Aeroelasticity Addison-Wesley 1955. 
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method, provided that in the latter method four terms of the series are 
retained. In this connection the question arises as to the reason for 
the significant difference in the results given by Galerkin’s method 
when applied to plates and when applied to membranes (i.e. to plates 
the cylindrical stiffness of which tends to zero). This question has not 
only a theoretical, but also a practical significance. The majority of 
problems of panel flutter, and particularly non-linear problems, have 
to be solved by resorting to Galerkin’s variational method. It is there- 
fore extremely important to know the limits of application of the. 
method to problems of this type. The paradoxical divergence in the 
results for a membrane has until now remained unexplained, and so 
the major part of this section will be devoted to an explanation of 
this divergence. * 

Consider once more a flat panel, rectangular in plan with sides a and 
b, one side of which is exposed to a supersonic flow with an undisturbed . 
velocity U (see Fig. 110). We shall ignore damping and confine our 
attention to the plane problem, for which Equation (4.88), after the 
substitution 

w(x, t) = W(x) eft 
becomes 
4 
pat — N,, <*> — 0 hALW+ x0, uae 0. (4.105) 

It can easily be shown that for a membrane (D = 0) all the fre- 
quencies are real irrespective of the Mach number M, i.e. the plane 
form of the membrane remains stable at any sufficiently high super- 
sonic velocities. In fact, a calculation leads to the formula 


N, . “pM “" 
cok Vim + sa) | 4106) 
where m is any positive integer. 


If we now apply Galerkin’s method to this problem, expressing the 
solution in the form of a series 


= —. 


WO > he (4.107) 


1, BoLotin, V.V. On the application of Galerkin’s variational method to 
problems of flutter of elastic panels. Izv. vyssh. shkoly., ser. ‘““Mashinostroenie”’, 
No. 11 (1959). 
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then for a plate, even to a first approximation (when two terms of the 
series are retained), we obtain results which are fairly close to the 
exact solution. In the case of a membrane (D = 0), again to a first 
approximation, we obtain 6, = 2.25. At the same time, an exact 
solution shows that membrane flutter in general does not occur. 

In order to clarify the way in which f, behaves with increase in the 
number of terms in the series (4.107) and to establish the reason for 
the qualitative difference between exact and approximate solutions, 
calculations of the frequencies w have been carried out for various 
numbers of terms. The resulting curves for a plate with N, = 0 are 
shown in Figs. 119-122. Closure of a “‘loop” indicates two complex 
conjugate frequencies, and the minimum value of the parameter f, at 
which closure occurs is the critical value. It will be seen from the 
graphs that the critical value of @,, varies only slightly with increase in 
the number of terms in the series (for two, three, four and five terms 
‘we obtain #, = 11.2, 14.3, 13.6 and 13.8, respectively). It is typical in 
the case of an odd number of terms for one of the loops to open up. 
This is due to the absence of a “coupling” coordinate for one of the 
generalized coordinates. In general, an approximation with an even 
number of terms of Series (4.107) is more suitable for a problem in 
which instability is associated with the “‘coupled” interaction of 
generalized coordinates. 

The curves for a membrane are shown in Figs. 123-126. It should 
be noted that the basic loop corresponding to the first two terms of 
Series (4. 107) changes in form with increase in the number of terms, 
and that for an odd number it opens up. At the same time the “‘loop”’ 
corresponding to the last two terms is practically unaltered and closes 
at approximately the same value, 6, = 2.3. It appears that so far 
everybody who has applied Galerkin’s method to the problem of a 
membrane has calculated just this minimum value and taken it to be 
the critical value, whereas the last terms taken should have been 
looked upon simply as a correction to the basic solution, without 
taking into account results which are obtained principally from these 
terms. If in fact the behavior of the first “loop” is considered, it will 
be found that there is no real contradiction between the exact solution 
and a solution by Galerkin’s method. Two terms of the series give 
fy = 2.25, three terms give 8B > oo opening up of the first ‘‘loop’’, four 
terms give 8, = 3.22 and for five terms we once more obtain B, — oo. 
We have here a typical divergent process for finding #,,. It should be 
noted that for the frequencies w, at any rate, for sufficiently small 


4UU LHEUKY UF ELASTIC STABILITY 


values of £, the process of successive approximations does converge. 
This can be seen, for example, from Fig. 126, where the dotted lines 
represent the relations 


o = \/(m + Ze) (m = 1, 2,...) 
64 3 3 > 


which are derived from the exact Formula (4.106) 


Fig. 122 


Consider now the convergence of the infinite determinant (4.99). If 
we divide the jth row by w, and the kth column by w, we can express 
this determinant in the form 

A = |Sin + cyuls (4.108) 
ES 18 
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where 0,, is the Kronecker delta, 


25° ii 
Ci, = st ie : ul ae =a «(J & Kis an odd number), 
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ej, = (j + k is. an even number). | 
@; Dy : 


Fig. 126 


It can be shown! that the infinite determinant (4.108) converges if 
the double series 


Dy ¥ lel (4.110) 
j=lka1 


converges. A determinant is described as normal when it satisfies this 
condition. 


1. Kantorovicu, L. V. and Krytov, V.I. Approximate Methods of Higher 
Analysis (Priblizhennye metody vysshego analiza). Gostekhizdat, 1952. 
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From the corresponding formula of (4.101) with x = 0, N, = N, 
= 0, we have w, = k*. Since |j? — k?| = j +k > 2 (jk) it follows that 
ww? by x p | 
Ic; x < jt + 2h kl: . 
The double series composed of the elements an the right-hand side of 
this expression converge, which proves the convergence of the series 
(4.110). Consequently, the determinant (4.108) for a plate is a con- 
vergent (normal) determinant. A similar result can be proved for a 
plate with other types of edge support. 
Consider now the case of a membrane (w, = k). Here the conver- 
gence of the series (4.110) depends on that of the series 
2pm 3 3 F-P 


jeLkaij> — Kh 
(j and k are numbers of opposite evenness). Noting that if k <j 


2 2 


and that the number of non-zero terms in the jth row is equal either 
to j/2 or to Gj — 1)/2, but in any case is not less than 7/3, we obtain 


—_—___ > S/ —. 

Spel a 

The right-hand side is an obviously divergent series, which shows that 

the series (4.110) for a membrane diverges. Consequently the determi- 

nant (4.108) in the case of a membrane is not a normal determinant. 
In the general case of a rectangular plate, 

a 
x D 
where y = a/b. It is clear that in the case of a non-zero cylindrical 
stiffness D and with n fixed, we can always choose a finite number k so 
that the inequality w?2 > Ck’! is satisfied, where C is some constant. 
Then for sufficiently large j and k we have the inequality 

ow? Ojx B ow Ojx B 
c < 7 «3 3 ° —. <5 5 
lean yp + CPi RAP — ey] Cj! + DOr EE 
and consequently the series (4.110) converges, provided D + 0. The 
convergence is slower the smaller D is, i.e. the more closely the plate 
approximates to a membrane. 


of = (K+ eg)? + 


(k? N, + 1? yp? N,), 
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From the foregoing analysis we see that the application of Galerkin’s. 
method to the problem of plate flutter leads toinfinite determinants which 
belong to the class of normal (convergent) determinants. In the case: 
of a membrane (a plate with a zero bending stiffness) the determinant 
is not normal and its use leads to an apparent inconsistency between 
the exact solution and one based on Galerkin’s method. This incon-' 
sistency can be obviated by observing the behavior of the solution 
with gradual increase in the number of terms in the series. The in- 
effectiveness of Galerkin’s method in the case of a membrane is not 
associated directly with the fact that the problem of panel flutter is 
non-self-adjoint; the same thing occurs in certain self-adjoint bound- 
ary-value problems presented in the appropriate manner. Although for 
the given class of problems a strict proof of the convergence of Galer- 
kin’s method does not follow from proof of the convergence of the 
determinants, the foregoing discussion has shown that in its applica- 
tion to plates with a non-zero bending stiffness this method gives 
extremely reliable results. 


4.12. NON-LINEAR PROBLEMS IN THE THEORY OF AEROELASTICITY. 
EFFECT OF GEOMETRIC AND AERODYNAMIC NON-LINEARITIES 


So far we have investigated the stability of plates and shells in a flow 
of gas according to the linear theory. By using the linear theory we can 
find the smallest value of the velocity (the critical flutter or divergence 
velocity) at which the undisturbed form of a flat or curved panel 
ceases to be stable. The analysis of non-linear problems is of interest in 
two respects. In the first place, in a number of cases when the critical 
flutter velocity is exceeded, this does not mean an immediate failure of 
the panel; this occurs only after a definite period of time and is a 
fatigue type of failure. In order to determine the expected useful life of 
a panel it is essential to determine its amplitude of oscillations in the 
flutter region, and this can be done only on the basis of the non-linear 
theory. Secondly, as the Mach number increases the effect of aerodyna- 
mic non-linearities becomes more prononced. In some problems the 
effect of these non-linearities is such that by taking them into account 
we are able to reveal the likelihood of undamped oscillations or 
divergent modes of equilibrium at velocities less than the critical 
flutter (or divergence) velocity, if a large enough disturbance is im- 
parted to the system. In such cases the critical velocity determined by 
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the methods of the linear theory of aeroelasticity is only the upper 
limit of the critical velocities for actual structures. 

A most important non-linear factor which limits the amplitudes in 
the case of flutter of plates and shells, and their deflections in the case 
of static instability, is non-linearity of a geometric origin associated 
‘mainly with the occurrence of tensile stresses in the middle surface. 
These stresses depend very much on the boundary conditions, i.e. on the 
joint response of the plate or shell and the supporting frame or the 
structure as a whole. In addition to these factors, in a number of ' 
problems, it is necessary to take into account non-linear non-elastic 
effects and the effect of structural non-linearities (cutouts, arresting 
devices, etc.). 

Let us consider in more detail the effect of aerodynamic non-lineari- 
ty.! We can write Formula (4.77) in the form 

or | 2x 


P= Pal + “3 Ma), 


where y is a non-dimensional disturbance parameter (the angle of 
attack, the non-dimensional amplitude, etc.). One of the conditions © 
for the applicability of the formula requires that M7 < 1. However, 
in order to be able to make various approximations in the formula 


x(% + 1)? 
12 


p=Po|l+xMy + ED em? + (Mn)? + ++ 


(4.111)- 
we need to impose even more stringent requirements. Thus the - 
linear approximation gives satisfactory results provided (Mn)? < 1.° 
The greater the Mach number the narrower is the range of values: 
—n, <1 <1, for which reduction to the linear approximation is 
admissible. ; 

Since we are concerned with stability “‘in the small”, the equations . 
can be linearized with respect to the elastic displacements of the body. 
However, only when the disturbances introduced by the rigid body - 
satisfy the condition that —7, < 1 <-y, (for example, in the case of - 
motion of a body of zero thickness and zero angle of attack), does: 
the result of linearizing the equations coincide with Formula (4.83) 


P=PporMn. 


1. Booty, V. V. On critical velocities in non-linear problems of the theory : 
of aeroelasticity. Nauchn. dokl. vyssh. shkoly, ““Mashinostroenie i priborostroenie’’, 
No. 3 (1958). : 
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Thus, at high supersonic velocities the aerodynamic forces are for 
the most part non-linear. We see from Formula (4.111) that in many 
cases when M > 1 the aerodynamic forces have hard non-linearity 
in the sense that the sign of the non-linear contribution coincides 
with the sign of 7. For instance, if a plane profile is exposed to a 
steady flow (Fig. 127), then in a calculation of the lift and aerodynamic 
moment the second order terms in Formula (4.111) disappear, and 


Fig. 127 Fig. 128 


the non-linear contribution, therefore, starts with terms of the order 
of 7° (Fig. 128). If one side only of the panel is exposed to the flow, 
then the quadratic terms, of course, are retained. However, in the 
case of motion of the panel close to harmonic oscillation at a frequency 
2(yn ~ yn, sinQ ft), the quadratic terms contain no components with 
this frequency, whereas the cubic terms do contain such components 
(n° ~ 3/42 sin ¢t +-:-). Therefore, here again the important non- 
linear contribution starts with terms of the order of 7°. 

Whenever the aerodynamic forces have hard non-linearity, their 
effect on the behavior of an elastic system will be essentially opposite 
to the effect of geometrical non-linearity. An increase in geometrical 
non-linearity (for example, an increase in the non-linear components 
of the stresses in the middle surface caused by the displacements 
being restrained at the edges of a plate or shell) causes a reduction in 
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amplitude in the case of steady flutter. Conversely, an increase in 
aerodynamic non-linearity results in an increase in these amplitudes. 
Whenever there is considerable geometric non-linearity, the excitation 
of flutter or divergence buckling on the boundary of the region of 
instability will be ‘‘soft”’, in the sense that if the critical velocity is 
slightly exceeded, the amplitudes of steady flutter or the divergence 
deformations will be only small. In other words the stability boundary 
will be “‘safe’’ in the sense of Bautin?. Conversely, when aerodynamic 
non-linéarity predominates, excitation of oscillations on the boundary 
of the instability region can be “hard’’, and the boundary of the 
stability region “‘dangerous’”’. In this case the aerodynamic forces can 
maintain states of motion other than the undisturbed state, even 
when the undisturbed motion is stable “‘in the small”. With decrease 
in the velocity U, emergence from the region of instability is accom- 
panied by “entrainment”. If this does in fact occur, the critical 
velocities determined from the linearized equations act as upper 
critical velocities. In addition to these velocities, the lower critical 
velocities assume importance, i.e. the lowest velocities at which excita- 
tion of steady flutter motion or divergent forms of equilibrium first 
become possible. The true critical velocity for a real structure in these 
cases depends very much on the nature of the disturbances (initial 
inaccuracies, initial angle of attack, atmospheric turbulence, etc.) and 
when this velocity is reached instability occurs suddenly. For example, 
the state of divergence occurs suddenly, in a similar manner to the 
case of static loading of thin elastic shells. In general the situation 
here is very similar to that in the theory of the stability of thin shells. 


The likelihood of the occurrence of these phenomena must be 
assessed for each particular system and for each particular range of 
Mach numbers. It should be borne in mind that due to viscosity or 
development and detachment of the boundary layer etc., the effects 
listed above are less pronounced, and under certain conditions aero- 
dynamic non-linearity once more becomes “‘soft’’ (Fig. 128). 


Two very simple examples will be described as an illustration. 
Consider the problem of the torsion of a thin wing, rectangular in 
plan, and with zero angle of attack. As a simplification, we shall 
assume that the wing is flat and that the displacement of the line of 


1. Bautin, N. N. The Behavior of Dynamic Systems in the Neighborhood of the 
Boundaries of the Region of Stability (Povedenie dinamicheskikh sistem vblizi 
granits oblasti ustoichivosti). Gostekhizdat, 1949. 
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aerodynamic focal points relative to the stiffness axis is achieved by 
the presence of a leading edge which is not part of the load carrying 
part of the wing (see Fig. 127). We also assume that there is no 
possibility of flutter and that the- change in entropy in transition 
through the shock wave can be ignored. We write the equation of 
torsion of the wing in the form 


2 ns 
gs, #6 eer (ee 1 


2x 
a-1 — 


dz 2 2 Q m) 


= te 
~(1 — : aM)*| =0, (4.112) 


where @ is the angle of twist, GJ, is the torsional stiffness. It can 
easily be shown that the critical value of the Mach number as found 
from the linearized equation 


d 
GJi 7 


and the boundary conditions 


9(0) = 


26 
a + #p(b + X)x) MI =0 


d9(1) 
dz % 
is 
_. 7 GJ, 
a % Da(b + Xo) Xo 


We shall try to find a solution to the non-linear equation (4.112) 
in the form of a series in eigenfunctions of the corresponding linear 
problem 


ios spe (4.113) 
j=l 21 ; 

The results for a particular case with one term of Series (4.113) 
are plotted in Fig. 129. The branches corresponding to d6/dM <0 
are evidently unstable. When the critical value of M, = 9.15 is 
reached, a sudden twist occurs up to a value of 6, which lies within the 
region of separation angles of attack (see Fig. 128) and which cannot 
therefore be found from Equation (4.112). 

In order to estimate the effect of initial inaccuracies, suppose that 
the wing has an initial twist given by 
Tz 


@ = 6, sin 71 
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The corresponding equation is obtained from (4.112) if we replace 
6 in the square brackets by 0) + 0. The results are plotted in Fig. 129. 
It should be noted that there is a considerable reduction in the critical 
Mach number M,, due to initial effects; when @, = 0.01 rad. the 
critical Mach number is M, = 8.2, ie. 10.5% lower than the upper 
critical value. When 6, = 0.02 rad. the reduction is approximately 
21. 

This example is characterized by the absence of geometric non- 
linearity (or more precisely, this non-linearity is negligibly small). We 


Fig. 129 


have the same state of affairs for other elements of the cantilever type 
in a flow of gas, for which the boundary of the stability region is 
“dangerous”. For real structures of this sort instability can occur 
at a velocity less than the critical velocity given by the linearized 
theory for an idealized structure. On the other hand, for a panel the 
tangential deformations of which are resisted by the interaction with 
stiffening members, it is typical for geometric non-linearity to predo- 
minate. : 

As.a very simple example consider the model provided by a plate 
lying on an elastic foundation and exposed to a flow of gas (Fig. 130). 
The question of the admissibility of applying the results to a plate 


STABILITY OF ELASTIC BODIES 271 


of finite dimensions will be left open. The equation of disturbed 
motion of the plate is given by 


02 w Ow ow 
2 V2 _ eens a 
DV? V2 w N= +kw+oOoh oD + o,he ay + 
24 
x—-1 /dw Ow \|*-1 = (4.114) 
+ Pall + (Ge + uZ)| - pa = 0, 


where k is the stiffness of the foundation, N,, is the axial force in the 
plate, where 


eee x {V/[2 + (s*)'|- | dx, (4.115) 


Fig. 130 


i, is a characteristic length (which from now on will be taken as the 
half-wave length, and cis a stiffness coefficient characterizing resistance 
to decrease in length of the plate. This coefficient can vary within 
the limits | 

Eh 
1 — 
and enables us to take into account the effect of geometric non-linearity 
on the behavior of the plate. 


From consideration of the linearized problem we easily find that 
the critical velocity is 


= <7 % Cy bo (Ax, Ay) 
U, = V(Ay, 4) 1 + fe Be], G16) 
where V(A,,, 4,) and 22)(A,, A,) is the phase velocity of propagation of 
elastic waves and the natural frequencies of the plate, both of which 


depend on the half-wave lengths 4,. and, as parameters, 6,(A,, A,) is 
the in-vacuo damping decrement of natural oscillations of the plate. 
There exist pairs of values of 2, and A, which correspond to the 
minimum of Expression (4.116). 

We note that the linearized equation has particular solutions of the 
form 


w(x, yf) = Asin =~ sin (ae =). (4.117) 
ra im 


This solution is still exact if geometrical non-linearity alone is taken 
into account and the aerodynamic forces are linearized. We shall 
limit ourselves to non-linear terms of the third order. Expanding the 
square root in Formula (4.115) into a series, retaining terms of an 
order not higher than the second, and substituting the result into 
Equation (4.114), we obtain 
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Since from (4.117) 


we obtain the following equations for the amplitude A and frequency Q: 
ne ne mt? ¢ A 
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> (5r + a) +(No+ 7D “\5 +k = oh] A = 
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(4.118) 


Making the stipulation that A +0, we find from the second 
equation that 
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where {2,(A,, 4,) is the in-vacuo natural frequency of the plate and 
U,, (Ax, Ay) is the critical velocity (4.116). Thus from the first equation, 


oo SV) _ i). (4.119) 


where 
; n c 
$= sarap, Vas" 


Calculations based on Formula (4.119) show that if the stiffness 
coefficient c has a maximum (this signifies that the length of the 
projection of the deformed plate in the direction of the axis Ox 
remains constant), then the amplitude A is of the order of A even at 
velocities more than twice the critical velocity U,,.. 


Fig. 131 


If aerodynamic non-linearity is taken into account, the Solution 
(4.117) is no longer exact. However, an approximate solution can be 
found by discarding terms containing trigonometric functions of arc 
lengths which are multiple with respect to 2 ¢ — [7 x/A,. For example, 


ow Ow\? 3 x U \8 aX 
pe pies, ~ —. Ai => fe det 
(Sr + Use) eZ v(o 7) 20s (2 i) + 
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The first equation of (4.118) remains unaltered, but the second now 
becomes 


3 
mheQ + Pe (g-72\4 5 a(o-2") x 


. #% Do(% + 1) 


ee |4=0. 


The solutions to the equations for certain specified data are shown 
in Fig. 131. The solution depends on the stiffness parameter S. If 
S = 8.05 (with the data chosen for this example this corresponds to 
the upper limit for c), we have “‘soft”’ excitation of travelling. waves. 
As S decreases transition occurs to “‘hard’”’ excitation. 


4.13. DERIVATION OF THE EQUATIONS OF NON-LINEAR 
FLUTTER OF A SHALLOW SHELL AT HIGH SUPERSONIC VELOCITIES 


Consider first the equilibrium of an elastic shell supported on a 
contour rectangular in plan and exposed on one side to a supersonic 
flow of gas with undisturbed velocity U in a direction parallel to the 
axis Ox, (Fig. 132). We shall assume that the shell is sufficiently 


Fig. 132 


shallow to enable us to identify approximately the metric of its 
middle surface with the euclidean metric. We shall employ the usual 
hypotheses of the non-linear theory of elastic shells!, assuming that 
the Kirchhoff-Love hypothesis is valid and that the deflections of 


1. Vou’mir, A.S. Flexible Plates and Shells (Gibkie plastinki i obolochki). 
Gostekhizdat, 1956; MusHTart, Kh. M., GALimov, K. Z. Non-linear Theory of 
Elastic Shells (Nelineinaia teoriia uprugikh obolochek). Tatknigoizdat, 1957. 
English translation published for NSF and NASA, 1961. 
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the shell are comparable with its thickness h, but small compared 
with its sides a and b. We shall suppose that the distribution of tem- 
perature 7 for the shell is specified and that it can be expressed as the 
sum of two terms, as follows: 


T = T,(x, y) + z O(x, y). (4.120) 


Here 7,(x, y) is the temperature on the middle surface and O(x, y) 
is the temperature gradient in a normal direction, x and y are curvi- 
linear coordinates measured along the lines of curvature of the 
undeformed middle surface, z is 4 coordinate measured along the 
external normal to the middle surface of the shell (i.e. towards the 
side exposed to the flow). Finally, we assume that the mechanical 
properties of the material of the shell depend on the temperature 7, 
but that their variation between different points on the shell is only 
small. This assumption is justified if the non-uniformity of the tem- 
perature field within the limits of the shell is not large and that it 
can be removed by a simple generalization of the appropriate equa- 
tions. . 

The components of the strain tensor at every point on the shell, 
€,, €, and &,, are related to the components of the stress tensor o,, 
o, and o,, as follows: 


1 

bx = Fe (Ox — fh Oy) taf, 
1 

&y = Eo = [A Ox) oe qT. (4.121) 
1 + 

fxy = on, 


where « is the coefficient of thermal expansion. The inverse relations 
are 


E 
ear le, + wey — + p)aT], 
E 4.122 
Sy Gee a eee Th ea 7, (4.122) 
E 


Oxy = Ta 2 - 


1. The determination of the functions J, and © is described in the paper: 
BoLotin, V. V. Equations of non-steady temperature fields in thin shells in the 
presence of heat sources. PMM, 24, No. 2 (1960). 
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In addition to the components ¢,, ¢, and &,,, we introduce the 
components é,, é, and é,, which are mean values over the thickness 
h of the shell. They can be looked upon as the strain components of 
the middle surface: 

n/2 


_— : ; e, dz =, — wN,) + aT», | 
— hl? 
hid 
1 
5-5 [ 4dz= Sp END + aT, f (4.123) 
— h[2 f 
hf2 
: 1 1+ 
xy = a. i Exy az= ao Nay. 
~h/2 


Here N,, N, and N,, are forces per unit length of shell section, i.e. 


Af2 hj2 hf2 
| { 6, dz, N, = i) o, dz, Nyy = i Oxy dz. 
~ h/2 - h/2 -h/2 


On the other hand, for the components of the strain tensor &,, é, 
and é,, we have the purely geometrical relations 


E 20H 5 w+ 5(se) 
*~ Ax x 2 ox > 
Ov 1 /éw\ 
a ss Bstiay eas 4.124 
5-5 kw a(Zy (4.124) 


z -7(H+Z)+5 2S. 
2 DN Oy" Oxy 2 Ox ay" 


Here u(x, y), v(x, y) and w(x, y) are the tangential and normal dis- 
placements of points on the middle surface, k,, and k, are the principal 
curvatures of the undeformed middle surface, taken as positive if the 
center of curvature lies on the external side of the shell (the side 
exposed to the flow). Eliminating the deflections u and v from For- 
mulae (4.124), we obtain the condition of strain compatibility 


07 é, 4 Oey 4 PExy _ 
oy" 6x? Ox dy 
O2w \® Ow a?w Ow | o2w 
=(S55) ~~ Ox® Gy? * Oye Raga Ale) 
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Substitution of Formulae (4.123) into ‘Condition (4.125) gives 
1 ( ON, ON; . ON, 
a vee + See 
Eh \ ay* Ox dy Ox? 
_ _#_(@N, ON, y ar TT = 
Eh ( ae oeoy oe 
_{ &w ) Pw Ow , Ow , Pw 
. (= dy dx? ay? * ays Ax?” 
As usual, we express the forces in the middle surface in terms of a 
function ®(x, y): 
- AD a7®@ O@ 


aT re 


(4.126) 


gozdy 


Fig. 133 


Then the equilibrium-equations 


ON, , ONgy _ ONyx , ONy _ = 
dx ° Oy ‘i yo Mee sy 


will automatically be satisfied and we obtain one equation relating 
the deflection function w(x, y) and the function OC, y): 

1 
Eh 


V2V2D + «V2, = 


2 2 2 ya 2 2 
= (5) O2w dw 07 w C*w (4,127) 


————-}) — —~— —— — k, ——- -— k,—. 

Ox dy Ox*® dy? * dy? POXe 
In order to obtain a second equation we must consider the equilibrium 
equations which relate the shear forces Q, and Q, to the normal 
ES 19 
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loading q (Fig. 133): 


20. , 80, a 
Se + e+ Ni (ke + Soe i: 


ow tw 
7 = 
+N, (by + 54) + Nev ray + 0, 
as well as the equations which relate the shear forces to the. bending 
moments m, and m, and to the twisting moments m,, = m,;: 


? 0, = 


om, OM, y 


Oe Oe 


Om, | Om, 


dy ax Oy - 
After eliminating the shear forces, we obtain 
0?m,, am,, Om, 
7x2 + 2——— ax By + ay? + (4.128) 
O*w OF w \ . Ow 
+ Ne(Ke axt £) +, (ly + Se) + Mey poe tg = 0. 


We now express the moments m,, m, and m,, in terms of the 
deflection function w(x, y). Note first that 


h/2 h/2. h/2 
= f Oo, Zz dz, = f o,zdz, Myy = | ospmde. 
—h/2 — hj2 — hj2 


(4.129) 
We substitute here Expressions (4.122). Noting that by virtue of the 
Kirchhoff-Love hypothesis and Formula (4.121), 


Cw 


&, = §, — Z—— ax —az9, 
2 

5 = 8 2 —az0, 
ow 

fxy = Sxy Ox dy 


and making use of Relation (4.123), we find by substitution into 
Formulae (4.129), that 


Sep ey 7 + al + 4) 4), 
arenes SF Pay e 
CO’ w 
m= -D| ay ifsc (4.130) 


= 
¥ 
I 


ow 
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(here D is the cylindrical stiffness). We now substitute Expressions 
(4.130) and (4.126) into Equation (4.128): 


DVVwtalt+pwDVO= 
_ &@ oa] a ép | =a Co Aw # 
Oy ( eS axe Ox2\ 7 ay? @xdy Oxéy q- 
(4.131) 


We obtain the oscillation equations by introducing into Equations 
(4.131) and (4.127) terms which take into account inertial and dissi- 
pative forces and the pressure of the gas: 


C7 pw ow 
g= — Qo haa — Cohe=— + Po —p 


(where p, is the internal pressure). The effect of tangential forces 
will be ignored. This can be done in practically every case, since the 
natural frequencies of tangential oscillations of a thin shallow shell 
are always sufficiently high compared, at any rate, with the lower 
natural frequencies of normal oscillations. As regards the gas pressure,. 
we express it according to Formula (4.78), retaining three terms of 
the expansion!. As a result we arrive at the system of equations 

Ow Ow 


ge t Qoheae = 


2 ae ( pee. aw 8D 
= (ke ax2) aye \" T Gy) Ox ax dy Ox dy 


+P Do — "P(e + y1\_ Mat Pe ha 2 Pa (o™ 4 U ot) — 


DVVViw+a(1 + wp) DV?O + ah 


OXo 4 or OX 
_ #% + 1) Px (se ; Ne 
12 Ct Oxo =V> 
: 22 2 ae 
ERY VO+aV2T, = 
CO2w 2 O2w C2w C2w aay 
=(se5) ~ "@x2 dy? 7 a Bye Me Gye? (4.132) 


where w, = Wy + W, Wo = Wo(Xo, J) is the equation of the undeformed. 
middle surface. 


1. Equations (4.127) and (4.131) also correspond to taking into account non- 
linear terms of an order not higher than the third with respect to w. 


40U JLOBURY UF ELASLIU SILABILILY 


It should be noted that if the mean temperature 7)(x, y) and the 
gradient @(x, y) are constant over the whole of the shell, or are linear 
functions of the coordinates of the middle surface x, y, then the 
temperature terms in Equations (4.132) vanish. However, the tem- 
perature terms in the boundary conditions remain. The question of 
boundary conditions will be discussed later, when the question of the 
method of solution is discussed. 


4.14. APPROXIMATE METHOD OF SOLUTION OF THE EQUATIONS 


The complexity of the system of Equations (4.132) prompts us 
to try to find an approximate solution. One approximate method will 
now be given}. Its particular advantage lies in the fact that it enables 
us to take into account non-linear boundary conditions for tangential 
deformation. 

We express the function w(x, y, f) in the form of an expansion in 
the functions w,(x, y) which satisfy all the boundary conditions for 
the normal deflection 


w(x, yt) = a T(t) w(x, y). (4.133) 


The boundary conditions for the normal deflection are formulated 
in the usual manner. If the edge x = 0 is fully fixed, then 


Ww 


~ 0. (4.134) 


x=0 Ox 


If this edge is simply supported on a contour which is absolutely rigid 
in a normal direction, then the bending moment m,, as well as the 
defiection, must be zero. Taking into account Relation (4.130), we 
obtain 
Ow Ow 

Sait Oa + Ma + a«(1 + p)O 

The most general case is when the edge is supported by a structural 
member (for instance a stringer or a frame) which possesses a bending 
stiffness B in a normal direction and a torsional stiffness C. The condi- 


= 0, 
x=0 


Ww 


1. BoLotiy, V. V. Non-linear flutter of plates and shells, Inzh. sborn., 28 (1960). 
In a less general form this method was used in the study: BoLotTin, V. V., Gav- 
RILOV, Iu. V., Makarov, B.P., SHvemo, Iu. Iu. Non-linear problems of the 
stability of flat panels at high supersonic velocities. Izv. Akad. Nauk. USSR, OTN, 
**Mekhanika i mashinostroenie”’, No. 3 (1959). 
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tions on the edge x = 0 for this case become 


4 
ac el Comer | 
3 
= a, x20 oS x=0 
Substitution of the expressions for m,, m,, and Q, yields 
Flo lar tO- Maar ted tos] 
cs el Sa tee x +6] 


If two neighboring panels are supported on the same member, the 
boundary conditions must be generalized. It should be noted that 
if the temperature gradient @ is non-zero the boundary conditions, 
apart from (4.134), are non-homogeneous. This makes it difficult to 
select functions w,(x, y) which satisfy the necessary conditions. 

Suppose that a system of functions w,(x, y) has been found. Then, 
substituting the series (4.133) into the right-hand side of the second 
equation of (4.132), we obtain an equation which is linear with respect 
to the, stress function ®(x, y, t) (here time is looked upon as a para- 
meter). Its general solution, as usual, contains arbitrary functions, by 
means of which we can satisfy the boundary conditions for the func- 
tion O(x, y, t). However, the conditions which ensure the combined 
action of the shell and its stiffening structure are usually so compli- 
cated than an exact formulation of the boundary conditions for 
@(x, y, 1) ceases to have any practical meaning. It is-sufficient to 
formulate these conditions “on the average’, and to characterize 
the interaction of the shell and the adjacent structure by certain 
mean parameters. + 

We express the stress function in the approximate form 


D(x, y, 1) = O(x, yy, + aN, y? + N,x®? —2Nyyxy). (4.135) 


Here ®, (x, y, f) is some particular solution of the second of Equations 
(4.132), N,, N, and N,, are parameters chosen in such a way that 
the conditions for the function ©(x, y, #) are satisfied “‘on the average’”’. 
It is very convenient to take an expression for the function ©, (x, y, 1) 


1. For non-linear static problems of plates and shells, this procedure was first 
suggested by P. F. Papkovich. 
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which satisfies the conditions 


b 6b 

a@, Te re, _ 
i dy? ee, = Oy" x=4 ay > ee 

2 

(ee ®, [3 a7@, = 0, 
0 (4.136) 

HO, _ 7 eo, 7 

Ox Oy |xuo ~~ ax dy TR 

* a, * aad, 


a) 
I 
=] 


Ox Oy yet 


yao dS Ox OY 
0 


Then the parameters N,, N, and N,, assume the meaning of average 
forces along the edges: 


b 
a@ = 
b ay veer y. N;.; 
0 
1 Fae & 
al Ox? ge =i oo 
0 
Lf &@ ae 
Ivey lee 


‘From now on we shall assume that Conditions (4.136) are satisfied 
and consequently, that Relations (4.137) hold. 

In addition to the mean forces, we introduce mean relative displace- 
ment of the edges and a relative shear . 


a 6b 
1 du 
d= - a5) [aeerdy, 
0 0 
a 6b 
. 1 ov 
4,.= aa) Jae (4.138) 


daa atef f(der)avw, 
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The boundary conditions for the function D(x, y, f) can now be 
expressed in the form 


N, = ¢,4,, N,=cy4,, Ney = Cxy4zy, (4.139) 
where c,, c, and c,, are coefficients which characterize the resistance 
of the stiffening structure to relative displacement of the edges and 
to angular changes at the contour at which the shell is supported. 
These conditions are sufficient to find the three parameters N,, N, 
and N,,. 

In order to apply Conditions (4.139), we must express the deri- 


vatives of the displacements u and v in Formulae (4.138) in terms of 
the functions ® and w. We find from (4.123) and (4.124) that 


Ou 1. 1 /dw\? 
Be 7 FEM oN) tah + Bw 3 (FE), 
a 1 1 /adw\ 


1 /dv “| 1l+yp 1 dw dw 
enprialakai ice 
& oy 


z BR to oy oy" 

After the parameters N,, N, and N,, have been found, Expression 
(4.135) and Series (4.133) are substituted into the first of Equations 
(4.132). Writing this equation in the shortened form &(w) = 0, we 
make the requirement that it be satisfied approximately in the sense 
of Galerkin’s method: 


a 6b 


[ [ 20) mG, r)dxdy=0 (G=1,2,...,n). 
ca] 


0 


From this we obtain a system of ordinary differential equations in 
the coefficients of Series (4.133). If for the functions w,(x, y) we take 
the modes of small natural oscillations of a panel with natural fre- 
quencies 2,, then the system of equations assumes the form 


d? d 
wel $e s OF + Eisler -rfn M) = 0 (4.141) 
Gj = 1,2,...,”). 
Here F, are, in general, non-linear functions of f,, fa, ...,/, which 


depend on the parameters of the panel and the Mach number M. The 


system of equations so derived allows a simpler analytical investigation 
than the initial system of Equations (4.132). 

It now becomes expedient to split the solution of the problem into 
two stages. The first stage is the solution of the problem of thermal 
buckling of the panel and the second is the solution of the problem 
of flutter of the buckled panel. Let us start with the first stage. Let 
w = w(x, vy), @ = ®,(x, y). Then instead of (4.132) we obtain 


DVVwrtol+wmDVO= 


2 Owr\ OO, Cw,\ PD, 

= (beta) ap tbe ae) eo 

Cw, FO, O(Wy + Wr) 
Sandy Gray. ee ee oe 


- ee vn) _ 
4 OXo 


_ #G¢+ 1) po M? ae + vy 


(4.142) 


12 OXp 
AVVO: taVTy = 
_ [| Owe ) - Ow, Owe _k wr ay wr 
=(e axe Oy? * ey? mg xe” 


If the temperature field T(x, y) is known, then by expressing the normal 
deflection in the form of a series 


Wry) = SIF w(x, 9) (4.143) 


and adopting the method described above, we can find approximate 
expressions for the function ®,(x, y) and the deflections w(x, y)- 
Note that the problem of thermal buckling is simplified if it is assumed 
that the temperature is constant through the thickness of the panel 
and that the temperature 7,(x, y) is a linear function of the coordi- 
nates, In this case the temperature terms in Equations (4.142) vanish 
and only remain in the boundary conditions for ®;. 

Consider once again Equations (4.132). If we set w = wy + wr, 
® = ©, + @, in the first of these and bear in mind that wz and @r 


satisfy Equations (4.142), we obtain 
CD, Gwe OO, Awe 


CD, wy ate | 
ax Oy Oxoy + Gy? ie 


(wr + “2 
Ox? - 


CO, O*(wr + Wr) OD, d*(wr + Wr) 
| —- 2 144 
Ox? Ib oy? | 4 ax dy ax Oy Fay (TS) 
an C2 We _ % Dean OWr . oe _ 
q= “Qh (ooh + Pe.) ey Pao M( Ox, 
%(x + 1) p,, M? | OWg O(Wa + Wr) (ss y 
Ne oD a a ee ce 
; 4 OXo OX OXp 
m= - x(x + 1) p, M8 {3 Ow; a + ay £ 
12 OXo OX 


OW p \? O(Wo + wr) OWe )} 
——_———_—_— 4.14 
v9 (geef Se20 6 GE) ay 
(of the terms which take aerodynamic damping into account we have 
retained only the most significant linear term). The second equation 
becomes 


A pers _{ Owe \? we Owe 
En VeSs = (55 6x2 Gy? 
ae |(k ae O'Wr is a C2 Wr - Owe CO Wr 
* "0x2 } Oy? (k, dy? / Ox Oxdy Oaxdy]° 


(4.146) 
Now consider the conditions on the contour 


Ne =c,4%, N=c,4®, N¥,=cyyA%. (4.147) 
The mean value of the forces and displacements are given by Formulae 
(4.137) and (4.138) by replacing N, by N*, N, by NF etc. Also, 
Up = U— Uz, Vp =v — vz. As a result, the boundary Conditions 
(4.147) are expressed in terms of w,(x, y, f) and ©, (x, y, 2). 


4.15. PANEL SUPPORTED OVER ITS ENTIRE CONTOUR 


Suppose that the first part of the problem—the investigation of 
temperature buckling of a panel—has been solved, i.e. that wr(x, y) 
and ®,(x, y) are known. We now proceed to the second and more 
difficult part of the problem. If the temperature deflection is given 
in the form of Series (4.133), it is expedient to try to find the dynamic 
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flutter deflection also in the form 
We(% I) = SAFO ws»). (4.148) 
I= 


Substituting this series into the right-hand side of Equation (4.146), 
we find that its solution is of the type (4.135) and contains three 


constants N,, N, and N,,, the values of which can be found from the 
conditions on the contour (4.147). Series (4.148) and the expression 
found for ®,(x, y, f) are then substituted into Equation (4.144), 
which is satisfied approximately in the sense of Galerkin’s method. A 
system of ordinary differential equations of the type (4.141) must 
result from these transformations. 

As an example, consider the case of a panel supported along its 
edges which assumes a buckled form defined by 

wr (x, ¥) = fr sin = sin => (4.149) 

We express the dynamic deflection in the form of two terms of the 
series as follows: 


* sin =. (4.150) 


Judging by the results which the approximation (4.150) gives for the 
linear problem (Section 4.10), this approximation can also be used for a 
preliminary quantitative analysis of the non-linear problem. Substituting 
Expression (4.150) into the right-hand side of Equation (4.146), we obtain 


ee oe 2 
D(x, y, 1) = Oy (x, y, 1) + 5 (Ns y? + N,x* —2N,,xy), (4.151) 


where 


we 9,1) = Ald sin = sin 2” + ACH sin = 


2 
F,(%,9,) = =F |- Ur + Arcos + 


, Gfr FDS oo 5 2ex , Gr+ih + Dh 5 DEX rece gate 
a! i a a 
9(fr aie ax  2ny frthdhe  3ax  2ny 
TE ape a SG OE agape SG OSG 
Chr t+ Mh+ 4h 27y SPO th)A. mx. wy 
De ee en Lee Ro GA gee gr ae 


4B? (o?k, + 4k) fp . 2x . my 
72(4 + yD sm 2 sin. es . 
Here, as before, we have used the notation g = a/b. 
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We now express N*, NF and N®, in terms of ®, and substitute them 
together with the expressions for We into Formulae (4.138): 


gen — Ne ND) , SAG ke + ky) = w) _ 
* Eh m+ ey 
~ SEA, Fa + AA + 4A. 


pa =o RD iors EY) _ 
: Eh m(1 + oy? 


_ Ab 
Er ha 


+ GalOh +AATSE 


The expression for the shear deflection A”, will not be derived, since 
we shall ignore resistance of the stiffening members to distortion of 
the contour of the shell in plan and put c,, = 0. Making use of 
boundary Conditions (4.147), we find that . 


7 cwEhB, P 
N; = Bad = wt Bey Fr +fDA + 43- Behfi + 


+ UB, PIAS + AA + fa + By hls | (4.159) 
ae a Eh B, a i 
y= tal — w BoB) *? [(2fr +A + fe + Byhfil + 
+ MBACh +AA + 4/2 - BAA}. 


For brevity we have introduced the following notations 


= 


14, FhO 1 yy zh 
Bx Cy, a’ By cy b’ 
is ~ 24 [oon + NE — O _4) 
* ath (i + ¢)? x}? (4.153) 
B = Bb (Om sue _, 
» = Th a+ e ry? 
My = ka, ty =k, b. 


We now consider Equation (4.144) with the right-hand side (4.145). 
We shall try to find an approximate solution by Galerkin’s method, 
substituting Expressions (4.149), (4.150), (4.151) and (4.152) as well 
as the expression for the known function of the temperature stresses 
®,(x, y). Stipulating, as usual, that the result of the substitution must 


be orthogonal to each of the selected ‘‘coordinate’’ functions,. we 
obtain a system of two second-order ordinary differential equations 
in which the time ¢ plays the part of argument. Since the necessary 
calculations from now on rapidly increase in number, we introduce 
at this stage a few reasonable limitations. We shall confine our 
attention to a cylindrical shell, setting 


OWs 


Ox 


In addition, we shall assume that the temperature compressive force 
is uniformly distributed over the edges and that shear forces are 
absent, i.e. 


x = Xo, 


= 0, k, = 0, k, = const. 


Ni = — P, = const, N; = —P, = const. 
Ni, = 0. 
Equation (4.144) then becomes 
: 2 
DV*V vp + gh ome 4 + (coke + “Pa. ) OE 4 
ét C3 Ot 
CO Wr 0? Wr 
+ P, Gee + Po ape t Liles) = 0. 
where &,(w,) denotes the set of terms 
L,(w) = —Nyk, — 
O(wr -- Wr) @ (wr + Wr) + Wr) Wr + Wr) 
— UF NB ES F- 5 eee llé SEALE AAP 
Nt Axe + NF—— aes a +2N%, Bx dy + 
OWr w(x + 1)p, M? [. Ow; Owe OWsp y| 
Me ad Ox 7 4 2 Ox Oy (= 
a(% + 1)p, M* (sr) Ow, [Owe \? OW; ) 
Y 12 2 Ox Ox 3 (SE) + (Se : 


The equations of Galerkin’s method are obtained in the form 


ah oh Q2 
aa + Qf + cy: wit |. (w) sin = sin * dx dy = 0, 
a fp fs Qn 


se ee > dxdy = 0. 


a 


4 ; 
ar ne rs + Q3f,+ ahah [et sin 
00 


Here §2, and 22, are the corresponding partial frequencies of natural 
small oscillations of a flat panel, namely 
| 


a= Fa + oh 
». 


4D 

B= T= |4 + 
We shall not, however, go ee into the detailed calculations, 
which, although elementary, are extremely cumbersome. Instead, we 
shall simply give the final results. If we introduce the non-dimensional 
displacements and the non-dimensional time . 

t= Ft AoA, trod, T=Qot 
together with the non-dimensional parameters 


Q 1 24/ D 
Oo = alt ae)-«. = S)3 = | 
h 4 ; : wt E hP oe 
% Doo 
M—=7, — =k, ——>=S, 
a Oy h? 22 * 16Q, at 222 : 
then the equations become? 
at, a wo? } 
dv? + ior dt 141 + 


+ k[-3 Flat Se + DG HOt + 
+ Tate + IDLE + bas + Cx) + Dial] + 


+ Steno? + eral) + 2 Silda t eater + eat + 


+ (dha + Cyo07) 02 + (dis + Crabr) GG] =0, ¢ (4.155) 
®t, dl 


dt sae wee, + 


zy K[ 90. + 35 a5 & + 1) (0, + Cr) bg + v bei Sh + 


+ 8 Bag(ly + Cn) | + Sla(Cia03 + contd + 
_ 16g 
mt 62 


1. The explicit expressions for the coefficients of these equations can be found in 
the paper: BoLotm, V. V. Non-linear flutter of plates and shells. Inzh. Sb., 28 (1960). 


S[(doy + Carle + Cn abt) Co + (dee + Ca2b7)109] = 
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4.16. NON-LINEAR FLUTTER OF A FLAT PANEL. 
SOLUTION BY TRIGONOMETRIC SERIES 


If the panel is flat (x, = 0) and there is no thermal buckling (¢; = 0), 
then all the terms in Equations (4.155) which contain d,, and e;, 
disappear, and o terms containing b,, can be simplified as follows: 


arly dt, 
dt? & dt 


+ ee + 1) 02 + v3 0o(b,1 CF + by. | + 
+ SO (C11 GE + cy96$) = 0,7 (4.156) 
Ce dl, 


ae 16 
72 + g— ae + al, + K[5t + ae + Dobe + 


+ PLy(Bar ot + Baal »| ESA ths cnt) = 0: 
Here 


Hh + K{- Sota t Soe + Ice + 


br=bn= et, bee -@ + 0, 
boy = um (« + 1), 
2 4 
Cye = Coy = 4(1 + 4) + ee a ec 
Cop = 16 + gt + 206 + SHEE Ee) 


If both sides of the plate are exposed to the flow with equal velocities, 
then the system (4.156) assumes a simplified form, since all quadratic 
terms disappear: 
ad? d 
dh 


dt? ae dt 


+oK[- Zhe t MOG + bic] + 
+ SO, (e113 + c1203) = 0, (4.158) 


wl, + 


+ yKLSG + v3 (boi CF + by, D) “+ 
+ SCs(co1 Ot + Coo0$) = 0. 
anes 
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The parameter K now has twice its previous value.1 The critical 
value of the parameter » is given by the approximate formula 


Ve = —> (w2 — ow), (4.159) 


which is derived from Formula (4.104) by taking into account that 
y K = B in the notations of Section 4.10. 

We shall try to find an approximate solution to the system of 
equations (4.158) in the form of periodic motion with finite ampli- 
tudes? 


C¢, = A, coswt + By sinwt +++, Co = Agcoswt +++- (4.160) 


1. It is to be expected that when one side only is exposed to the flow, the effect 
of second-order terms will be small compared with the effect of third-order terms, 
and consequently Equations (4.158) can be considered as an approximate equation 
for this case also. This is confirmed by an analysis employing the small parameter 
method (Section 4.17). aa 

2. BoLotin, V. V., GAVRILOV, Iu. V., MAKaAROV, B. P. and Suveiko, Iu. Iu. 
Non-linear problems of the stability of flat panels at high supersonic velocities. 
Izv. Akad. Nauk USSR, OTN, “‘Mekhanika i mashinostroenie” , No. 3 (1959). 
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Here A,, B,, Ag, @ are unknown constants, the dots denote terms 
containing harmonics. We are considering a steady self-oscillatory 
domain and the initial phase is therefore non-essential. Substituting 
(4.160) into Equation (4.158) and ignoring terms containing harmonics, 
we obtain the following system of equations: 


Z 


3 1 
+e K Ay [er (43 +B) + bys Ail i 


3 
qs Aili + Bi) + Cie Aj] = 0, 


(we ana w?) B, = gw Ay, +" Ky A: Ay By + 


3 1 
+ rere C1,(42 + B?)-+ a: cr | = 0, 
-(4.161) 
2 2 2 
(w3 — —s vK A, + 


ri 3K Ay[bea (A? + Bt) + be, A3] + 


+354, [ces (48 + = 33) + cas At =; 


2 3 
fu. Aled 
+ 3 b22 Ae + 7S ¢e1 Ai de B = 0. 
J 


We can find an approximate solution to this system if we assume that 
the damping is fairly slight, in which case B? < A?, Ay ~ Ay, gB,< Aj. 
Making use of the first two and the last equation, we can express 
A,, B, and w in terms of A, and then, if we substitute the values so 
found into the third equation, we obtain the resolvent 4(A,) = 0, 
the roots of which can be found graphically. Figure 134 shows the 
behavior of the function A(A,/A;) for a panel of infinite span with 
vy = »v,. The calculations were carried out for K = 30.2, g = 0.05, 
x = 1.4. For these values v, = 0.372. 

The results for the same data are shown in Figs. 135 and 136. The 
most interesting result of these calculations is that for sufficiently 


small values of f,, (in the example considered this applies even for 

= 0.4), periodic motion was possible for » < »,. This can be seen 
Fen Fig. 134, where the branches of the curve A = A(A,/A,) go off 
into the upper half-plane for values of 6, S 0.4. The question of the 
stability of the solutions found has not been considered; however, 
. from the form of the curves for 8, S 0.4, by analogy with the results 


for a non-linear system with one degree of freedom, we conclude 


Fig. 135 


that these solutions are unstable (on the same basis we can say that 
the branches going to the right from the point » = », correspond to 
stable solutions). This conclusion has been fully confirmed by an 
analysis of the corresponding equations on electronic analogue com- 
puters (see below). Undoubtedly, in the region v < », the physical 
system has stable limiting cycles resulting from non-linearities of any 
type which appear at large displacements (such as flow separation or 
a sharp increase in energy dissipation when the structure exceeds its 
elastic range, etc.). We cannot obtain such motions from Equations 
of the. type (4.158) used here. Nevertheless, the unstable solutions 
obtained are of some value, since they indicate the order of the dis- 
turbances necessary to induce undamped oscillations of a panel at 
pre-critical velocities. The type of panel most sensitive to initial dis- 
turbances is one with free edges (6,, = 0). Since the maximum defiec- 
Es 20 
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tion of a plate is of the order of A, h, it follows from Fig. 136 that for 
y = 0.9 y, a disturbance of the order of 0.5 / is sufficient to induce 
dangerous oscillations. If » = 0.8y,, the order of the necessary 
initial disturbance increases to h. If » = 0.5 v,,, an initial disturbance 
of 2.5h is required. With increased stiffness of the longitudinal 
stiffeners the sensitivity of the panel to flutter at pre-critical velocities 
rapidly decreases, and starting at a certain value, “hard” excitation 


Ay; 
0 


Fig. 136 


ceases to be possible. Thus the combined action of the panel as an 
element of the structure is an extremely useful factor. In the case of 
panels the edges of which are fixed against axial displacements ‘‘soft”’ 
excitation will exist with slowly increasing amplitudes in the post- 
critical region. The steady amplitudes are then of the order of the 
thickness of the panel (see the curve corresponding to f, = 1 in 
Fig. 136). 

If certain additional simplifications are introduced, we can derive 
a finite formula for the amplitudes A, and A,. Of the four Equations 
(4.161) we rewrite the first and third omitting small terms contain- 
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ing gB, and B?: 


; 3 
(a, _- w*) A, = SF 0K As +7 K Alby: Ai + bys A3) + 


3 
oF qs Alen Ai + C12 AS) = 0, 
(4.162) 


2 3 
(w? = w*) Ay + a? KA “te GPK Alba Aj ai bes A) ae 


3 
+ |S Alea Aa + C9 A$) = 0. 


The two remaining equations take into account damping. If we 
linearize these equations we obtain 


(wf — wo) B, — gw A, = 0, 


2 
—g0A,+ZvKB, =0, 


‘whence 
2 y K 


A= - = 
? 3 w* — wi 


A. 
On the boundary of the stability region » = », and w = ay,, 
where dies w? + we 
x 2 


Consequently A, ~ —A,. We can expect this relation to hold also 
for vy > »,, provided the difference » — v,, is sufficiently small. This 
assumption is confirmed by more exact analyses (see, for example, 
Fig. 136). 

In Equations (4.162), setting Ag = — A,, and eliminating the fre- 
quency w, we arrive at the formula 


where \ 
bo = bei + Bae — by, — Bye, (4 163) 
Co = Coy + Con — Cry — Cye- 
If we denote 
3 
S.C 41/Kv, 
= — = .164 
3% Vans 3 S Co Ag; (4 16 ) 
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then the formula assumes the very simple form 


(4.165) 


In the case of a “‘soft”’ disturbance v,, > v,, on the stability boundary; 
in the case of a “hard” disturbance », < »,. Figure 137 shows a 
comparison of the results given by Formula (4.165) and those obtained 


eu 


ibm 


Fig. 137 


from the Equation A(A,/A, = = Q for the two extreme values of the 
coefficient f,. 

In order to verify the approximate solutions obtained, and also to 
clarify the nature of their stability, the system of Equations (4.158) 
was solved on an electronic computer.? The solution was carried out 
for a panel of infinite span with edges on roller supports. The problem 
was to establish the nature of the disturbed solutions for various 
initial conditions. In all cases it was assumed that ¢}(0) = 2,(0) = 0 
and the values of ¢,(0) and ¢,(0) were varied so as to establish for 
given » and f,, the boundary between the damped and infinitely in- 
creasing solutions. 

Figure 138 shows the boundaries of the regions of stability for the 
example considered above (f,.=0 and two-sided flow). The region 
of attraction of the trivial solution was located near the origin of 
coordinates; the boundaries of the region in the other three quadrants 


1. See reference on p. 291. 


of the plane of ¢,(0), €,(0) were not determined. We see from the 
graph that as the critical value », = 0.372 is approached the size of 
the region of attraction of the trivial solution diminishes, and in the 


0 / 2 3 4 2 


Poet € (0)=- Cyto) 122 
Lh 

N AH eer | 
\ [Ay {TN fo 
Me oe 


20 


Fig. 139 


limiting case the region disappears. On the same graph the points 
C,(0) = A,, 6,(0) = A, are plotted, corresponding to values of the 
approximate solution (4.160) with tr = 0. 

Typical solutions in the neighborhood of the boundary of the 
stability region are shown in Figs. 139 and 140. Figure 139 corresponds 
to the case of »= 0.3. When ¢,(0) = —¢,(0) = 1.15 the initial 
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disturbance, although small, is damped out with time. The small 
increase in the initial disturbance to ¢,(0) = —¢,(0) = 1.22 causes 
a distinct change in the nature of the oscillations: flutter occurs with 
rapidly increasing amplitudes. A similar behavior of the system is 


¢,(t) 
6 


\ 
iene 
Ca)=- 2 


Fig. 140 


observed for v = 0.15 (Fig. 140). Here transition from stability to 
instability occurs with increase in the initial disturbance from 
£,(0) = —2,(0) = 4.3 to €,(0) = —¢,(0) = 4.4. 

To conclude we emphasize once more that these results refer to 
cylindrical bending of a plate with edges on roller supports, i.e. to the 
case when geometric non-linearity caused by the action of forces in the 
middle surface is absent. Actual panels often have considerable geome- 
tric non-linearity and for these “‘soft’’ excitation of flutter is to be 
expected. — 


4.17. SMALL PARAMETER METHOD FOR INVESTIGATION 
OF NON-LINEAR FLUTTER 


So far, in order to find steady periodic solutions to systems of the 
type (4.141), we have used simplified approximate methods, We are 
mainly concerned with the behavior of the system near the boundary of 
the flutter region, for which case a theory can be evolved on the 
basis of the small-parameter method. We write the system of Equations 
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(4.141) in the form 


By g SOF a eae a aR SD ye WC, E109) 
dt? dt 73s Bo Jk k FNS195259 e229 Sno 


OS 1,2 eseett)s (4.166) 

Here b,;, are analytic functions of the parameter », w,; are analytic 

(non-linear) functions of the generalized coordinates ¢, and the para- 
meter y. The corresponding linear system 

ac; dl; 


dt + & dt 


+ oil, +¥K Py bale, = 0 
G21 con) (4.167) 


has a solution in the form ¢, = Z, e**. For sufficiently small values of 
y all the characteristic exponents o lie in the left-hand half-plane of 
the complex variable and the trivial solution of System (4.116), 
€, =, =-:+ = ¢, = 0 is asymptotically stable with respect to small 
disturbances. The value of the parameter » = », at which two of the 
characteristic exponents become purely imaginary and the remainder, 
as before, lie in the left-hand half-plane, are critical values and 
correspond to the critical velocity of panel flutter in the usual (linear) 
presentation of this problem. 

We shall try to find periodic solutions to System (4.166) in the 
neighborhood of the critical value. Let » = v, +, where v, is of 
the same order as », and 7 is a small parameter. Taking Equations 
(4.167) as a degenerating system when v = », and including the 
small multiplier 7 in the non-linear functions, we obtain 
el 


= HV Ko by (Vx q 1) 5% — Vy Ke LAACP + 7] V1) pod 
_ bye (Y%)) - zg | VY 5(21, 20; seamiGns Vx + n ,) 
(j = 1,2,..., m). (4.168) 


Bearing in mind that when » = », the degenerating system (4.167) has 
two periodic linearly independent solutions 


oy = P(t), oy = 9j2(7) (4.169) 
with simple characteristic exponents o = tiw, (@, is the non- 
dimensional flutter frequency, (see Fig. 141 a)), we introduce the 
time transformation 

OTA + yr typ te)=h 
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and seek a solution to the non-linear system (4.168) in the form 
C(t) = A Girt) + 0OP GD) + POPC) +-- 
Cn(t1) = AQnr (ty) + 9 CM () + 2 CPt) + ++ 
Here A is the first approximation amplitude. p,, p.,+-- are corrections 


to the frequency of oscillations?. 
lmg [m6 


0 Reo 0 hee 


Fig. 141 


We substitute these expressions into Equations (4.168) and equate 
coefficients of like powers of the small parameter 7: 


2 a? d : 
Ox ae + § Wx He. + FQ; + VK 2, bin (%x) Pra = 9, 
odG? dy 
Of dt? & Wy “dt. Ty + w} SO + vy K Dj (¥4) SY aes 
d? dq; a 
= -2p, 02 A — py go, A = 9 KS yp) Da- 
dvi dt, k=1 
" 6b;,.(%) 
— Ve mK 2 ee F Pi(Agi1, A Peis svgid Pris V5) 
r 
Gj = 1, 2,...,7). 


(4.170) 


1. In the present case the introduction of a small parameter signifies that we 
are examining the behavior of the system sufficiently close to the boundary of the 
flutter region and that the amplitudes of the non-linear oscillations are assumed 
to be fairly small. The parameter 7 indicates the smallness of the various terms; 
after the necessary calculations have been carried out we can return to the initial 
equations, setting 7 = 1,7, =v — vy». 


The first equation is satisfied by virtue of the chosen degenerating 
solution (4.169); the second and subsequent equations are of the form 


GO scree Ae ar = 

a & Wx de, + a7 Cy? + Me Os by (V4) oe = 
Pi (A, cu, CP, BP SN 32) -++9 Ds V1» T) 
Cy 12, os he. So ia) (4.171) 


The constants A, p,, Py, +++, Pp; must be chosen in such a way that 
Equations (4.171) have periodic solutions with period 2 z. 

Let y;,(t,) and ,9(t,) be periodic linearly independent solutions to 
the system, adjoint with respect to the system (4.167), and correspond- 
ing to the characteristic exponents +iw,,. The conditions of perio- 
dicity of the system (4.171) for s = 1 are 


n Qn 
Xf YP Apt) va) dn = 0, 
0 


n 2% 
2 f Pi (A, Dis 15 TH) Yja(t%s) at, = 0. 
j= 
0 


From these we find the constants A and p,, and the solution to the 
system will be 2 = A, %1(t,) + €2(z,), where A, is a new constant 
(a correction to the amplitude of the degenerating solution), €2(z,) 
is some particular integral of System (4.171) for s = 1 and for the 
values of A and p, previously found. Substituting these expressions in- 
to the equations of the next approximation and applying the periodi- 
city conditions, we obtain the following equations for finding 4, and p,: 


n 27 


rear f P(A, Pas Y1, 71) Y(t) dt, = 0, 
j= 
6 


n Qn 
a if PPA, Pas 157) Wj2(T) dt, = 0. 
“" 9 


This process can be continued, and a sufficiently small value of the 
parameter 7 can always be chosen such that the process converges. 

In establishing actual periodicity conditions we use the following 
method. We consider the determinant of the system of linear differ- 
ential equations which result from substituting the expressions 
Pj, = Z;, exp(it,), into the degenerate Equations (4.170): 


A =| (cw? —.w% + ig wy) dj, + 4K bj, (4) |. (4.172) 
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Here 6,, is the Kronecker delta. The rank of the determinant (4.172) 
is obviously n — 1, since the system (4.170) has a single periodic solu- 
tion with a simple characteristic exponent equal to i, We express the 
right-hand sides of Equations (4.171) in the form 


VPA, cP, CH), sony CE>, Das Das 609 Ds, V1, 7) = 
= R® eft + RS gr eee 
(7 = 1, 23607038 = 15.253;.55) (4.173) 


(the dots denote terms containing higher harmonics). Replacing one 
of the columns of the determinant (4.172) by a column of the Fourier 
coefficients RY (j= 1,2,...,), equating the resulting determinant 
to zero: 

A®) = A®) + iAP = 0, (4.174) 


and separating the real and imaginary parts, we obtain the periodicity 
conditions, 
_Re AS? = AY? (As-a5 Bs: v,) = 0, 
Im Af? = AP(A,-1, Ps, 1) = 0 (4.175) 
(sc 16 2), cae | 


We note that if the other periodic solution 9,, = Z,;,exp(—i7,) is 
substituted into Equations (4.171), then by virtue of the fact that 
the coefficients R“ and R‘) in Formulae (4.173) are complex conjugate, 
we arrive at a determinant complex conjugate with respect to (4.174), 
ie. at the same periodicity Conditions (4.175). 

Certain remarks should be made concerning the choice of the 
degenerate system. Since in actual problems the damping g is usually a 
small quantity, it might be expedient to take as the degenerate system 
one which describes the behavior of a corresponding non-dissipative 
system: 

dv, 
dv 


+ wl, + v KS byl) -o| 
(7 = 1,2; 24,7): | 


If the value of v is small enough, all the characteristic exponents of 
this system remain purely imaginary. At a certain value », there appear 
two pairs of multiple characteristic exponents equal to iw, and —ia, 
(see Fig. 141 b, where only the upper half-plane is shown). With 
further increase in the parameter », characteristic exponents with 
positive real parts appear. In the majority of studies in the field of 


(4.176) 


STABILITY OF ELASTIC BODIES 303 


elastic panel flutter at high supersonic velocities the effect of dissipative 
terms is not taken into account; beyond the critical value of the 
parameter (and correspondingly, beyond the critical flutter velocity) 
a value is taken at which multiple characteristic exponents first appear. 
If, however, taking (4.176) as the degenerating system with v = , 
we attempt to find a periodic solution to the corresponding non-linear 
system in the neighborhood of v = v, in the form of a series in powers 
of the small parameter, we encounter serious difficulties characteristic, 
apparently, of other flutter problems. When v = v,, the degenerate 
system (4.176) has two-fold characteristic exponents iw, and —ia@,, 
but the corresponding elementary divisors are non-linear. Therefore 
the Poincaré functional determinant with such a choice of a degenerate 
system vanishes. 

The difficulties can be overcome if, as was done above, (4.176) is 
taken as the degenerate system. In this case, when vy = »,, we have 
simple characteristic exponents (Fig. 141 a). If there is only slight 
damping it is expedient to retain in the solution only those terms which 
contain g to a power not higher, for example, than the first. In some 
cases it is possible to find solutions with a “vanishing small damping”’: 
damping is taken into account in the construction of the degenerate 
solution and the periodicity conditions, after which, since it is small, 
it is not included in the final solution. The particular effect of damping 
and the difference in behavior of the two systems, one of which is 
considered without account being taken of damping, and the other 
with a vanishingly small damping, have already been indicated (in 
Section 1.16). 

We shall illustrate the order of the calculations by taking as an 
example the system of equations 


d? d 2 
a1 a8 a1 + wil, -=v7 KC, + (0), 0.) = 0, 
dat’ dt 3 
dt dt 7 (4.177) 
Ge, to gq tT Onle + FKL + Polls ts) = 0, | 


which describes the oscillations of a flat unbuckled panel. By consid- 
ering the characteristic equation of the corresponding linear system 


o4 + 2g 0° + (wt + we + g*)o* + g(wt + a9) 0 + 


4 
+ wy ag + > Ke = e 


it can easily be shown that this system has periodic solutions with a 
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frequency w,, = w, when », = v) + O(g*), where 
ee ws — we a 
9" 4 °° «KO? . 2 = 
These solutions are 


P11 = COST, + O(g?), | 
— ; _ j : 2 
Pay = — cost, ~ gxsint + O(g"), (4.178) 
Piz = sint, + O(g?), 
Pez = — Sint, + gx cost, + O(g’), 
where _ 12x Vor + oD) 
1 ax — we : 


From now on we shall not in general write down terms containing g to 
a power higher than the first. In particular we shall accept that 
Vy = Vo- 

We write down the determinant (4.172) for the system (4.177): 


A= ‘ 
Ze K we — wh + ig a 


The periodicity Condition (4.174) now becomes 
Poet HipesRO- 0% KR®=0, (4.179) 


where R&) and R) are Fourier coefficients of exp(it,) for the functions 
Y) and YY), If the functions Y and Y are written in real form, then 
YO = PY) cost, + Of sint, +, 


Pf = PY cost, + Of sint, + +, 
whence () __ 7 Q) G) _ 7 0 
RY = Py a RQ = aes oa2 Q: : (4.180) 


Substituting (4.180) into Equation (4.179) and separating the real and 
imaginary parts, we obtain - 
PP+PP—gxOP=0, OP +OPtaexPP=0. (4.181) 
These are the required periodicity conditions. 

1. It is assurned here that the partial natural frequencies are sufficiently far 


apart. In the case of multiple or very close natural frequencies the effect of damping 
becomes very important, as can be seen from the formula for »,. 


Proceeding now to the calculations, we take the non-linear functions 
WY, and Y, for the case of a flat unbuckled panel in the form 


Pi(L1,0 9) = KLE +NG+ 2+ a+ 
+0 Co(bii ot + by263)| + S03 (¢41 07 + C1203), 
Po(brsla 9) = K[ Fe Ge + Eee + Gar lt + bald] + 


+ Slo(CoiCi + Ca2Z5). 
(4.182) 


. Bearing in mind (4.178), we try to find a periodic solution in the form 
C, = Acost, + 70 + PCP +---, 


(4.183) 
f, = —A(cost, + gysint,) + 76M + 726M 4+ --- 


After substituting Expressions (4.183) into Formulae (4.182), we obtain 


ys 
P,=2p,02,A-= 


3 3 
3 v,KA +— 3 KA%(by, + by») ~ 7 SAG + C12); 


4 


2 1 1 
2, =pgw,A —aniKAgy +7 Me KAYO, + 3615) ~ 7 SA EX C12, 


P, = — 2p, w* A— im KA — FAK Aa, + boo) + 
3 
+ 7 SA Car + C9), 
1 
QO, = —2p,gy%o,A —Pigw,A — 5 Ve KASS baa ot 
I 
as GSA s x(a + 39). 


The first of the periodicity Conditions (4.181) for the case when 
g’? < 1 now becomes 


4 3 , 
a 3 KA + qe KAM + bis a bey = bes) Ss 


3 


a 


SAP (Coy + Con — Cry — Cra) = O- 
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Thus the amplitude to a first approximation is 


_ 4 (vy — v,) K 
a per sy) 


where the definitions of (4.163) have been used. The first correction 
to the frequency p, is determined from the second periodicity condition 
of (4.181). 

It should be noted that the coefficients of quadratic terms do not 
appear in Formula (4.184). This means that to a first approximation 


they have no effect on the amplitude of steady flutter in the neighbor- 
hood of the stability. boundary. 


4.18. ANALYSIS OF RESULTS 


Let us examine Formula (4.184) from the point of view of the 
behavior of the system close to the flutter boundary. If 04/dy > 0 for 
y 2 v,, then this means that “soft” excitation exists. If for » > », 
there are no real values of A, and for y S », the inequality 0A/dv < 0 
holds, then this corresponds to “hard” excitation of flutter. A solution 
for which dA/dv < 0 is evidently unstable: it can be looked upon as a 
sort of “water divide’’ which separates the region of stability attraction 
of the trivial solution (A = 0). 

Using the definitions of (4.164), we can write Formula (4.184) in a 
form analogous to (4.165): 


(4.185) 


The formulae give results which are more nearly the same, the 
claser » is to v,. Although Formula (4.165) was given without a 
strict justification, its limits of application can evidently be extended. 
An alternative form of Formula (4.185) is 


(4.186) 
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where 
wo = — 


KM, h 
fay 3 x1 S Co 4) 

Excitation of flutter -will obviously be “‘soft” if M4, > M, and 
“hard” if M, < M,. 

We shall carry out the calculations for a square flat panel with 
p = 0.25, x = 1.4, P, = P, = 0 and with two extreme assumptions 
concerning the rigidity of the stiffening structure. If the structure offers 
no resistance to relative displacement of the edges, we have the case of 
Cc, = c, = 0, and, as follows from Formulae (4.153), 8, = B, = 0. 
The opposite assumption corresponds to the case of an absolutely 
rigid stiffening structure. If c, + 0, c, — 00, it can be seen from For- 
mulae (4.153) that 8, = 8, = 1. We shall confine our attention simply 
to.these two cases, defining the first as the case of an absolutely flexible 
frame and the second as the case of an absolutely rigid frame. 


(4.187) 


In the case of an absolutely flexible frame calculations based on 
Formulae (4.157) give c,, = 2.00, cy, = Cg, = 11.24, egg = 17.00, and 
consequently c, = 15.00. In the case of an absolutely rigid frame, 
Formulae (4.157) give c,, = 7.34, cyy = Cay = 24.44, Cyg = 57.50, 
whence c) = 50.16. Also, taking into account that 5,, = by, = 0.59, 
big = — 3.04, bag = 3.72, we find b = 6.76. 


From Formulae (4.154) we find 


_ 4801 — Ww) % Pe (ay eee 
saa a 2 9 a 
Thus for a steel panel (E = 2 x 10° kg/cm?, uw = 0.25) with p,. = 
1 kg/cm, x = 1.4, we obtain 


a ‘4 
K=327 (5) .  S= 0.682 


1. Elastic reactions can be induced, of course, not only by the frame, but also 
from other elements which resist deformation of the panel. Moreover, we are 
considering the stiffness of the supporting structure only in a tangential direction; 
in a normal direction its stiffness is always assumed to be large enough for the 
panel to be considered as resting on a rigid contour. 
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and consequently, from Formulae (4.187), 


h 3. 

M, = 0.48 x 108 (=) 
fy 

168 (=) 
a 


Me 


I 


(4.188) 
MY, = 251 (=)", 
a 
Al = 1.63, Al = 0.89 
(the superscript I refers to the case of edges free to move, and II indi- 
cates fixed edges). 


a 100 200 


Fig. 142 


The Mach numbers M,, M%, and M& are plotted as functions of 
h/a in Fig. 142. ““Hard’’ excitation of flutter, even in the case of 
edges free to move, is possible only at extremely high Mach numbers. 
We recall that here, in contrast to Section (4.16), we are considering 
a panel which is square in plan and which is undergoing bending in 
two directions, i.e, a system which possesses sufficiently large geometric 
non-linearity. 


Figure 143 shows the variation of amplitude with increase in Mach 
number beyond the critical value M, for various ratios a/h. It was 
plotted from Formula (4.165), which has a wider range of application 
than Formula (4.185), which corresponds to a first approximation by 
the small parameter method. If we pass from an absolutely rigid to an 


Fig.. 143 


absolutely flexible frame, the amplitude of oscillations is approxima- 
tely doubled. Actual boundary conditions would correspond to some 
intermediate case. 

Finally, we estimate the order of the stresses induced in the panel 
after the critical flutter velocity is exceeded. We evaluate the quantity 
oO =- 5 (GS oe) 4 Ns 
: 20 — wy) \ ax | ay] h 

along the line y = 5/2. Noting that 
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and taking into account Formulae (4.183), we obtain 
wEh*l A AG, (x) 


Da Caer aa 20 — a) wy) 


+ A? G,(x)], (4.189) 
where 
= 2 
areas Zz 
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The functions G, and G, for the case of py = 1, w = 0.25 are plotted 
in Fig. 144. For values of A which are not too large, for example 


Fig. 144 


for A S 3, the maximum value of the function in the square brackets 
of Formula (4.189) differs only slightly from its value at x = 3/,a. 
We thus obtain the following very simple formulae: 


2 2 
max ot w ZA" (2.74 A + 0.99 A), 


max of = 


2 
ea (2.74.A + 1.62 A?). 
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The relation between the stress and Mach number M for various 
values of h/a is plotted in Fig. 145. The solid lines, as in the previous 
diagrams, represent the stress variation fot the case of an absolutely 
flexible frame, and the broken lines correspond to an absolutely rigid. 
frame. It will be seen from Fig. 145 that even if the critical Mach 
number, as determined by the methods of the linear theory, is exceeded 
by a considerable amount, the induced stresses are not extremely 


o kg/cm’ 


high. For a panel with a ratio of length of side to thickness equal to 
250, the critical Mach number is - 


M, = 3.14. 


If M = 5 the maximum stresses do not exceed 2000 kg/cm? even 
‘in the most unfavorable case of an absolutely flexible frame. 

In this connection the question arises as to the possibility of the 
system being momentarily in the region of panel flutter without 
dangerous cracks resulting from fatigue effects. It should be remem- 
bered that the curves in Figs. 142-145 have been plotted for the parti- 
cular data given in the text. Thermal buckling and temperature 


stresses, which can have a detrimental effect on the behavior of the 
panel, were not taken into account.! 


1. The further development of the theory of non-linear panel flutter is given 
in the following papers: AMBARTSUMIAN, S. A., BAGDASARIAN, Zh. E. On the 
stability of orthotropic plates in supersonic gas flow. Izv. Akad. Nauk SSSR, OTN, 
Mekhanika i mashinostroenie, No. 4 (1961); AMBARTSUMIAN, S. A., BAGDASARIAN, 
Zh. E. On stability of non-linearly elastic three-layered plates in supersonic gas 
flow. Izv. Akad. Nauk SSSR, OTN, Mekhanika i mashinostroenie, No. 5 (1961); 
Bototin, V. V., NovicuKkov, Iu. N. Buckling and steady flutter of thermally 
compressed panels in a supersonic flow. Inzh. zh. 1, No. 2 (1961); Maxarov, B. P. 
On non-linear flutter of plates clamped along the edges, Proceedings of the con- 
ference on the theory of plates and shells, Kazan’, 1961. MAKAROV, B. P. Amplitudes 
of the steady flutter of clamped panels, Izv. Vyssh. uchebn. zaved., Mashinostroenie, 
No. 5 (1961); NovicHkov, Iu. N. Stability and self oscillation of plane and curved 
panels in a gas flow. Proceedings of the III Soviet conference on the theory of plates 
and shells, Kiev 1962; Novicukov, Iu. N. On the solution of the equations of 
steady flutter of cylindrical panels. Inzh. zh. 2, No. 4 (1962); STEPANOV, R. D. On 
the question of plate flutter in non-linear formulation. Izv. Vyssh. uchebn. zaved., 
Mashinostroenie, No. 12 (1960); SHverKo, Iu. Iu. On the influence of supersonic 
gas flow on the lower critical force for a cylindrical panel. Izv. Akad. Nauk SSSR, 
OTN, Mekhanika i mashinostroenie No.4 (1961). In the following papers are 
considered also non-stationary problems: BoLotin, V. V. Non-stationary flutter of 
plates and shallow shells in a gas flow. Izh. Akad. Nauk SSSR, OTN, Mekhanika i 
mashinostroenie, No.-3 (1962); BOLOTIN, V. V. Behavior of heated plates and shells 
in a gas flow. Inzh. zh. 2, No. 3 (1962); Novicukov, Iu. N. On the stability of 
solution in the problem of panel flutter. Izv. Akad, Nauk SSSR, OTN, Mekhanika 
i mashinostroenie, No. 4 (1962). 


CONCLUDING REMARKS. 
SUGGESTED DIRECTIONS FOR FUTURE 
RESEARCH 


In the preceding chapters we have studied a wide range of non- 
conservative problems in the theory of elastic stability. Their non- 
conservative nature is the result of the particular way in which the 
forces acting on the elastic system depend on the displacements. In 
order to carry out a stability analysis we need to investigate the eigen- 
values of non-self-adjoint boundary value problems; a finite-dimen- 
sional analogy of these problems would be a system of equations, 
the matrices of the coefficients of which in generalized coordinates 
contain antisymmetric components. This is the difference between 
such problems and others in which the forces depend explicitly on 
time, or the self-oscillatory nature of which 1s brought about by 
‘negative friction”’. 

The investigation of non-conservative problems of elastic stability 
is closely related with the theory of linear non-self-adjoint differential 
operators a theory which is still in an early stage of development. 
Effective methods are needed for finding the complex eigenvalues of 
the operators which avoid the need to resort to existing methods for 
self-adjoint boundary-value problems, where solution is facilitated by 
the appropriate variational principles. We also need methods for 
studying the dependence of the eigenvalues on one or more parameters, 
as well as methods which enable us to establish for a non-self-adjoint 
operator with real coefficients the number of eigenvalues lying in 
some particular part of the complex plane (for instance, in the right- 
hand half-plane). In problems of elastic stability we have to deal 
with operators of the fourth or higher order, but the available theories 
offer as yet little optimism. 

The most effective method of solving non-conservative problems 
of elastic stability is to reduce the equations to systems with a finite 
number of degrees of freedom by expressing the required functions 
in the form of series which satisfy certain conditions, and applying 
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Galerkin’s method. The frequently expressed doubts as to the appli- 
cability of Galerkin’s method to non-self-adjoint problems are ob- 
viously without foundation. In particular, it has been shown in Chap- 
ter 4 that the familiar paradox in the problem of membrane flutter 
is not related directly to the fact that this problem is non-self-adjoint. 
Nevertheless, itis of interest to investigate the conditions of conver- 
gence of Galerkin’s method for various classes of non-self-adjoint 
boundary value problems. 

A finite-dimensional analogy of non-self-adjoint boundary-value 
problems is provided by systems of ordinary differential or algebraic 
equations which contain circulatory or pseudo-gyroscopic terms 
{terms with generalized coordinates the matrices of which are anti- 
symmetric), and have an elementary solution. However, the general 
principles of these systems have not as yet been fully studied. We can 
only say that circulatory forces were not reflected in the classical 
results of Kelvin relating to small oscillations of a finite-dimensional 
system about its equilibrium position. Some results have recently 
been formulated in connection with gyroscopic systems where small 
circulatory increments have the effect of correcting factors. 

The greatest theoretical interest is evidently centred in the unique 
effect of damping in the presence of pseudo-gyroscopic forces, and 
in particular, in the differences in the results for systems with slight 
damping which then becomes zero and systems in which damping 
is absent from the start. We have here a situation which is very similar 
to that in the theory of stability of laminar flow (the paradoxical 
difference between the parameters of “viscous” and “‘non-viscous” 
instability). In this book we have discovered the dependence of stability 
in the presence of slight damping, which then vanishes, on the relation 
between the partial coefficients of damping, and we have investigated 
the extremum properties of the problem in the absence of. damping. 
These interesting aspects require further study and may perhaps serve 
as a heuristic basis for obtaining further, more definite, results. 

In non-linear problems the most important is the investigation of 
non-zero solutions in the neighborhood of critical values of para- 
meters corresponding to the intersection of the imaginary axis by 
the eigenvalues. The small parameter method, we found, is a completely 
effective means of solving this problem. The nature of the solution 
(in physical terms, a “‘soft’’ or “hard” excitation) depends very much 
on the properties of the non-linear part of the operator. It is of interest 
to obtain results analogous to the well-known results relating to the 
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behavior of the eigenfunctions of the non-linear self-adjoint operator 
in the neighborhood of the point of bifurcation. 

So far we have discussed the theoretical aspects of the study of 
non-conservative problems of the theory of elastic stability. Let us now 
consider the practical aspects, starting with the problems of stability 
of equilibrium of elastic systems in the presence of ‘“‘follower”’ forces. 

It should be noted that the majority of studies devoted to such 
problems were not prompted by any practical need to apply the 
results. It is for this reason that in some investigations the non-conser- 
vative nature of “‘follower’”’ forces was not appreciated, which was 
the source of considerable misunderstanding. Of the forces encoun- 
tered in engineering practice the forces induced by the pressure or 
reaction of a jet come nearest to the definition of ‘“‘follower” forces 
(provided, of course, the motion of the elastic system compared with 
the flow of gas is sufficiently slow for the inertia and damping com- 
ponents of the jet to be ignored). It is possible to produce conditions 
which correspond very closely to the effect of a tangential force or 
moment on a bar by attaching a nozzle in some appropriate manner. 
There is no doubt that “follower” forces can have a definite effect 
on jet and rocket installations, turbines, etc. It is felt that the principal 
lines along which future research in this field should be directed 
must aim, not at increasing the number of purely academic problems 
solved, but at providing an answer to the question of the degree to 
which “follower” forces can satisfactorily represent actual forces 
encountered in practice. Here experimental investigations are of 
prime importance. . 

In problems of stability of the rectilinear form of a flexible rotor 
taking into account internal friction, hydrodynamic friction in an 
oil film and other related factors, the non-conservative nature of the 
problem is brought about by the presence of a controled motor 
which maintains a constant speed of rotation. If the displacements of 
the rotor are small the above factors induce forces which act in a 
direction normal to the displacement. In the equations of disturbed 
motion these forces are taken into account by means of terms con- 
taining generalized displacements and an antisymmetric matrix of the 
coefficients. The analogy with other non-conservative problems of 
elastic stability still holds when the shaft cross-section has unequal 
principal bending stiffnesses. 

The primary concern in problems of this type should be the finding 
of a more exact method of expressing the forces responsible for energy 


transfer. This applies not only to hysteresis in the material of a shaft 
or to friction in clamps, but more to hydrodynamic forces induced 
in layers of a fluid partially drawn round with the rotor. The investi- 
gation of instability phenomena resulting from friction in the oil 
layer of bearings is probably the most important problem of this type. 
In addition to experimental investigations, there is a need for a con- 
clusive hydrodynamic theory to be established. We have shown that 
the .various assumptions concerning the nature of the non-linear 
components of force leads to a wide divergence of the results. Since 
instability phenomena cannotalways be suppressed completely, a further 
study of the non-linear problem would be of considerable interest. 

In this book we have explored the problems of the stability of 
elastic plates and shells in a flow of gas in more detail. The investi- 
gation of the stability of thermally buckled panels is of great practical 
interest; so also is the investigation of stability when the real laws 
governing frictional damping are taken into account. It is well known 
that it is essential to take into account damping in problems with 
multiple or fairly close partial frequencies: This situation occurs in 
the case of flat panels elongated in the direction of flow and subjected 
to compressive forces, and in closed cylindrical shells where the partial 
frequency spectrum is fairly dense, as well as in a number of other 
problems. 

As a result of the very convenient simplicity of the expression for 
the aerodynamic forces provided by the “piston theory’’, the number 
of publications based on the application of this theory is rapidly 
increasing. The upper and lower limits of application of the “piston 
theory’’ need to be established more reliably. For this reason, further 
investigations of aeroelastic problems are required in the region of 
moderate supersonic velocities based on more exact aerodynamic rela- 
tions. In addition to numerical calculations, attempts should be made 
to obtain solutions corresponding to the “piston theory”’ by a limiting 
process from more exact solutions. By an example of the exact 
solution of the problem of the stability of a cylindrical shell in a 
potential flow of gas we have shown in this book that such a limiting 
process enables us to discover certain additional conditions of appli- 
cation of the “piston theory”. Furthermore, there is a need to study 
aeroelastic problems in the region of high supersonic velocities, 
taking into account phenomena occurring in the boundary layer. 

It has also been shown in the book that the excitation of panel 
flutter by predominantly geometrical non-linearity is of a predo- 


minantly “soft” nature. This means that if a system enters the flutter 
region, failure of the panel does not follow immediately; it occurs 
only after a certain number of cycles and is a fatigue type of failure. 
In contrast, therefore, to the classical problem of wing flutter, where 
the excitation is “‘hard”’, an investigation of the non-linear problem 
in this case assumes a practical significance. Further investigations 
are also required in this field. In particular, attention should be given 
to a study of non-stationary phenomena related to transition through 
the flutter region. This is a problem which should be investigated in 
conjunction with the problem of damage accumulation in the structure. 
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